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CHARAKTERSYSTEME  UND  DUALITATSTHEOREME 
Von  Waltbnb  Matbr 


Im  folgenden  wird  su  einem  gegebenen  topologischen  Gruppensystem 
22  und  Abelscher  Gnippe  K  das  S*  Charakter-System  definiert,  seine 
Theorie  entwickelt  und  die  Ergebnisse  angewandt,  hinreichende  Be- 
dingungen  anzugeben,  unter  denen  die  Dualitatstheoreme  der  kombina- 
torischen  Topologie  in  der  Pontrjaginschen  Fassung  gelten. 
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§1.  Die  /IL-Charaktergruppe  der  Gruppe  ^ 

K  and  21  seien  Abelsche  Gruppen.  Unter  einem  /iC-Charakter  von  21 
versteht  man  einen  Homomorphismus  von  21  in  K,  d.h.  eine  in  den 
Elementen  a  von  21  definierte  lineare  Funktion  /(  ),  so  dass  /(o)  C  K. 

Sind  /  und  g  zwei  X-Charaktere  von  21,  so  ist  /  +  p  jene  in  den  Ele¬ 
menten  von  21  definierte  Funktion,  ftir  die  (/  -1-  g)(a)  =  /(a)  -|-  g(a)  ist. 
Offenbar  ist  /  4-  g  selbst  ein  X-Charakter  von  21  und  die  iC-Charaktere 
von  21  bilden  in  bezug  auf  die  soeben  definierte  Summenbildimg  eine 
Abelsche  Gruppe,  die  wir  die  K-Charaktergruppe  von  21  nennen  und 
mit  21*  bezeichnen.  (/(a)  =  Guppen-Null  von  K  fiir  jedes  o  C  21 
cbarakterisiert  das  Nullelement  von  21*). 
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Bemerkung  a)  Sind  9  und  K  topologische  Gruppen  (mit  definierten 
Limesfolgen*  im  Sinne  Fr^chets  oder  mit  Hausdorf-Umgebungen),  so 
hat  es  einen  Sinn  von  stetigen  X-Charaktern  zu  reden.  Ist  K  zudem 
eine  kontinuierliche  Gruppe  (—/ist  eine  stetige  Funktion  von  f,f  +  g 
ist  simultan  stetig  in  /  und  g,  f,  g  d  K),  so  bilden  die  stetigen  iC-Char- 
aktere  von  8  eine  Untergruppe  von  8*. 

Ist  8i  eine  Untergruppe  von  8,  8i  C  8,  so  induziert  jeder  /C-Char- 
akter  /  von  8  als  (lineare)  Funktion  in  den  Elementen  von  8i  einen 
/C-Charakter  von  8i . 

Die  so  erkl&rte  Zuordnung  8^^  — »  8f  ist  offenbar  eine  Homomorphie. 

Ihre  BUdgruppe  enth&lt  alle  /jC-Charaktere  von  8i ,  die  zu  X-Charak- 
teren  von  8  erweiterbar  sind;  mit  (8f  ,  8)  sei  diese  Gruppe  bezeichnet. 

I  hr  Kem  besteht  aus  alien  K-Charakteren  von  8,  durch  die  Ele- 
mente  von  8i  in  die  Gruppen-Null  von  K  abgebildet  werden;  mit  (8*, 
8i)  bezeichnen  wir  diese  Gruppe.  Demnach  gilt: 

(1)  |8^-(8^8l)»(8f,8). 

Bemerkung  b)  Sind  8  und  K  topologische  Gruppen  und  K  zudem 
kontinuierlich,  so  gilt  das  zur  Isomorphie  (1)  fiihrende  Argument 
wortlich  ftir  die  respektiven  Gruppen  der  stetigen  /C-Charaktere. 

(Es  sei  dazu  bemerkt,  dass  die  in  8  definierte  Topologie  eine  in 
8i(C  8)  induziert:  eine  Folge  Oi ,  at ,  •  •  •  ist  eine  Limesfolge  (in  8i) 
und  a  (in  8i)  ihr  Limes,  wenn  diese  Aussage  fUr  die  Folge  Oi ,  at ,  •  •  • 
und  das  Element  a  als  Elements  von  8  gilt) 

Wir  bezeichnen  mit  {a)ij  die  das  Element  a  von  8  enthaltende 
Klasse  von  8  —  8i .  Das  Element  a  heisst  ein  Reprdsentant  von 
{a}  I, .  Ist  /  C  (8*,  8i),  so  wird  durch 

(2)  F({a}0  =/(a) 

ein  X-Charakter  F  \ron  8  —  8i  definiert. 

Da  der  JC-Charakter  /  aus  (8*,  8i)  und  der  AT-Charakter  F  von 
8  —  8i  sich  in  (2)  ein-eindeutig  entsprechen,  so  definiert  (2)  die  Iso¬ 
morphie 

(3)  |(8-8i)»»(8»,8i). 

>  Gewisse  unendliche  Foigen  a\ ,  Ot,  *  ■  *  von  Elementen  von  H  heiesen  Limes 
folgen  und  definieren  ein  in  H  gelegenes  Element  a,  den  Limes  von  Oi ,  at ,  ■  ■  ■ 
(a  —  lim  a.).  Dabei  gelte:  a)  Jede  unendliche  Teilfolge  einer  Limesfolge  ist 
selbst  eine  Limesfolge  und  definiert  dssselbe  Limeselement,  fi)  Die  Folge  a,  a,  a,  •  •  > 
ist  eine  Limesfolge  mit  a  als  Limes. 
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Bemerkung  c)  Ist  9  eine  kontinuierliche  Gruppe  und  3li  eine  ab- 
geschlossene  Untergrupp)e  von  31,  so  indunert  die  2[-Topologie  eine 
Topologie  in  31  —  3li  : 

Es  gilt  definitionsgemass 

(«)  lim  *  {o},, , 

wenn  ftir  eine  geeignet  gewahlte  Reprksentantenfolge  a„  der  resp. 
Klassen  gilt: 

(o')  lim  o»  =  a  +  A,  A  C  3li . 

Damit  ist  in  der  Tat  die  Klasse  rechts  in  (o)  bestimmt,  d.h.  unab- 
hangig  von  der  Auswahl  der  Reprasentantenfolge.  Ist  a.  eine  zweite 
solche  Folge,  gilt  also  cu  —  al  C  3li  und  lim  ol,  =  o'  +  A',  A'  C  31i , 
so  folgt  wegen  31  kontinuierlich, 

(o")  lim  (a»  —  On)  =  lim  On  —  lim  ol  =  (o  —  o')  +  (A  —  A'). 

Aber  o„  —  ol  ist  eine  Limes  Folge  aus  3li ,  und  da  3li  abgeschlossen  ist, 
gilt  lim  (on  —  a'n)  C  3li .  Da  auch  A  —  A'  C  3li ,  so  folgt  o  —  o'  C  3li 
aus  (o"),  q.d.e. 

Da  in  bezug  auf  die  in  31  —  3li  resp.  in  31  definierten  Topologien  die 
in  (2)  definierten  Funktionen  zugleich  stetig  oder  unstetig  sind,  so  gilt 

(3)  auch  bei  Einschrknkung  auf  die  resp.  Untergruppen  der  atetigen 
Charaktere.  {K  ist  dabei  natUrlich  eine  kontinuierliche  Gruppe) 

Gilt 

(4)  31  3  3li  3  31, 
fOr  drei  Gruppen  31,  3li  und  31, ,  so  folgt 

(5)  31  -  31,  3  31,  -  31, , 
und  nach  Formel  (1)  gilt 

(6)  I  (g  -  31, )»  -  ((31  -  31,)»,  31,  -  31,)  =  ((31,  -  31,)»,  31  -  31,). 

In  der  Isomorphie  (3) 

(7)  (31  -  31,)*  =  (31*,  31,) 

entspricht  der  Untergruppe  ((31  —  31,)*,  31,  —  31,)  von  (31  —  31,)* 
die  Untergruppe  (31*,  31,)  von  (31*,  31,). 

Beweis:  F({o},,)  C  ((31  -  31,)*,  »,  -  31,),  wenn  F({o},,)  =  0, 
ftir  o  C  31, .  Damit  gilt  ftir  die  F  entsprechende  Funktion/  C  (31*,  31,) 
in  (2):/(o)  =  0,  ftir  o  C  31, ,  d.h.  /  C  (31*,  31,). 
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Umgekehrt  /(o)  C  (H*,  Hi),  wenn  /(o)  »  0  fttr  a  C  Hi .  Dann  gilt 
fttr  die  entsprechende  Funktion  F  C  (H  —  H*)*:  F({a}«,)  »  0  fUr 
a  c  Hi ,  d.h.  F  c  ((H  -  H,)',  Hi  -  «*). 

Somit  haben  wir 

(8)  (H  -  H,)*  -  ((H  -  HO',  Hi  -  HO  «  (H*,  HO  -  (H*,  HO 
und  (6)  wird  zu 

(9)  •  I  (H*,  HQ  -  (H»,  Hi)  «  ((Hi  -  H0»,  H  -  HQ 

Bemerkung  d)  H  und  K  seien  kontinuierlich  und  Hi  dbgeachlossen  in  H. 
Dann  gilt  (6)  fUr  die  stetigen  X-charactere  von  H  —  Hi  resp.  Hi  —  Hi 
und  in  der  Isomorphie  (7)  entsprechen  diesen  stetigen  Charakteren 
von  H  —  Hi  die  stetigen  Charaktere  aus  (H*,  Hi)  (siehe  Bemerkung  (c)). 

Also  gilt  (9)  auch  bei  Einschrankung  auf  die  respektiven  Unter- 
gruppen  der  stetigen  Charaktere. 

§2.  Das  (n,  /C)-Charakter8ystein  Z'  des  topologischen  Gruppen- 
systems  Z  der  Dimension  <  n 

Wir  definieren  zuerst  die  Komplexgrupiien  L,'(Z'^)  und  hierauf  die 
Randhomomorphien  L<(Z*)  — »  Lj_i(Z*). 

a)  Wir  definieren 

(1)  ^.(2')  =  (I--<(2))',  t  =  0,  1,  ...n, 

die  weiteren  Komplexgruppeh  sind  alle  Nullgruppen. 

b)  Die  Homomorphie  —*  L<_i(Z*). 

Definition:  1st /<  C  Li(Z'),  so  sei  sein  Rand 

(2)  Rifi)  -  fm )), 

wo  R  der  Randoperator  von  Z  ist. 

Wir  zeigen,  dass  /,(R(  ))  C  L<_i(Z*),  d.h.  ein  K-Charakter  von 
%+i(2)  ist.  > 

In  der  Tat,  ist  C  L»_<+i(Z),  so  ist  R{a*~'^^)  C  L„_<(Z)  und 

f i{R(fl’'~*^'))  ist  wohldefiniert. 

Da  weiter  R{  )  und  /<(  )  lineare  Funktionen  sind  ihrer  respektiven 
Argumente,  so  ist  /<(i2(  ))  ein  FC-Charakter  von  L,_<+i(Z),  q.d.e. 

c)  R(R(Ji))  =  R(/.(R(  )))  =/<(«(«(  ))),unddaR(R(a"-'-"*))  -  O""*, 
so  ist  R(R(Ji))  das  Nullelement  von  Li_i(Z').  Damit  ist  Z*  ein 
topologisches  Gruppensystem:  das  (n,  FQ-Charaktersystem  von  Z. 

Bemerkung  a)  Wir  setzen  voraus: 

K  sei  eine  kontinuierliche  Oruppe,  die  Li{Z),  t  =  0,  1,  •  •  •  topologische 
Gruppen.  Durch  R{H')  sei  LiiX)  stetig  in  L,_i(Z)  abgebildet: 
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Dann  bilden  die  stetigen  /C-Charaktere  ein  topologisches  Unter- 
system  von  2*. 

Beweis:  Zuerst  bilden  die  stetigen  X-Charaktere  von  Li(2)  eine 
Untergruppe  alter  X-Charaktere  von  L,(2),  (X  kontinuierliche  Gruppe). 

Dann  ist  X(/<)  C  L,_i(2*),  wegen  R(  )  atetig,  (Rfi  =  /<(X(  ))), 
stetig,  wenn  ft  stetig  ist. 

Diese  beiden  Tatsachen  aber  beweisen  die  Behauptung. 

Bemerkung  b)  Sind  (wie  unter  (a))  die  Li{I,)  topologiache  Gruppen 
und  ist  R  ein  stetiger  Operator,  so  ist  Z.(2)  in  Li{Z)  abgeschlossen. 
(Z<(2),  Gruppe  der  i-dimens.  Zykeln  von  2.)  Ist  zudem  noch  Li{l), 
i  =  0,  I,  •••  ,  kompakt,  dann  ist  anch  die  i-dimens.  Gruppe  der  herand- 
enden  Zykeln,  Hi{Z),  in  Li{Z)  abgeschlossen. 

Beweis:  1)  a*  C  Z<(2),  wenn  X(a’)  =  0’~‘.  Ist  lim  a«  =  a*  eine 
Limesfolge  und  a\  C  Z,(2),  n  =  1,  2,  •  •  •  ,  so  folgt  (X(oi)  =  0*“*) 

0*“‘  =  lim  R{a\)  =  ftdim  oj.)  =  X(a’),  d.h.  a'  a  Z  ’(2). 

2)  a*  C  Hi{Z),  wenn  o’  =  X(o*"*'‘),  fiir  ein  o*'*’*  C  L,+i(2).  Ist 
lim  a\  =  o’  eine  limesfolge  und  a\  C  Hi(,Z),  n  =  1,  2,  •  •  •  ,  so  folgt 
»  oi  fUr  eine  geeignete  Folge  oi^‘  C  L<+i(2),  Da  aber 
L<+i(2)  kompakt  ist,  so  enthalt  die  obige  Folge  eine  konvergierende 
Teilfolge  lim  o^'t*  =  o*’*’*.  Also  gilt 

Ria'-^^)  =  lim  =  lim  o’,.  =  o’,  d.h.  o’  C  X<(2) 

(In  der  obigen  Uberlegung  wurde  nicht  benutzt,  dass  die  topol.  Raume 
L<(2),  Zi(l),  X<(2)  Gruppen  sind.) 

§3.  Relationen  zwischen  den  in  2  und  in  2^  definierten  Gruppen 

A)  Die  Gruppe  Zi(2*)  der  i-dimens.  Zykeln  von  2*. 
fi  C  =  (L,_j(2))*  ist  ein  t-dimens.  Zyklus,  d.h.  Element  von 

Z<(2*),  wenn  R(}i)  =  /<(R(  ))  das  Nullelement  von  L<_i(2*)  = 
(L»_<+i(2))*  ist,  das  ist  wenn 

fi{R{a*~*-*-'))  =  0  (Gruppen-Null  von  X)  fUr  aUe  o-^^*  C  L,_<+,(2). 
In  anderen  Worten:  /,  C  Z<(2*),  wenn  ft  alle  berandenden  Zykeln 
d.h.  alle  Elemente  der  Untergruppe  X„_<(2)  von  L,_<(2)  in 
die  Gruppen-Null  von  X  abbildet.  In  Formel: 

(1)  Z,(2)  -  (L,(2*),  X,_.(2)). 

Setzt  man,  §1,  (1),  31  =  L,_j(2),  ?(j  -  Hn-i(.Z),  so  erhalt  man 

(2)  L,(2*)  -  Z,(2*)  «  ((X,^.(2))‘,  L,^<(2)), 
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reap.,  da  Li  —  Zi  Hi-i ,  fUr  jedes  topol.  Gruppensystem  ist 

(3)  i/.-i(2:*)  «  ((//n-<(2:))*,  L.-,(2)). 

Die  Formel  (3)  des  §1  gibt 

(4)  •  Z,(S*)  «  (L»_*(2)  - 

Bemerkung:  Sind  K  und  die  L<(2)  kontinuierliche  Gruppen  und  die 
letzteren  auch  kompakt,  so  gelten  die  obigen  Formeln  fiir  die  resp. 
Gruppen  der  kontinuierlichen  Charaktere 

B)  Die  Gruppe  der  herandenden  i-dimena.  Zykeln  von  2*. 

R(Ji+i)  mit  /<+i  C  L,+i(2*)  ist  das  allgemeine  Element  von  /f<(2*). 

Wegen  «(/.+,)  =/<+,(«(  ))  folgt,  dass  («/<+,) (a—)  - -  0, 
sobald  o"  ’  C  Z,_j(2). 

D.h.:  Ein  Element  von  H<(2*)  bildet  alle  n  —  i  dimens.  Zykeln 
von  2,  d.h.  alle  Elemente  von  Z„_<(2),  in  die  Gruppen  Null  von  K  ab. 
Bezeichnet 

(6)  AT, (2*)  =  (LKS*),  Z»_,(2)), 

so  gilt  demnach  iV<(2*) 

Wegen  Z«_<(2)  =5  ^»_.(2)  folgt  aus  (1)  und  (5)  Z<(2*)  =3  Ar<(2'). 
Wir  haben  demnach: 

(6)  Z.(2')  3  Ar<(2')  3  Hiil% 

d.h.  N<(2*)  ist  eine  neue  Gruppe,  die  in  Z<(2*)  liegt  und  ^<(2*) 
enthalt. 

Setzen  wir  in  (1)  resp.  (3)  des  §1:  31  =  L,,_<(2),  3li  =  Z»_,(2),  so 
erhalten  wir 

(7)  L,(2')  -  AT, (2')  =  ((Z,_,(2))*,  L,_<(2)), 
resp. 

(8)  AT, (2*)  «  (L^.(2)  -  Z_<(2))*  =  (/7,^<_i(2))'. 

Aus  (5)  und  (8)  haben  wir 

(9)  “  (L.(2‘),  Z,_,(2)). 

C)  Weiter  gibt  §1,  (8)  fiir:  31  -  L^-iiZ),  3li  =  Z,_<(2),  31,  =  /f«-<(2) 
die /undamentofe  Relation: 

I  (L,(Z«),  -  (L«(Z*),  Z,>-,(2)) 

«  ((R.^(2))«,  L.^(2)  -  //,^(2)). 

wo  R,_<(2)  =  Z_,(2)  -  Hn-i{Z),  die  n  -  t**  Bettigruppe  von  2  ist. 
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Wegen  (1)  und  (6)  konnen  wir  (10)  schreiben: 

(11)  |Z<(Z^)  -  ^  ((g,-,(2))»  L,-,(2)  -  H^m), 

aus  welcher  Formel  wir  unsere  weiteren  Schliisse  ziehen  werden. 

Bemerkung:  K  und  die  Li(2)  seien  koniinuierlicke  Gruppen,  R{  )  sei 
stetig  und  die  Li(Z)  kompakt. 

Dann  ist  in  L,_<(2)  abgeschlossen  und  aus  der  Bemerkung 

(d)  des  §1  folgt,  dass  (10)  auch  ftir  die  respektiven  Untergruppen  der 
atetigen  Charaktere  gilt. 

Damit  ist  (11)  auch  richtig,  wenn  2*  aus  dem  System  der  stetigen 
Charaktere  von  2  aufgebaut  ist. 

D)  Der  Vergleich  von  (3)  (ftir  i -f  1  statt  t)  und  (8)  lasst  vermuten 

(12)  |Jy<(2«)  -  Htm  ==  (^,^-,(Z))»  -  ((g.^-i(2))»,  L,^-i(2)) 

Diese  wichtige  Relation  gilt  tatsachlich,  wie  im  Folgenden  gezeigt  wird. 
Durch  die  Zuordnung: 

(13)  {a*  i2(o"  ’)>  '  C  L,_<(2), 

wird  die  Isomorphie  hergestellt 

(14)  L»_i(2)  -  Z»_.(2)  *  f/^._i(2). 

Somit  gilt 

(15)  (L,_,(2)  -  Z,-.(2))'  «  (H,_<_,(2))* 
infolge  der  Zuordnung 

(16)  n{a""‘U.-<(X))  =  ^’(«(a"-‘)) 

der  respektiven  /C-Charactere.  Da  weiter  (§1) 

(17)  (L._,(2)  -  Z»_,(2))*  »  ((L,_,(2))*.  Z^(2))  -  AT, (2*) 
in  bezug  auf  die  Zuordnung  (§1,  (2),) 

(18)  F({a-‘)z_,(2))  -/(a-%  (/(o— )  =  0,  wenn  a— C  Z^<(2)), 
ist,  so  besteht  die  Isomorphie 

(19)  (W,_,_,(2))'  -  iV<(S') 
infolge  der  Zuordnung 

(20)  /'(«(«"■’)) 
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Wir  behaupten  nun,  class  sich  in  der  Isomorphic  (19).  (20)  die 
respektiven  Untergruppen: 

((^^,_,_i(2))*,  L,_<_i(S))  und  f^<(2*)  entsprechen,  was  dann  (12) 
beweist.  Sei 

a)  F  C  ((/^,-<_,(2))*,  L,_,_,(2)),  d.h.  es  gibt  ein  C  (L._._i(2))' 

ftkr  das  F,+i(/2(a"  '))  =  F(/?(o"  *)  richtig  ist.  Ftir  den  durch  (20) 
sugeordneten  /C-Charakter  /  C  gilt  damit 

/(a"-^)  -  F(/2(o"-))  -  FURio'-'))  =  (ft(F.^,))(a-‘)  C 

b)  C  bedeutet  /  =  F,+i(i2(  ))  fttr  ein  F<+i  C 

(L,_,_i(2))*.  Fiir  die  durch  (20)  zugeordnete  Funktion  F  C 
(W,_<_i(2))*  gilt  also 

F(«(o"-‘))  =  F,+,(ie(o"-)), 

und  somit  ist  F  C  zu  einem  /ii-Charakter  Fj^  C- 

(L„_,_i(2))*  erweiterbar. 

Damii  isl  (12)  hewiesen. 

Bemerkung:  Die  Relation  (12)  ist  gleichfalls  richtig,  wenn  nur  die 
respektiven  Gruppen  der  atetigen  K-Charaktere  betrachtet  werden. 

§4.  Hinreichende  Bedingungen  fiir  Ri(2')  »  (R,_i(Z))' 

Vorbemerkung:  Im  FaUe  der  atetigen  K-Charaktere  iat  immer  voratia- 
geaetzt,  daaa  K  und  die  Li(S)  kontinuierliche  Gruppen  und  die  letzteren 
zudem  kompakt  aeien.  R{  )  iat  ein  atetiger  Operator. 

Dann  folgt  aus  §3  (11):  Fiir 

(I)  B<(2‘)  »  (fi-.(2))* 

ist  das  Erfttlltsein  der  beiden  Bedingungen 

(la)  (B._,(2))'  »  ((R.-<(2))',  L,_,(2)  -  //,_,(2)) 

und  t 

(lb)  iNr<(2*)  - 

hinreichend.  Wir  notieren  dass  (la)  eine  Folge  ist  von  (la)' 

(la)':  Jeder  (event,  stetige)  K-Charakth-  von  Z,_<(2)  iat  zu  einem  aolchen 
von  Ln-ii^)  erweiterbar. 

In  der  Tat  gilt  das  dann  auch  fOr  die  speziellen  iC-Charaktere  von 
Z»_<(2),  die  in  ff„_,(2)  “verschwinden".  Diese  sind  zu  Charakteren 
von  L«-{(2)  erweiterbar,  die  in  /fn_<(2)  Null  sind.  Das  aber  besagt, 
dass  jeder  /C-Charakter  von  R,_,(2)  zu  einem  von  L,_<(2)  —  ^f,_<(2) 
erweiterbar  ist  und  (la)  gilt, — sogar  mit  dem  Gleichheitszeichen. 
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Dagegen  ist  (Ib)  nicht  nur  Folge  sondem  aqui valent  (§3,  (12)): 

(Ib') :  Jeder  (event,  stetige)  K-Charakter  von  Hn-iiX)  ist  zu  einem  solchen 
von  L,_<(2)  erweiterhar. 

(la)'  kann  welter  ersetzt  werden  durch 

(la) ":  L»_<(2)  ist  eine  direkte  Summe  mit  als  Summand: 

(1)  L,_<(2)  =  Z„_<(2)  +  An-i(S). 

Dann  folgt  in  der  Tat  (la)'. 

Ist  namlich  '/<  C  (Z«_,(2))*,  so  definiert 

(2)  /<(X"-)  =  '/.(|C"-),  wo 

(3)  X"-*  =  X—  +  K-\  X"-‘  C  Z,-,(2),  X—  C  ^,-i(2), 

die  Zerlegung  von  /C"“'  C  L,_,(2)  nach  (2)  ist,  einen  K  charakter  /< 
von  L,_,(2)  der  mit  '/<  in  Z„_<(2)  iibereinstimmt. 

(Offenbar  kann  (Ib)'  durch  eine  (la)"  analoge  Bedingung  (Ib)" 
ersetzt  werden.) 

Endresultat:  Sobald  eine  der  Relationen  (la)  mit  einer  der  ReUUionen 

(lb)  zusammen  gilt,  besteht  (I). 

$5.  2  ist  ein  freies  topol.  endliches  System  der  Dimension  <  n,  K  ist 
die  Kreisgruppe  (Gruppe  der  reellen  Zahlen  modulo  1) 

Bekanntlich  gilt  (la)"  des  §4.  Zum  Beweis  von 

(1)  B.(2')  «  (B,_i(2^1* 

ist  also  hinreichend  z.B.  AT, (2*)  =  f^<(2*)  zu  zeigen. 

Ist 

(2)  o—  -  Z  x.ar  ,  a  -  1,  . . . ,  , 

ein  Element  von  L»-<(2),  dargestellt  durch  die  Basis  a2~*,  a  =*  1,  ■  ■  ■ 

,  so  nennen  wir  die  ganzzahligen  x«  ,  a  =  •  •  •  P»-» »  <1*®  Darstd- 

lungszahlen  von  a"“’  in  bezug  auf  die  Basis  a«~’.  Ist 

(3)  /,  C  L,(2')  =  (L,_,(2))' 
ein  /iC-Charakter  von  L„_j(2),  so  gilt 

(4)  /.(o-)  -  D  xJ*(or)  -  E  X.P.,  y.  =  /i(ar)  C  K. 

(4)  bedeutet,  dass  nach  Wahl  einer  Basis  von  Ln-<(2)  jeder  /fL-Charakter 
von  Lk_<(2)  zu  einer  endlichen  Linearform  in  den  Darstellungszahlen 
Xa  der  Elemente  von  Lm-<(2)  wird,  deren  in  K  liegenden  Koeffizienten 
Va  *  /i(a2~’)  (da  L,_<(2)  frei  ist)  keiner  Einschrdnkung  unterliegen. 


‘  -'illiiiarWMIllBMiiailM  WiilMilMMMMlWiilMMMMMM— Mlli  . . . . ""i . . . . i . 
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d.h.  wenn 

]C  VaXa 

(6") 


-  0  ist,  (Gruppen  Null  von  K) 
fiir  beliebige  x,,  a  =  <r,_<  +  1, 


Da  K  die  Kreisgruppe  ist,  sind  (5')  und  (6")  aquivalente  Relationen. 
In  der  Tat  gibt  es  zu  jeden  y  C.  K  und  ganzzahligem  E  ein  y'  C  K, 
so  dass  y  =  Ey\  Damit  sind  !/„  =  0,  o  =  <r,_<  +  1,  •••  p,_<  die 
einzigen  Relationen  fiir  ^  y«Xa  C  Hi{Z^),  aber  genau  dieselben  Rela¬ 
tionen  liefert  offenbar  (b"). 

Damit  ist  N<(2*)  =  und  somit  (1)  bewiesen. 

Bemerkung:  Von  K  wurde  nur  verwendet:  Zu  jedem  y  d  K  und 
ganzzahl.  E  gibt  es  ein  y' d  K,  so  dass  y  =  Ey';  d.h.  E/C  =  K.  (EX 
bedeutet  die  Untergruppe  aller  Elemente  von  X  der  Form  Ek,  k  d  X.) 

Somit  gilt  (1)  auchfiir  jede  Gnippe  X,  /Ur  die  mK  =  X  (fiir  jedes 
ganzzahl.  m)  richtig  ist. 

§6.  Das  endliche  System  2(r)  mit  der  Koefl&zientengruppe  Y 

Wir  gewinnen  2(r)  aus  dem  freien  endlichen  System  2  durch  Ein- 
fUhrung  der  gegebenen  Gruppe  Y  statt  der  Gruppe  G  (Gruppe  der 
ganzen  Zahlen)  cUs  Koeffizientengruppe  im  folgenden  Sinn: 

Hat  Li(2)  die  Basis  at,  a  a*  1,  pi,  so  definieren  wir  L{(2(r)) 
als  Inbegriff  der  Elemente 


K'  =  t.y,ai, 


y.c  F, 


in  bezug  auf  die  Addition 

(10  2  +  2  yloi  *=  ]C  (l/«  + 

Weiter  bestehe 

^  Vmai  “  X 

nur  als  Folge  von  Pa  ,  a  =  1,  •  •  •  p,- .  Mit  j/aot  sei  der  Komplex 
X’  (1)  bezeichnet,  fttr  den  nur  von  Null  verschieden  ist.  (Dann 
ist  (1)  eine  Summe  von  p<  Komplexen:  y«a«,  a  —  1,  •  •  •  p,- .) 

Die  Randhomomorphie  L<(2{r))  —*  I/<_i(2(r))  wird  durch 

(2)  R(2  l/.ai)  =  22  o  «  1,  •  •  •  Pi,  ^  1,  •  •  •  pi_i, 

definiert,  wo 

(20  R(ai)  - 
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(Das  bedeutet  femer  die  Isomorphie  der  Gruppe  (L»_<(S))'  mit  der 
Gruppe  der  Linearformen  2xaj/»  infolge  der  Zuordnung  (4),  von  der 
wir  in  diesem  §  aber  keinen  Gebrauch  machen). 

Dies  festgestellt  suchen  wir  die  Relationen  fttr  die  Koeffizienten 
Va  -  damit  /.  C  resp.  /<  C  JV<(2*)  gilt. 

a)  fi  C  H.(2*), 

wenn  fiir  ein/<+i  C  L<+i(2*)  gilt:/*  *  R(fi+i)  =  /<+i(i2(  )). 

Somit  gilt 

».=/.(«:-*)  -/«.(«(<>:■'))  =/w(Z  «:;'<•;—■)  =  Z 

resp. 

(6)  y.  =  z  ,  wo  y;  =  /.+i(ar-‘)  c  k 

wegen  der  Willktir  des  /<+i  keiner  Einschr&nkung  unterliegt. 

D.h.  Damit  /*  C  /f,(2*),  ist  /fir  dte  Koeffizienten  der  Linearform 
fi  ^  ^  VmXa  die  Relation  (5)  notwendig  und  hinreichend. 

b)  fi  C  JV*(2*),  wenn  /<(a"“’)  =  0,  Gruppen  Null  von  K,  als  Folge 

von  gilt.  Da 

«.T 

und  L»-i_i(2)  eine  freie  Gruppe  ist,  so  konnen  wir  dies  auch  ausdrucken: 
fi  C  JV<(2'),  wenn  (/<  -  Z  y«^«) 

(6)  Z  “  0,  (Gruppen  Null  von  K),  eobald  Z  *■  0  ist, 

a 

Fttr  die  weitere  Diskussion  verwenden  wir  in  L,,_*(2),  L,,_*_i(2)  ein 
kanonisches  Baeispaar,  d.h.  eines,  in  dem  die  Inzidenz-Matrix,  hier 
bezeichnet,  nur  die  Diagonalglieder  E^.*,  a  »  1,  •  •  •  ,  von  Null 

verschieden  hat.  Isabel  ist  ?»_*  der  Rang  und  die  E||«*  die  invarianten 
Faktoren  von  ||  ||. 

Dann  gilt/*  =  ^  C  H*(2*),  wenn 

fy.  “  Eir  yl ,  o  »  1,  •  •  •  <r,_* 

ly«  *  0,  a  —  <y,_<  +!,•••  p,-*,  und 

/<  “  Z  y«*«  C  -V<(2*),  wenn 
Z  y«*«  “  (Gruppen  Null  von  K),  sobald 


(60 


xi  -  0,  xi  »  0,  •  •  •  x,,_, 


0, 
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anderung  in  Z,  so  entsprechen  sich  die  Randelemente  (6)  und  (7)  in 
der  Zuordnung  (6)  fiir  t  —  1  statt  t. 

Isl  Y  eine  topologische  Gruppe  (im  Fr4chet-Sinn)  so  definieren  wir 
durch: 

(9)  lim  Kl  =  1C,  wo  Xi  =  Z  X*  =  Z  y.al 

HM**  a  « 

Elemente  von  L<(2(r))  sind,  wenn 

(90  lim  *  y«,  «  =  !,•••  p<, 

eine  Topologie  in  L<(Z(r)),  die,  wenn  Y  noch  dazu  eine  kontinuierliche 
Gruppe  isi,  ehenfaUs  von  der  Basis  Wahl  nicht  abhdngt. 

D.h.  dass  die  Z(r)  ^[t)  herstellende  Zuordnung  (5)  zugleich  eine 
topologische  (homeomorphe)  Abbildung  der  Raume  L,(Z(r))  und 
L<(z(r))  ist.  Dies  folgt  aus  (40. 

Wenn  wir  Y  als  kontinuierliche  kompakte  Gruppe  vorausetzen,  so 
wird  Li{'Z(r))  ebenfalls  kontinuierlich  sein  und  kompakt. 

Der  in  (2)  eingeflihrte  Randoperator  bildet  dabei  L,(2(r))  stetig  ah 
in  L<_i(2(r)).  Ist  dann  X  eine  kontinuierliche  Gruppe,  so  sind  alle 
•Voraussetzungen  erflillt  in  der  (11),  §3,  folgenden  Bemerkung.  Wir 
haben  damit  das  Resultat: 

Sind  X  und  Y  kontinuierliche  Gruppen  und  Y  zudem  kompakt,  so  giU 
die  Relation  (11)  des  §3  fUr  das  aus  den  stetigen  K-Charakteren  der 
Li(2(r))  aufgebaute  Gruppensystem  (2(r))*. 

§7.  Das  X-Charaktersystem  (2(jc))'  von  2(jr)  ;  2  endlich, 

X  s  die  Kreisgruppe 

Das  System  2(jt)  wurde  im  §6  definiert: 

(1)  X’  =  Zy«o«»  Va  C  X,  a=l,  ---Pi, 
ist  das  allgemeine  Element  von  L<(2(jt)).  X’  =  O'  bedeutet  j/«  =  $, 

a  =  1,  •  • .  ,  Pi . 

Wir  fiihren  in  X,  der  Gruppe  der  reellen  Zahlen  modulo  der  Gruppe 
der  ganzen  Zahlen,  die  natilrliche  Topologie  ein,  die  die  kontinuierliche 
Gruppe  R  aller  reellen  Zahlen  in  der  Restgruppe  R  —  G,  G  die  (in  R) 
abgeschlossene  Gruppe  der  ganzen  Zahlen,  induziert  (Siehe  §1  Be¬ 
merkung  c) ; 

Die  Folge  {j/,},  n  =  1,  2,  •  •  •  ,  {y,}  C  X  konvergiert  gegen  {y\  C  X, 
sobald  fUr  geeignete  Klassenreprdsentanten  der  {y,}  resp  des  {y} 

(2)  lim  yn  =  y 
{als  Limesfolge  von  R)  hesteht. 
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die  Randhomomorphie  L,(2)  —*  L<_i(2)  bestimmt.  Da  offenbar 
yaa*a))  —  O’  *  >8t,  80  ist  2(r),  gegeben  durch  die  Gruppen  Li{2ir)) 
mil  den  Randhomomorphien  (2),  ein  topologisches  Gruppensyatem. 

2(r)  wurde  in  Bezug  auf  eine  gegebene  Basis  a,,  i  =  0,  1,  '•  •  von  2 
deSniert;  wir  zeigen  nun,  dass  2(r)  aber  in  Wirklichkeit  von  der  Basis- 
wahl  in  2  unabhangig  ist. 

Sei  a'J,  a  =  1,  •  •  •  Pi ,  i  =  0,  1,  •  •  •  ein  zweites  Basissystem  in  2, 
dann  gelten  bekanntlich  die  Transformations  Relationen 

(3)  a'a  =  2  p’affOflS  a'y  =  H  P'yaai ,  t  =  0,  1,  •  •  • , 

mit  ganzzahligen  Matrizen  p,  p,  die  zueinander  invers  und  also  uni- 
modular  sind.  Der  Transformation  (3)  in  2  lassen  wir  in  2(r)  eine 
Transformation  entsprechen 

(30  iyai)  =  Paaiyoff),  (i/a'O  =  21  P\a{ya\), 

durch  die  in  Li{1,(r))  die  neue  “Basis"  ya'y,  7  =  1,  •  •  •  p<  eingefilhrt 
wird:  Jedes  Element  ^yaCia  C  L,(2(r))  ist  durch  die  neue  “Basis” 
darstellbar 

(4)  23  =  H  PaaVada  *  23  wo 

(40  Va^HviaVa. 

Sei  nun  2'(r)  das  System,  das  analog  2(r)  aber  bei  Verwendung  der 
Basis  ol*  von  2  konstruiert  ist.  Wir  beweiaen:  2(r)  =  2(r)  •  Sei 
y'.  y^\  C  Li(2(r)),  dann  konnen  wir  nach  Einfilhrung  der  Basis  ya. 
in  2(r)  nach  (4) :  ^  =  23  schreiben. 

Wir  ordnen  dann  ^  j/oai  =  ^  ypa'p  C  Li{'Zij))  zu  das  Element 
2  ypas  C  Li{z[r)).  Diese  Zuordnung: 

(5)  23  23 

ist  (wie  in  dem  Doppelpfeil  angedeutet)  ein — eindeutig  und  stellt  eine 
Isomorphie  Li{^ir))>  ~  Li{^[r))  her,  deren  Randtreue  wir  zeigen. 

Der  Rand  des  Elementes  von  Li(2(r))  links  in  (5)  ist: 

(6)  R(23  S  *  *=  2  !/«««» *  CZ  Li_i(2(r)), 

der  Rand  des  Elementes  von  L<(2jr))  rechts  in  (5)  ist: 

(7)  R(^  ya<^a)  =  23  ya^arHr’  *  =  PaPU^fl’a/  *  C  L<_i(2(r)); 

da  aber 

(8)  23  «i#pi7*  =  23  pia*ar 

•  a 

die  bekannte  Transformation  der  Inzidenz  Matrizen  ist  bei  Basis- 
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Bezeichnung:  Wir  wollen  in  der  Folge  die  die  KUisse  \y]  bezeichnende 
Klammer  weglassen  y  CZ  K  bedeutet  also  die  Klasse  y  g,g  ganze  Zahl. 

Damit  iat  auch  (§6)  in  Li(2(M))  eine  Topologie  definiert,  in  bezug  auf 
die  dieee  Gruppen  kontinuierlich  und  kompakt  aind. 

(K  ist  offenbar  kontinuierlich  und  wie  leicht  einzusehen  auch  kom¬ 
pakt.)  Wir  konnen  daher  das  Schlussresultst  des  §6  anwenden  und 

(3)  »  (B,_<(S(ir)))' 

beweisen,  indem  wir  z.B.  zeigen,  dass  a)  jeder  in  Z«(Z(jc))  definierte 
atetige  Charakter  zu  einem  solchen  in  L,(Z(jc))  erweiterbar  ist,  und 
dass  b)  JV<(Sfjf))  =  ist. 

Bemerkung:  (3)  gilt  sowohl  fUr  das  allgemeine  Zfo  als  auch  fiir 
dessen  Untersystem,  das  aus  den  atetigen  K-Charakteren  aufgebaut  ist. 

(Denn  jeder  K-Charakter  von  Zi(2(K))  ist  zu  einem  von  L<(2(»))  er¬ 
weiterbar,  und  auch  iV.(2fx))  =  giU  ganz  aligemein.) 

Wir  beschr&nken  uns  aber  im  folgenden  auf  das  System,  das  aus  den 
atetigen  K-Charakteren  gebildet  ist  und  welches  gleichfalls  mit  Sfo 
bezeichnet  sei. 

(FOr  den  allgemeinen  Fall  verweisen  wir  auf  das  Resultat  des  §7a.) 
Wir  werden  zuerst  untersuchen,  welche  Form  ein  stetiger  K-Charakter 
von  L,'(2(jr)),  /„_<  C  hat. 

Neben  der  Linearitat  der  Funktion/«_i(/iC')  gilt 

(4)  lim  fn-i{Ki)  =  fn-i  (lim  Ki) 

fUr  jede  konvergente  Folge  Kt,  aus  Li(2(x)).  Ist  K'  C  L<(2(jc))  und 
(1)  seine  Darstellung  durch  die  Basis  ai  ,  a  ^  1,  •  •  •  p< ,  so  haben  wir 

(5)  fnUlC)  =  a  -  1,  ...  p*. 

m 

Sei  a  zwischen  1  und  pi  gewahlt  und  eine  feste  irrationale  Klasse 
in  K,  so  bestimmt 

(60  fn-i(y,ai)  *  z. 

die  Klasse  Za  aus  K.  Zwischen  und  z.  besteht  eine  Relation 

(6)  oy.  -1-  6z«  -b  c  =  0 

mit  ganzzahligen  a,  b  und  c.  (D.h.  ay«  -|-  bz.  0  als  Relation  in  K.) 
Sonst  gkbe  es  nach  einem  Theorem  Kroneckers  ftir  beliebige  Elemente 


> 
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(Klassen)  jjf. ,  2«  von  K  eine  ganzzahlige  Folge  m,  ,  v  =:  1,  2,  •  •  •  <», 
so  dass 

(7)  lim  =»  jf.,  lim  m,«.  =  2. 
zugleich  bestehen. 

Dann  aber  ftlhrt  Mnltiplikation  von  (5')  mit  m,  und  darauf  folgender 
Grenzllbergang  i;  — »  oo  wegen  (4)  und  (7)  auf 

/»— “2*, 

einer  wegen  der  Willkur  von  ,  ia  unmoglichen  Relation.  Damit  gilt 
(6).  Multiplikation  von  (5')  mit  b  ergibt  somit 

(8)  fn-i(hy,ai)  -  -ay. 

als  Relation  in  K. 

Da  y.  irrational  gewAhlt  wurde,  und  es  daher  keine  Relation 
dy  +  (  ^  0  mit  ganzzahligen  d,  h  gibt,  so  existiert  nach  dem  eben 
verwendeten  Kroneckerschen  Theorem  zu  dem  beliebigen  C.  K 
eine  ganzzahlige  Folge  m, ,  v  >>  1,  2,  •  •  •  w,  so  dass  gilt 

(9)  lim  m,y.  »  jf,. 

Offenbar  (a  und  b  sind  ganze  Zahlen)  hat  (9) 

lim  m,5ya  by.  und  lim  nMiy.  =  a^«  zur  Folge. 

Aus 

(10)  /»-<(m,6y.oi)  -m,oy. 

ergibt  der  Grenzhbergang  fOr  p  »  «> 

(100  fn-i(bg,ai)  -  -agl.. 

Ersetzt  man  in  (10^)  y.  durch  y.  +  1/b,  so  bleibt  die  linke  und  damit 
auch  die  rechte  Seite  dieser  Relation  in  K  unge&ndert. 

Damit  ist  — a(jf«  +  1/6)  +  oy,  »  —a/6  ganzzahlig.  Bezeichnet 
Xm  diese  ganze  Zahl,  x.  =  —a/6,  und  setzt  man  yl  »  ^Jb,  so  gibt  (100 

(lO'O  fn-i(yWm)  »  ylx., 

X.  game  Zahl,  fttr  jedes  yl  in  K. 

(Denn  jedes  yl  kann  in  die  Form  gebracht  werden.) 

Wir  haben  demnach  das  Resultat: 

Nach  Wahl  der  “Basis  al  in  Ld2(o)  wird  jeder  stetige  /C-Charakter 
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fn-i  zu  einer  endlichen  Linearform  in  den  Darstellungszahlen  ya  Cl  K 
der  Elemente  von  Lj(Z(jr))  in  bezug  auf  diese  Basis 

(11)  a  =  1,  •••  Pi, 

deren  Koeffizienten  ganzzahlig  sind  und  offenbar  keiner  Einschrankung 
unterliegen.  (Eine  Form  (11)  mit  belieb.  ganzzahl.  x«  ist  ein  atetiger 
iiC-Charakter  von  Li(S(jr))). 

Dies  festgestellt,  wollen  wir  ZiiH^K))  die  Gruppe  der  t-dimens. 
Zykeln  von  Sc*)  unter  Verwendung  kanonischer  Basen  in  Li(2iK))  resp. 
Li_i(2(jr))  untersuchen.  Bczeichnen  wir  diese  Basen  mit  o«  resp. 
so  folgt 

X  C  2i(2(jo)>  wenn 

«(Z  y^a'a)  =  E  I/.E’„ar  =  0-S 

d.h.  wenn  VaE'aa  =  0  (Gruppen-Null  von  K),  a  =  1,  •  •  •  pi . 

Dabei  sind  die  ganzzahligen  £««  die  invar.  Faktoren  der  Inzidenz- 
Matrix  ||  ||  irgend  eines  Basispaars  ai,  von  Li(2(jc))  resp. 

Li-t(2(jr)).  1st  (Ti  der  Rang  dieser  Matrix,  so  sind  nur  die  a  » 

1,  •  •  •  at  von  Null  verschieden 
Wir  haben  also: 

(13)  a  Zi(ZiK)),  wenn  y,  * 

0 

a  =  1,  . . .  (Ti ,  mit  ganzzahl. 

Qa  und  die  restlichen  y,j+i ,  •  •  •  y^  beliebig  sind. 

Damit  ist  Zi{'ZiK))  die  direkte  Summe  von  pi  —  ot  Kreisgruppen: 
yaOa,  o  =  ffi  +  1,  •  •  •  Pi  und  von  Vi  endlichen  Zykelngruppen:  y^m, 
a  =  1,  •  •  •  ffi ,  =  ga/^'ma,  der  resp.  Ordnungen  E«,. 

Ist  nun  fn-i  ein  detiger  K-Charakter  von  Zi(S(ir)),  so  ist  fn-i(,K*), 

K'  C  Zi(2(K)),  die  Summe  der  Anteile,  die  durch  die  obigen  Sum- 
manden  geliefert  werden. 

Wie  zuvor  gilt  /«_i(y«o« )  =  x«y«  ,  mit  ganzzahligem  x«  ,  fttr  a  = 

(Ti  -H  1,  •  •  •  Pi ,  als  Folge  der  Stetigkeit  von  fn-i . 

Sei  jetzt  a  =  1,  •  •  •  Ci .  Wir  setzen 

(14)  /—(l/Ei.al*)  =Zn(ZK. 

Dann  ist  =  0,  die  Gruppen  Null  von  K,  d.h.  E'aaZa  ist  gleich  der 
ganzen  Zahl  x.  ;  z.  =  Xa/E... 

Somit  gilt  fiir  jedes  ganzzahl.  g.  ^ 

(16)  fn-iiga/^iatta)  =  X.j/./EL.. 
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Demnach  ist  fttr  a  »  1,  2,  •  •  •  pi 
(16)  /»-<(y.o-)  *  x.y. 


mit  ganzzahligem  x«  richtig,  und  ^  XaVa  ,  a  »  1,  •  •  •  p.- ,  mil  diesen  z« 
ist  offenbar  ein  stetiger  K-Charakter  von  Li(Z(K)),  der  in  Zi(l(K))  mit 
fn-i  ttbereinstimmt. 

(Wir  bemerken,  dass  (15)  das  ganzzahlige  x«  nur  modulo  E..  bestimmt, 
d.h.  dass  die  Erweiterung  eines  /C-Charakters  von  Z<(Z(jr))  zu  einem 
von  Li(^(x))  keineswegs  eindeutig  ist.) 

Sehr  einfach  ist  der  Beweis  von  /7,(2fjc))  =  ^^<(2**)),  wenn  wir  das 
eben  eingefUhrte  kanonische  Basispaar  verwenden: 

a)  x.y.  C  NiiZft)),  wenn 

(17)  2  x.y,  “  0,  (Gruppen  Null  von  K),  sobald  ^  y«ol*  C  Z<(2(*)), 
d.h.  sobald  (13):  y«  »  y«/El«,  a  »  ,  (Sa  t  ganzzahlig),  und 

die  Ubrigen  y«  beliebige  Elemente  von  K  sind. 

Das  ist  offenbar  dann  und  nur  dann  der  Fall,  wenn 


(18) 


x«  =  Eiaxl,  (xa,  ganze  Zahl).  a  ^  1,  •••  tn 

X«  “0,  t  '  ‘  'Pi- 


b)  H  X.y.  C  HidiK)),  wexmfn-iilC)  *  und/«_<  = 


Damit  gilt  {K*  *  21  y«o« ) 


R(fn-i+l)  *  /«_i+l(i2(  )). 


(19) 


’/-*(ir) 


Ea:«y 

E/. 


(y«E‘..a 


(®(Ey««-))  “/»-<+i(E  y»E««“«  *) 
'‘-)-Ey.EU^:. 


Vergleich  von  (18)  und  (19)  zeigt  Hi(^  **>)  »  N<(2f*)). 

(In  der  Tat  ist  xl  in  (19)  ganzzahlig  und  durch/,,_t+i(yla«  ~‘)  —  ylx. 
definiert  und  ist  somit  wegen  der  Willkilr  des  fn-i+i  keiner  Einschr&n- 
kung  unterworfen.) 


§8.  Eine  Verallgemeinerung  der  Resultate  der  Paragraphen  6-7 

Wir  bezeichnen  (Y  eine  gegebene  Gruppe):  mit  tY  die  Untergruppe 
der  Elemente  y  C  F,  fdr  die  Ey  0  ist  und  mit  EF  die  Untergruppe  der 
Elemente  der  Form  Ey  von  F,  (E  ganzeZahl). 

Theorem:  Ist  2  endlich,  so  gilt 

(I)  Bi(2fr))  «  (B,-*(2(n))', 


wenn  jeder  K-Charakter  von  iF  und  von  EY  zu  einem  von  Y  erweiterhar  ist. 
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Wir  beweisen  (la)'  und  (Ib)'  des  §4  and  damit  (I) 

Beweis  von  (la)':  Wir  fiihren  in  L<(2)  und  L<_i(S)  ein  kanonisches 
Basispaar  ein,  in  bezug  auf  das  die  Randrelationen  die  spezielle  Form 
haben: 

(1)  ft(a*j  =  ELalr‘,  a  =  l,  -.-Pi. 

Damit  gilt  R(^  yaOa)  =  V«EUa«”\  und  ^  j/«ai  C  2<(2(r)), 
wenn  yaE\,a  =  0  (Gruppen  Null  von  Y).  D.h.  ^  2/«ai  C  Zi{'L(T)), 
wenn  j/«  =  k<.F. 

Damit  ist  Z<(2(r))  isomorph  der  direkten  Summe  der  p,  Gruppen 
ti^Y,  und  da  jeder  /C-Charakter  eines  Summanden  dieser  Summe  zu 
einem  von  Y  erweiterbar  ist,  so  ist  jeder  iiT-Charakter  von  Zi(Z(r))  zu 
einem  der  direkten  Summe  der  p<  Gruppen  yaol  (~  Y)  erweiterbar, 
d.h.  zu  einem  X-Charakter  von  Li(Z(r)). 

Beweis  von  (Ib)':  Wir  ftihren  in  L<+i(S)  und  L,(S)  ein  kanonisches 
Basispaar  ein. 

Dann  ist  ^  das  allgemeine  Element  von  //i(S(r))  und  diese 

Gruppe  ist  somit  isomorph  der  direkten  Summe  der  p<  Gruppen  EIVF, 
a  =  1,  •  •  •  Pi .  Da  aber  jeder  X-Charakter  eines  solchen  Summanden 
zu  einem  von  Y  erweiterbar  ist,  so  folgt,  dass  jeder  iC-Charakter  von 
zu  einem  von  L<(2(r))  erweiterbar  ist. 

Damit  ist  (I)  bewiesen. 

Sind  K  und  Y  kontinuierliche  Gruppen  und  Y  zudem  kompakt,  so 
kann  man,  (§6),  durch 

S  y— “a  S  yacl ,  wenn  yma^ya,  (m  -►  00 ), 

eine  Topologie  in  Li{Z(X))  erklaren,  in  bezug  auf  die  dann  diese  Gruppen 
kontinuierlich  und  kompakt  sind.  §3  (11)  gilt  dann  auch  fttr  das 
Gruppensystem  der  stetigen  Charaktere,  (§6). 

Somit  gilt  (I)  auch^fUr  das  System  2fr>  der  stetigen  K-Charaktere,  toenn 
jeder  stetige  K-Charakter  von  zY  und  jeder  stetige  K-Charakter  von  EF 
zu  einem  stetigen  K-Charakter  von  Y  erweiterbar  ist. 

Wir  bemerken  dazu,  dass  jeder  iC-Charakter  von  EF  zu  einem  von  F 
erweiterbar  ist,  wenn: 

(a)  (1^',  zY)  -  E(F'). 

Beweis: 


F  -  kF  «  EF  infolge  \y\zY  *^Y.y,  y  C  F. 
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Folglich  ist 

(F  -  bF)' *  (Er)^  infolge  Fi{y]f:Y)  =  FiEy). 

Im  §1  zeigten  wir 

(F  -  eF)*  *  (F^  eF),  infolge  F({t/UF)  =  f(y), 

also  ist 

W  (F',  eF)  =  (EF)*,  infolge  /(y)  =  F(Ey), 

was  ofifenbar  auch  direkt  einleuchtet. 

Wegen  (a)  folgt  aus  /  C  (F*,  eF),  dass  /  =  Ef,  /'  C  F*  ist  Damit 
folgt  (/3)  aus  F  C  (EF)*  dass  F(Ey)  =  Ef'(y). 

In  f'(y)  C  F*  haben  wir  somit  einen  K-Charakter  von  F,  der  in  EF 
mil  F  ubereinatimmt,  F  C  (EF)*. 

§9.  Das  erste  (Poincarische)  Dualitatstheorem  in  der 
Pontrjaginschen  Fassung 

2)  und  2*,  beide  von  der  Dimension  <  n  seien  freie,  endliche  n-duale 
Systeme  im  (bereits)  klassischem  Sinne  (in  bezug  auf  ein  Basispaar 
von  2  resp.  2*): 

a)  Zwischen  L,(2)  und  L«_,(2*)  besteht  eine  Isomorphie,  in  der  die 
resp.  Basiselemente  a],  C  L,(2)  und  o*"“’  C  L,_<(2*),  a  =  1,  •  •  ■ 
einander  entsprechen. 

Wei  ter  gilt 

b;  ffia  =  taf 

fiir  die  Inzidenzmatrizen  in  bezug  auf  die  obigen  Basen,  d.h. 

i2(ai-"‘)  «  Z  =  Z 

Wir  betrachten  2  und  2**) ,  JC  =  Kreisgruppe,  und  zeigen 

(I)  2*  =  2r*) , 

und 

(II)  (2*c))'  ^  (bei  Einschrankung  auf  atetige  liL-Charaktere). 

Beweisvon(l).  Wir  zeigen  zuerst  L„_, (2**))  ==  L,_,(2*)  =  (L,(2))*, 
und  weiter,  dass  die  diese  Isomorphie  herstellende  Zuordnung  rand- 
treu  ist. 

Ist 

CL,_,(2*)  und  /i:’  =  Zar-ai, 


(xa  ganze  Zahlen), 
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80  ist 

f^iiK*)  -  z /-<(<**.)*.  -  Z  »  y.  -  /-<(at)  c  K, 

eine  Linearfonn,  der  wir  in  L,_<(2*»))  das  Element  Z  '  auordnen. 
Diese  Zuordnung  —*  L«-{(2*c)) : 

(«)  /«-.^Z/.-(«i)«I""’ 

ist  o£fenbar  eine  Isomorpbie. 

Nun  foigt  aus  (a) 

{«') 

was  im  folgenden  bewiesen  wird. 

Rf^i  =  /,_<(«(  ))  C  L«_,_,(Z')  -  (L<+i(2))'. 

Diesem  Element  entspricht  in  der  Zuordnung  (a)  (ftir  n  —  t  —  1 
statt  n  —  t)  in  L,_j_i(2**)): 

d.h.  das  Element  rechts  in  (o'),  q.d.e. 

Beweis  von  (II). 

Wir  seigen  zuerst  Ln-ii^)  *=  L,_,(2*/))  ■=  (Lj(2*jr)))*,  und  weiter  , 
die  Randtreue  der  diese  Isomorpbie  berstellenden  Zuordnung. 

Ist 

fn-i  C  L«_i(2f*))  und  A-*’  -  Z  y^!* 
so  ordnen  wir  /,_<  vermittels  der  es  reprasentierenden  Linearform 

/«_,(A*‘)  =  Z/»-»(y*«^)  *  Z^«y«»  (ar«  ganze  Zablen), 
das  Element  Z  von  Ln-i(^)  zu.  Diese  Zuordnung 

(«  /«-i  A-.(A*‘)  ^  z 

die  offenbar  eine  Isomorpbie  ist,  ist  randtreu. 

Sei  K*‘*'  -  2;  o?‘"l«  C  i..j(S?n).  dann  gUt 

-  Ef.^((E4r».yV)  ~Ey.4rx.. 
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Daher  ist  Rfn-i  in  (fi)  augeordnet  das  Element:  ^  C 

L^<_i(2),  das  ist  R(^  wegen  (b). 

Damit  ist  die  Zuordnung  09)  als  randtreu  erkannt  und  (II)  bewiesen. 
Da  wir  frUher  (B,-<(S))*  *  B.(2'),  resp.  (B^<(2(,)))'  *  ^KSoo) 
geseigt  heben,  so  haben  wir  das  PorUrjagin’sche  Theorem: 

Far  die  heiden  topologischen  Gruppensyateme  Z  und  Z%)  giU,  does  die 
i-dimens.  Bettigruppe  einea  jeden  der  heiden  Syateme  iaomorph  iat  der 
K-Charaktergruppe  der  (n  —  i)-dimena.  Bettigruppe  dea  andem. 

Als  eine  Verallgemeinerung  der  Relationen  (I)  und  (II)  geben  wir 

(III)  (2(x))'*Srx*), 

flir  endliche  Systems  J^^nd  beliebige  Gruppen  X  und  K. 

Definitionsgemass  ist>!  x^a ,  a  =*  1,  •  •  •  p< ,  x«  C  X  das  allgemeine 
Element  von  Li(2(x)),  d.h.  diese  Gruppe  ist  die  direkte  Summe  der  p. 
Gruppen  xai ,  deren  jede  X  isomorph  ist.  Ist/,_<  C  (L<(2(x)))*,  so  gilt 

(1)  =  2]/«-<(x„ai)  =  J^faiXa), 
wo  fm  C  X*  durch 

(2)  /-(x)  =  fn^iixai) 

als  K  Charakter  von  X  (—  xai)  definiert  ist.  Ein  Charakter. 
/,_<  C  (L<(2(x)))*  wird  so  in  ein-eindeutiger  Weise  durch  die  p,  Charak- 
tere/«  C  X*,  a  =  1,  •  •  •  p,- ,  reprasentiert. 

Wir  ordnen  zu  C  (L<(2(x)))*  =  L,_<(2fx))  das  Element 
52/^:-'  C  L,_.(2*x*)): 

(3)  /«-<♦-»  21 /on-"”’,  wo  /«(x)  * /,_,(xat). 

Diese  Zuordnung  ist,  wie  (3)  anzeigt,  ein-eindeutig  und  definiert  eine 
Isomorphie  L,_<(2fx))  =  L,_<(2*xX)),  deren  Rand-Treue  wir  jetzt 
zeigen.  In  der  Zuordnung  (3)  gilt  (fiir  t  +  1  statt  t) 

(4)  «(/_)« wo 

(R/),(x)  -  -fUBitoi*'))  - (Z  4:' W.) 

®  -  z:/.-.(x4:‘o:)  -  T,ux4t')  -  e  4i‘/.(*)- 

m  mm 

Damit  ist 

(6)  (s/),  -  E  4:7.  -  E 

« 
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und  statt  (4)  gilt  die  Zuordnung 

(7)  RifnJ)  ^ 

damit  ist  (3)  randtreu  und  (III)  ist  bewiesen. 

Bemerkung:  Sind  X  und  K  kontinuierliche  Gruppen  und  definiert 
man  wie  in  §7  die  Topologie  in  den  Li(I,ix)),  so  gilt  (III)  auch  bei 
Einschrankung  auf  stetige  Charaktere. 

Die  Kombination  von  (III)  mit  dem  Theorem  des  §8  fuhrt  zu  der 
allgemeinen  Relation 

(8)  »=  (RB_i(2(r)))*, 

fiir  endliche  Systeme  2,  die  gilt,  wenn  jeder  K-Charakter  (reap,  stetige 
K.-Ch.)  von  8^  und  von  EE  (ftir  jedes  ganzzahl.  E)  zu  einem  solchen  von  V 
erweiterbar  ist. 

(Im  Fall  der  stetigen  Charaktere  sind  Y  und  K  als  kontinuierlich 
und  Y  zudem  als  kompakt  vorausgesetzt.  F*  bedeutet  dann  die  Gruppe 
der  stetigen  iC-Charaktere  von  Y.) 

In  (8)  ist  auch  das  Pontrjagin’sche  Dualitatstheorem  enthalten: 
Der  erste  Teil  fiir  Y  =  G,  G  =  Gruppe  der  ganzen  Zahlen,  und  K  = 
Kreisgruppe,  (dann  ist  G*  =  K),  der  zweite  Teil  fiir  Y  ==  K  =  Kreis- 
gruppe,  (dann  ist  F*  =»  G,  bei  Einschrankung  auf  stetige  iC-Charaktere 
von  F). 

§10.  Zum  Alexander’schen  Dualitfitstheorem 

2  sei  ein  topologisches  Gruppensystem  der  Dimension  <n  und  M 
ein  Untersystem  von  2.  (Die  t-dimens.  Komplexgmppe  L,(M)  ist 
Untergruppe  von  Li(X),  i  =  0,  und  aus  a*  C  L,(M)  folgt 

R(a‘)  C  L._i(M)). 

Jeder  X-Charakter  von  Li{Z),  d.h.  Element  von  L,^<(2*)  =■ 
(L<(2))*  erzeugt  einen  K-Charakter  von  L<(M),  namlich  den  mit 
dem  er  in  den  Elementen  von  L<(M)  iibereinstimmt: 

7,_<(o’)  =  fn-i{a%  a*  C  L.(M). 

Die  so  definierte  Zuordnung  der  K-Charaktere 

(1) 

stellt  eine  Homomorphie  her:  L«_,(2*)  — » L,_<(M*),  die  randtreu  ist  und 
also  eine  Homomorphie  der  topologischen  Gruppensysteme  2*  — ♦  M* 
bedeutet. 

In  der  Tat  stimmen 

R(/,_.)(a’^‘)  =  /.-.•(ft(a‘-^‘))  und  «('/,_, )(a-^‘)  =  7,_,(R(a-^‘)) 
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wegen  C  L<(M)  fiir  o*'*'*  C  L,+x(M),  d.h.  in  den  Elementen  von 

L,+i(M)  iiberein  und  entsprechen  sich  also  in  der  (1)  analogen  Zuord- 
nung:  /?(/_,) 

Das  Kemsystem  der  Homomorphie  S*  — »  M*  toird  aus  den  Kem- 
gruppen  der  Homomorphien  L*_i(2*)  Ln-<(M*)  gebildet.  Seine 

n  —  i  dimens.  Komplexgrupjje  (L»_<(2*),  L<(M))  wird  aus  den  X-Char- 
akteren  von  L<(2)  gebildet,  die  in  L<(M)  verschwinden,  (§1). 

Wir  bezeichnen  das  Kemsystem  entsprechend:  (2*,  M). 

Das  Bildsystem  der  Homomorphie  2*  — »  M*  wird  aus  den  Bildgruppen 
der  Homomorphien  L,_<(2*)  — »  L,_,(M*)  gebildet.  Seine  n  —  i 
dimens.  Komplexgruppe  (L^i(M^),  Li(S))  wird  aus  den  /f-Charakteren 
von  L,(M)  gebildet,  die  zu  X-Charakteren  von  Lj(2)  erweiterbar 
sind,  (§1). 

Wir  bezeichnen  das  Bildsystem  entsprechend  (M*,  2). 

In  Formel: 

(2)  L,^.(2*,  M)  =  (L«_i(2*),  L.(M)) 

(20  2)  =  (Ln-i(M^),  L.(2)). 

Weiter  gilt  die  Isomorphie  der  Gruppensysteme: 

(3)  2*  -  (2',  M)  »  (M*,  2), 

welche  Relation  §1,  (1)  auf-  Gruppensysteme  verallgemeinert. 

Neben  (3)  besteht 

(4)  (2*,  M)  =  (2  -  M)*, 

welche  Relation  §1,  (3)  auf  Gruppensysteme  erweitert. 

Beweis  von  (4):  Bezeichnet  F^-i  resp.  ein  Element  von 
L»_<((2  —  M)*)  resp.  von  L,_,(2*,  M),  so  stellt  die  Zuordnung 
/«-<  Fn-i ,  wenn 

(5)  /n-M  =  F«_,({a’U,(M)),  a‘  C  L,(2), 

ist,  die  Isomorphie  her 

(6)  M)  *  Ln-i((Z  -  M)*). 

Da  dann  =  /._<(«(  ))  C  L,_._i(2*,  M)  und  R(Fn-i)  = 

Fn-i{R(  ))  C  L,_i_i((2  —  M)*)  den  (5)  entsprechenden  Relationen 

flir  a*'*'*  C  L{+i(2)  genligen,  so  ist  die  Zuordnung,  die  (6)  herstellt, 
randtreu:  d.h.  (4)  ist  bewiesen. 


} 

i 

'1 

I 

i 
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Nach  dieser  Vorbereitung  reduzieren  wir  die  Allgemeinheit  der 
S3rBteme  2  und  M  und  der  Gruppe  K: 

a)  K  sei  die  Kreisgruppe. 

b)  2  sei  ein  freies  topol.  Gruppensystem  mit  endlicher  Basis  und 
M  ein  Untersystem  von  2,  deaaen  Baaia  ein  TeUayatem  iat  der  in  2 
verwendeten  Baaia. 

c)  Alle  Bettigruppen  B<(2)  ftir  i  =  1,  •  •  •  n  —  1,  seien  Nullgruppen. 

Da  alle  Voraussetzungen  ftir  B<(2*)  =  (B»_i(2))*  erftillt  sind,  sind 

auch  die  ftir  i  »=  1,  •  •  •  n  —  1,  Nullgruppen. 

Damit  gilt  (Topol.  Gruppensysteme) 

■  B<+,(2  -  M)  =  B<(M) 

(8) 

B^i(2*  -  (2*,  M))  *  5.(2',  M),  i  -  1,  2,  •  •  •  n  -  2. 

Wei  ter  ist 

(9)  (M',  2)  =  M' 

eine  Folge  der  Voraussetzungen,  da  ja  die  Zerlegung  in  die  direkte  Summe 

(10)  L,(S)  =  LiiM)  +  LiiN),  i  =  0,  1,  . . . 

moglich  ist.  (Die  L,(N)  bilden  kein  topol.  Untersystem  von 
Somit  gilt  (8),  (3)  und  (9)  ftir  i  =  1,  •  •  •  n  —  2:  * 

(11)  5.(2',  M)  =  5<+,(2'  -  (2',  M))  *  5^i(M',  2) 

•  «  5^i(M')  »  (5«_,_i(M))'. 

Um  dem  Dualitatssatz  seine  endgtiltige  Fassung  zu  geben,  ftihren  wir 
2**)  ein,  wo  (wie  immer)  2*  das  zu  2  n-duale  System  bezeichnet. 

Unter  den  Voraussetzungen  (a),  (b)  und  (c)  bestehen  nach  §9  die 
Relationen 

(12)  2f«  «  2'  und  (2r«)'  *  2, 

die  letztere  bei  Einschrankimg  auf  stetige  /C-Charaktere  von  . 

Bezeichnet  V(jt)  C  2*,)  das  (2',  M)  in  der  Isomorphie  2**)  =»  2' 
entsprechende  Untersystem  von  2*0  ,  so  folgt  aus 

»  (2',  M) 


(13) 

nach  (4) 

(14) 


V(o  -  (2  -  M)'. 
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Da  infolge  unserer  Annahme  Z  —  M  etn  freies  encUichet  System  ist, 
80  haben  wir  (§9,  (I)) 

(15)  (2  -  M)'  «  (2  -  M)r*, , 

wo  (2  —  M)*  das  n-duale  System  von  2  —  M  ist.  Daher  gilt  (14) 
und  (15) 

(16)  ViK)  =  (2  -  M)r*, . 

Da  weiter  (§9,  (II)) 

(17)  ((2  -  M)^))'  *  2  -  M 

bei  Einschrankung  auf  stetige  X-Charaktere  besteht,  so  gilt  §9  und 
(16),  (17)  und  (8): 

(18)  (B<(F(«))'  =  (B,((2  -  M)r.,))*  =  fi,_.(2  -  M) 

=  B,_,_i(M),  t  =  1,  . . .  n  -  2, 

bei  Einschrdnkung  auf  stetige  K-Charaktere. 

Zusammenfassend  ist  damit  in 

,  f  =  (B,_,_i(M))', 

(19) 

[(fi<(l^(c)))'  *  B,_*_,(M),  »■  =  1,  . . .  n  -  2. 

das  Alexander’ sche  Dualitdtstheorem  in  der  Pontrjagin’sche  Fassung 
ausgesprochen. 

Bemerkung:  In  der  Isomorphie  (16)  haben  entsprechende  Elemente 
gleiche  DarsteUungszaMen. 

In  der  Tat  besteht 

(20)  (2*,  M)  *  (2  -  M)* 
infolge  der  Zuordnungen 

/*(o"”)  »  /^.({a-M.._,(i.,), 

fi  C  L<(2*,  M),  Fi  C  L<((2  -  M)'). 

Nim  induzieren  (§9)  die  /C-Charaktere  /<  resp.  Fi  infolge  der  Iso- 
morphien  2*  *»  2*0 ,  resp.  (2  —  M)*  «  (2  —  M)*o  ,  i-dimens. 
Komplexe  in  2*o  resp-  (2  —  M)*jc)  mit  den  respektiven  Darstel- 
lungszahlen 

(22)  Mai-*)  -  I/.,  ^'<({a:-U,_,(M,)  =  y., 

die  wegen  (21)  Obereinstimmen. 
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I 

(Dsbei  verechwindet  /<  fiir  ein  Basiselement  ol  von  M, — ftir  welches 
Ft  undefiniert  ist.) 

Von  der  in  der  Bemerkung  ausgesprochenen  Tatsache  wurde  in  (18) 
bereits  Gebrauch  gemacht. 

§11.  Ergfinzungen 

Bei  der  Behandlung  spezieller  Systeme  Z,  fUr  die  bezliglich  der 
gegebenen  Gruppe  K 

(1) 

gilt,  haben  wir  uns  auf  Systeme  (der  Dimens.  <n)  mit  endlicher  Basis 
beschrankt. 

Die  Benutzung  der  Resulte  der  Arbeit  “Theorie  of  Topological 
Groups”  von  Pontrjagin  (Annals  of  Math.  Vol.  35,  1934)  gestattet 
die  Ausdehnung  gewisser  unserer  Ergebnisse  auf  Systeme  2  mit  ah- 
z&hUbarer  Basis. 

Es  giU  z.  B.  (l)/ur  ein  solchesfreiea  System,  wenn  K  die  Kreisgruppe  ist. 

{K'  C  L<(2))  hat  die  Darstellung:  K*  =  ^  Xtfla,  a  =  1,  2,  •  •  •  «, 
wo  aber  nur  endlich  viele  der  ganzzahligen  x.  von  Null  verschieden  sind.) 

In  der  Tat  enthalt  das  Lemma  1  der  erwahnten  Arbeit  die  Tatsache 
der  Erweiterbarkeit  jedes  X-Charakters  jeder  Untergruppe  von  L<(2) 
zu  einem  solchen  von  L<(2).  Aus  dem.  Hauptergebnis  der  Pontr-  / 
jagin’schen  Arbeit  folgt  dann  weiter  * 

(10  (5.(2'))'  =  B.-*(2), 

dies  bei  Einschrankung  auf  ”stetige”  X-Charaktere  von  B<(2'). 

Dabei  wird  in  L<(2*)  (und  damit  in  B<(2*)  eine  Limes-Vorschrift 
eingeflihrt  durch: 

(a)  lim  /*<  =  fi  wenn  lim  ftir  jedes 

i 

beliebige  Element  K*  ’  von  L,_<(2)  gilt. 

(Da  offenbar  aus  lim  «  /<  die  Relation  lim  {Rfm^  ™  Rfi  folgt, 
so  ist  in  bezug  auf  die  in  den  durch  (a)  eingeftihrte  Topologie 

der  Rand-  Operator  R(  )  stetig.) 

Wieder  ist  2*  algebraisch  und  topologisch  isomorph  2**),  wo  2* 
das  2  n-duale  System  ist,  wenn  man  in  2*0  eine  Topologie  einftihrt 
durch; 

0)  lim  KV  =  K*\  wenn  lim  «  y., 


o  =  1,  2,  •  •  •  00 
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gilt  ftir  die  Darstellungszahlen  der  ^  VmtflV,  resp.  des  X, 

=  Vaa*'. 

Damit  gilt  das  Hauptergebnis  des  §9  auch  fiir  Systeme  ^  mit  abzdhl- 
barer  Basis  (K  =  Kreisgruppe). 

(2  ist  dabei  auf  endliche  Komplexe  beschrankt,  wogegen  fiir  die 
Komplexe  der  Lj(2*x))  keine  solche  Einschrankung  besteht.  Die 
LiiZ%))  sind  offenbar  kompakt.) 

Inbtitct*  For  Advanced  Stddt, 

Princeton,  N.  J. 


A  NOTE  ON  TRANSCENDENTAL  NUMBERS 


«  Bt  Brockwat  McMillak 

Introduction.  Liouville  in  1851  proved  the  transcendence  of  numbers 

•0 

of  the  form  ^  On/l"'  where  the  o,  are  bounded  integers  and  1  is  an 

integer  >  2.  Since  that  time  many  other  infinite  series  have  been 
considered  which  lead  to  transcendental  numbers.  Illustrative  of  these 
is  that  considered  by  Kempner:* 

/W  = 

M-o  a 

which  is  transcendental  for  every  rational  x,  when  a,  h  are  integers, 
and  the  a*  are  (say)  bounded  integers  of  which  only  a  finite  number 
vanish.  All  these  series  have  terms  whose  denominators  increase  very 
rapidly  with  n.  The  transcendence*  of  e*  =  ^  ar"/n!  for  every  algebraic 
X  ^  0,  exhibits  a  series  of  terms  with  much  less  rapidly  increasing  de¬ 
nominators  which  leads  to  a  transcendental  number.  Mahler*  has 
shown  that  numbers  of  the  form  ^  /(n)/?^"  are  transcendental  where 
/(n)  is  a  px)l}momial  in  n  with  integral  coefficients,  q  is  any  integer  >  1, 
and  X«+i  —  X„  equals  the  number  of  digits  in  /(n). 

In  this  note  we  exhibit  two  classes  of  transcendental  numbers  defined 

<0 

by  infinite  series:  ^  /(n)  where  /(«)  is  a  rational  function  of  z  with 

certain  restrictions  on  the  nature  of  its  poles;  and  ^  ln\  for  all 

0 

algebraic  z  ^  0,  where  the  chief  restriction  on  the  a,  is  that  they  be 
algebraic  numbers  'satisfying  some  recursion  relationship:  ^  CnOn+p 

n 

=  0,  all  p.  The  methods  we  use  are  not  those  of  transcendence  theory; 
we  sum  the  series  in  question  explicitly  in  terms  of  the  known  trans¬ 
cendental  numbers  e  and  r. 

We  define  an  algebraic  polynomial  (in  2)  to  be  a  polynomial  (in  z) 
all  of  whose  coefficients  are  algebraic  numbers. 

*  Kempner,  A.  J.,  Trsna.  A.  M.  8. 17  476  (1916).  He  refers  here  to  others. 

*  Lindemann,  E.,  Msthemstische  Annslen  tO  213  (1882). 

*  Mahler,  K.,  Amst.  Proc.  40  420  (1937). 
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Theorem  I.  Let  f{z)  *  P(z)/Q{z)  be  a  rational  function  of  z  where 
P(z)  is  an  algebraic  polynomial  in  z  of  degree  p,  and  Q(z)  an  algebraic 
polynomial  of  degree  q  >  p  2.  Further,  let  the  zeros  of  Q(z)  be  at  the 
points  z  *  Ck ,  of  orders  n  respectively  {k  =  1,  2,  •  •  •  K),  where  the  f* 
are  real  rational  numbers,  not  integers. 

Under  these  hypotheses,  the  sum 

Z  /(n) 


if  it  does  not  vanish,  represents  a  transcendental  number. 

We  sum  the  series  by  a  well  known  method.  Consider  the  function 
T  cotrz  /(z).  This  has  poles  at  the  integer  points  z  =*  n  with  residues 
/(n),  and  poles  at  the  points  z  «  ft  with  (say)  residues  .  Let  Ck  be 
the  square  contour  with  corners  at  (N  +  i)(±  1  ±  t),  N  an  integer. 
For  N  >  max  |  f*  | 

J-.  f  r  cotTZ/(z)  =  23  fin)  +  23  6* 

Jcs  n—N  *— 1 

It  is  a  simple  matter  to  show  that  the  contour  integral  can  be  made 
arbitrarily  small  in  absolute  value  by  choosing  N  sufficiently  large, 
from  which  it  follows  that 

Z  fin)  =  -Z  6* 


Now  bk  is  the  residue  of  r  cotvz  /(z)  at  z  =>  f t .  Since  this  point  is  a 
pole  of  order  vk ,  we  may  write 


T  cotxz  /(z) 


T  cotirz  gtiz) 

(*  -  r*)'* 


where  gniz)  is  regular  in  some  neighborhood  of  z  =  f* .  Since  the  f* 
are  finite  in  number  they  are  uniformly  bounded  away  from  the  integer 
points,  and  r  cot  rz  gniz)  is  therefore  regular  within  and  upon  some 
contour  7*  enclosing  only  the  pole  at  z  f*  .  Then 


bk 


2ri  fy^ 


cotirz  /(z)  dz 


^  f  T  cotTZ  gkjz)  . 
2irt  A.  (z  -  f*)'* 


Or,  applying  Cauchy’s  formula 


bk 


1  (T*"* 

(v*  -  1)!  dz’*-‘ 


{t  cotxz  gkiz) 
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Using  Leibniz’s  Rule 


bk 


in  -  1)! 


Now  gk{z)  =  {z  —  ikY^fiz)  is  a  rational  function  of  z  with  algebraic 
coeflScients.  The  same,  therefore,  is  true  of  all  of  its  derivatives,  which, 
accordingly,  take  on  algebraic  values  for  the  algebraic  argument  ft . 
Also,  cot  rz  =  (e*'”  -|-  l)(e*'"  —  1)“*  is  a  rational  function  of  e*‘",  with 
d" 

algebraic  coefficients.  ^  cot  tz  therefore  is  t'  times  a  similar  function. 

Since  e**"  takes  on  algebraic  values  for  each  z  —  f *  (herein  lies  the 
necessity  that  the  ft  be  real  and  rational),  it  follows  that  each  non  zero 
bk  is  an  algebraic  polynomial  in  t,  in  which  the  lowest  power  of  t  is  at 
least  the  first.  Since  by  h3rpothe8i8  not  all  the  6t  vanish,  we  conclude 
that  their  sum  is  an  algebraic  polynomial  in  r  in  which  at  least  one  non 

OP  ^ 

zero  power  of  x  appears.  This  sum,  which  is  —  ^f(n),  is  therefore  a 
transcendental  number. 


Theorem  II.  Given  the  set  of  algebraic  numbers  a„(n  =  0,  1,  2,  •  •  •  ) 
of  which  an  infinife  number  are  rum-vanishing,  and  such  that 

(1)  lim  sup  I  On  I*'"  <  p 


Lei  there  be  a  set  of  constants  Cn(n  =  0,  1,  2,  •  •  •  ),  a/  least  two  of  which 
are  non-vanishing,  such  that  the  function 

(2)  g{t)  ■  Z  c.r 

is  arudytic  for  ]  <  |  <  R  where  R  >  p,  and  has  zeros  for  |  <  |  <  p  only  at 
the  points  t  ik  {k  =  1,  2,  •  •  •  AT)  respectively  of  multiplicities  rt ,  where 
the  ft  are  algebraic  rlumbers.  If  now 

OP 

(3)  Z  -  0 


/or  oU  p  =  0,  1,  2,  •  •  •  ,  then  the  function 

(4)  f  («)  -  i: 

i>-o  ni 

takes  on  a  transcendental  value  for  every  algebraic  z  ^  0. 
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It  is  known  that,  under  the  above  hypotheses,  the  function  F(z)  can 
be  expressed  in  the  form 

(5)  Fix)  =  i: 

where  P*(z)  is  a  pol}momial  in  z  of  degree  v*  —  1.  If  only  a  finite  num¬ 
ber  of  the  c's  are  non-vanishing — that  is,  if  the  recursion  relationship 
(3)  is  of  finite  order — (5)  follows  immediately  from  the  fact  that  F{z) 
satisfies  an  ordinary  linear  differential  equation  with  constant  co¬ 
efficients:  2  c,F^"’(z)  =  0.  In  the  somewhat  more  general  case  here 
treated,  (5)  may  be  deduced  by  the  methods  used  in  handling  linear 
differential  equations  of  infinite  order/ 

To  prove  our  theorem  we  need  only  show  that  the  pol}momials  P*(z) 
are  algebraic  polynomials,  for  if  they  have  algebraic  coefficients,  with 
every  algebraic  z  0,  F{z)  becomes  a  linear  combination,*  with  alge¬ 
braic  coefficients,  of  algebraic  powers  of  e.  Since  at  least  one  non  zero 
power  of  e  appears  (P(z)  is  not  a  polynomial  in  z,  by  hypothesis),  by 
Lindemann’s  theorem*  F{z)  is  then  a  transcendental  number. 

Let  the  coefficients  of  P*(z)  be  Xkp  ,  so  that  (5)  becomes 

(6)  F(z)  =  Z 

Let  Z  ^  +  L  Consider  the  M  +  I  equations  (from  (4)) 

k-\ 


^  Fiz)  =  flu  m=:mo,mo-|-l,  •••mo-l-ilf 

where  mo  is  so  chosen  that  at  least  one  of  •  •  •  am^+M  is  not  zero. 
These  equations  in  terms  of  the  Xkp  are  easily  obtained  from  (6) : 

(7)  Z  ^  -  1)  •  •  •  (m  -  p  -f  l)f*  “'X*,  =  cu 

*-i  p^ 

m=»mo, mo+1,  •••mo  +  Af 

*  E.g.,  O.  Perron,  Mathematische  Annalen  84  31  (1921). 

*  We  use  throughout  the  fact  that  the  algebraic  numbers  form  a  field. 

*  Lindemann,  E.,  loc.  cit.  Strictly  speaking,  Lindemann’s  theorem  states  that 
no  linear  combination  with  algebraic  coefficients,  of  distinct  algebraic  powers  of  s 
can  vanish.  It  follows  immediately  that  such  an  "exponential  form"  cannot 
represent  an  algebraic  number. 
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These  are  M  +  1  non  homogeneous  linear  equations  in  the  Af  +  1 
quantities  Xu,  .  The  coefficients  of  the  Xup  are  clearly  algebraic  num¬ 
bers,  as  are  the  a»  .  If  equations  (7)  can  be  solved  for  the  Xup  in  terms 
of  the  am  and  the  coefficients,  the  Xhp  are  algebraic  numbers  and  our 
result  is  established. 

The  equations  (7)  may  be  written 

(8)  2  ^  f  “  <*«  w  ■=  iwo,  Wo  +  1,  •  •  •  +  Af 

The  determinant  of  coefficients  of  this  system  can  now  be  written  down 
in  the  following  way:  a  column  of  the  powers  of  fi,  —  fr*  to  — 

is  written  down.  If  I'l  »  1,  the  next  column  is  formed  by  writing  the 
same  powers  of  Ts  •  If  1,  the  elements  of  the  second  column  are 
the  first  derivatives  (with  respect  to  fi)  of  the  corresponding  elements 
of  the  first  column.  This  process  is  repeated,  each  column  being  the 
derivative  of  the  one  on  its  left,  until  vi  columns  have  been  filled.  Then 
a  column  of  the  powers  of  f»,  —  ft*  to  fi*'*’^,  —  follows  with  its  —  1 
derivatives,  and  so  on.  We  now  show  that  this  determinant  does  not 
vanish. 

If  the  determinant  did  vanish,  it  would  follow  that  the  rows  were 
linearly  dependent.  Suppose  this  to  be  the  case.  Then  there  exists  a 
set  of  constants  A,  such  that  the  v*  equations  / 

M  * 

E  -  0 

«-0 

i:  (wo + =  0 

•—0 


(wo  +  «)(w«  ^  —  1)  •  •  •  (wo  +  «  —  v*  +  2)i4,x"*‘^*~'*''’‘  »  0 

are  all  satisfied  for  x  «  f t .  That  is  to  say,  the  equation 
(9)  i;A,x"*'^*-0 

admits  each  root  x  =  f *  with  multiplicity  at  least  vu .  But  (9)  admits 
the  root  x  »  0  with  multiplicity  Wo  ,  so  the  degree  of  (9)  must  be  at  least 
s 

Wo+^rfc^Wo  +  Af-f-l 
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But  (9)  is  clearly  of  degree  not  greater  than  mo  -{■  M.  Consequently, 
the  determinant  of  coefficients  in  equations  (7)  cannot  vanish,  the  quan¬ 
tities  of  Xkf  are  algebraic,  and  the  polynomials  Pt(z)  are  algebraic 
pol}momials. 

We  append  a  few  remarks  on  theorem  II,  without  proofs; 

1.  In  assuming  that  the  recursion  relationship  (3)  is  of  possibly  in¬ 
finite  order,  we  have  not  actually  included  a  larger  class  of  functions 
F{t)  than  would  have  been  included  had  we  admitted  only  recursion 
relationships  of  finite  order.  Every  set  of  a,  satisfying  our  hypotheses 
satisfies  a  finite  recursion  relationship 

jf+i 

(10)  53  =  0  p  =  0,  1,  2,  •  •  • 

where  the  cl  are  such  that  the  equation 

ir+i 

(11)  Z  clx"  =  0 

has  roots  x  =  each  with  multiplicity  Vk  . 

2.  We  have  proved  essentially  that  any  function  F{z)  satisf3ring  a 
linear  differential  equation  with  constant  algebraic^  coefficients 

j#+i 

z  c:f'"’(*)  -  0 

and  meeting  the  algebraic  “initial  conditions” 

E‘">(0)  =  a,  m  =  0,  1,  . .  •  M 

takes  on  a  transcendental  value  for  each  algebraic  argument  z  ^  0. 

3.  Any  F{z)  whose  coefficients  dm  are  algebraic  numbers  satisf3ring 
our  original  hypotheses  from  some  dm^  on  differs  from  F(z)  only  by  an 
algebraic  polynomial  in  z  of  degree  at  most  mo  —  1,  and  is  therefore  also 
transcendental  for  every  algebraic  z  0. 

Finally,  we  point  out  that  the  two  classes  of  transcendental  numbers 
which  we  have  considered  are  both  denumerable. 

Massachusetts  Institute  or  Technoloot. 

’  The  cl  need  not  be  algebraic,  so  long  as  (11)  has  only  algebraic  roots.  F(t), 
by  our  original  hypotheses,  satisfied  a  differential  equation  of  infinite  order. 
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In  the  following  pages  there  are  obtained  formulas  asymptotically 
describing  the  Whittaker  function  of  the  complex  variables 

k,  m,  and  z  as  k  —*  <x>.  The  results  are  complete  in  the  sense  that  no 
restriction  is  imposed  on  the  behavior  of  2  as  fc  — ♦  « .  The  variable  m 
remains  bounded.  The  results  are  given  in  formulas  (26a,  b,  c,  d), 
(27),  (32),  (33),  (34),  and  are  specialized  and  simplified  to  give  descrip¬ 
tions  of  the  Laguerre  polynomials  in  (35)  to  (40). 

Whittaker’s  confluent  hypergeometric  differential  equation,* 

d*M  /  1  ,  A:  ,  i  —  m*\  .  » 

has  solutions  given  by 


M*.±«(z)  =  z*^e- 


and 


;{i  + 


i  zt  m  —  k 

l!(±2m+  1)*  . 

(i  +  m  -  k){i  m  -  k)  t 
2!(=fc2m  +  l)(=b2m  -H  2) 


(2) 


WtM 


r(-2m) 


r(J  —  m  —  k) 


Mk.mii)  + 


r(2m) 


r(H-  m  -  k) 


(3) 


Since  (1)  is  unchanged  by  a  simultaneous  replacement  of  z  and  k  by 
— z  and  —k,  2)  and  M-k,±m{—z)  are  also  solutions. 

Whittaker  obtained  an  as}rmptotic  expansion  (of  which  only  the  first 
term  is  reproduced  here), 

WkM  -  e~h^[l  +  0(2-*)],  • 


valid  as  2  — »  «  with  |  arg  z\  <t  —  «<t,  k  and  m  remaining  bounded. 
The  asymptotic  evaluation  in  the  case  when  k—*ao  has  presented  greater 


*  University  of  Wisconsin  thesis,  1936. 

*  Whittaker,  E.  T.  and  Watson,  G.  N.:  Modern  Analysis,  4th  edition,  chap. 
XVI.  Gives  equations  (1)  to  (4). 
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difficulty.  It  has  been  attacked  by  application  of  the  saddle  point 
method  to  contour  integrals  by  Perron,’  who  obtained  an  asymptotic 
expansion  (as  distinct  from  &  formula  of  one  term  plus  remainder  such 
as  (4))  for  the  case  in  which  z  remains  bounded;  by  Frenkel,’  who 
treated  the  case  m  =>  and  by  Erdelyi,*  who  gives  a  special  case 
of  formula  (33).  Schwid*  has  used  the  same  methods  as  the  present 
paper  in  studying  the  case  m  sbi.  Schwid’s  work  and  results  are 
almost  identical  with  those  of  the  present  paper  through  sections  1  to  4, 
since  m  is  not  significant  in  the  formulas  obtained  in  these  sections  for  z 
relatively  large. 

The  (generalized)  Laguerre  polynomials  defined  by 
n!  oz* 

are  included  in  the  Whittaker  function  as  the  set  of  polynomials  repre¬ 
sented  by  the  brace  in  (2) : 


^‘•'(z) 


r(n  -h  g  -h  1)  - 
n!r(a+l) 


«ffi  f 

»  e*Af  .^-+1  .(z) 

j  .j 


(-1)" 

n! 


•+1  < 

z  •  «(z). 

•H— j-.j 


(5) 


The  need  of  asymptotic  evaluations  of  these  polynomials  in  the  study 
of  convergence  and  summability  problems  has  motivated  a  number  of 
investigations.’  The  formulas  to  be  obtained  here  contain  the  results 
(concerning  asymptotic  descriptions)  of  the  literature  cited  in  the  foot¬ 
note  with  several  improvements  of  the  error  terms  and  with  new  results 

*  Journal  fQr  r.  u.  a.  Math.  161  (1921),  pp.  63-78. 

*  Frenkel,  M. :  Die  Aeymptotiechen  Loaungen  der  in  der  Theorie  der  radioaktiven 

Emiaaion  auftretenden  Differentialgleichung.  Zeitschrift  fllr  Physik,  96  (1936), 
p.  699.  ' 

*  Erdelyi,  Artur:  Ober  tine  IntegreUdaratellung  der  Funklionen  und  ihre 
aaymploliaehe  Daratellung  fdr  groaae  Werte  vonRe(k).  Math.  Ann.  113  (1936),  p.  367. 

*  Schwid,  Nathan:  On  the  aaymptolic  forma  of  the  Hermite  and  Weber  functiona, 
Trane.  Am.  Math.  Soc.,  37  (1936),  p.  339. 

’  Fejer,  L.:  Comptee  Rendus  147  (1908),  p.  1040.  Szeg6,  G.:  Mathematieche 
Zeitechrift,  26  (1926),  p.  87.  Uspensky,  J.  V.:  Annals  of  Mathematics,  28  (1927). 
Wright,  E.  M.:  Journal  of  the  London  Mathematical  Society,  7  (1932),  p.  266. 
Hlawka,  E.:  Monatshefte  fUr  Mathematik  u.  Physik.,  42  (1936),  p.  276.  Kogbet- 
liants,  E.:  This  Journal,  XIV  (1936),  p.  61.  Ottaviani,  G.:  Ann.  Scuola  norm, 
super.  Pisa  II  s.  7  (1938),  p.  1.  Literature  concerned  with  the  asymptotic  charac¬ 
ter  of  the  Hermite  polynomials  has  been  omitted. 
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for  the  range,  t  real,  z  >  kn,  k  <  \.  There  are  two  exceptions,  earlier 
results  not  contained  in  this  paper:  Uspensky  gives  an  added  explicit 
term  for  the  formula  (38)  for  the  case  t  »  0(1),  leaving  a  remainder 
0(n~*).  Wright  gives  a  complete  expansion,  an  extension  of  (36)  or 
(37)  for  z  0(1)  complex,  with  the  remark  that  terms  after  the  first 
*'can  be  calculated  with  sufficient  labor.” 

The  entire  set  of  formulas  is  brought  forth  here  by  two  straight¬ 
forward  applications  of  a  single  explicit  method.  This  method,  or 
theorem,  given  by  Langer,'  is  stated  in  section  1,  taken  from  Langer  [2], 
In  sections  2,  3,  4,  the  application  is  made  to  the  Whittaker  function 
to  obtain  an  asymptotic  description*  valid  ask— »oo,|z|>iV|k| 

In  sections  5  and  6  the  methods  of  Langer  [3]  are  applied  to  obtain  an 
asymptotic  description  when  z  =  Finally,  in  section  7,  asymp¬ 

totic  formulas  for  the  Laguerre  polynomials  L^n\x),  with  x  real  and 
positive,  are  set  down  as  they  may  be  obtained  by  simplification  of  the 
preceding,  more  general  formulas. 

1.  The  general  theorem.  For  convenience  of  reference,  those  of  the 
results  of  Langer  [2]  which  are  to  be  used  here  will  be  summarized  in¬ 
formally  as  a  theorem.  In  addition  the  theorem  to  be  stated  broadens 
those  results  by  permitting  the  region  (called  R,)  in  which  the  investiga¬ 
tion  is  carried  out,  to  expand  as  |  p  |  increases.  The  orders  of  the  re¬ 
mainder  terms  are  correspondingly  changed.  The  discussion  given  by 
Langer  suffices  for  this  more  inclusive  statement  with  only  small  and 
obvious  changes. 

The  equation 

+  loV’W  +  *(«)l«  -  0  (6) 

is  under  consideration  in  a  simply  connected  region  of  the  plane 
of  the  complex  variable  «.  This  region  is  to  contain  the  point  «  »  a, 
at  which  ^*(s)  vanishes.  The  discussion  is  concerned  only  with  suffi¬ 
ciently  large  values  of  the  complex  variable  p.  In  its  dependence  on  p, 
the  region  R,(jt)  is  to  be  permitted  to  swell  as  |  p  |  increases,  subject 
only  to  the  restriction  of  (V)  below. 

*  Langer,  R.  E.:  Trans.  Am.  Math.  Soc.,  vol.  33  (1931),  p.  23.  Also  vol.  34 
(1932),  p.  447  and  vol.  37  (1935),  p.  397.  The  second  and  the  third  papers  each 
include,  extend  and  simplify  the  results  of  their  predecessors.  They  will  be 
designated  by  Langer  [2]  and  Langer  [3]  respectively. 

*  •  and  N  will  each  be  used  to  denote  “some  positive  constant,"  <  small  and  N 
sufficiently  large.  They  do  not  maintain  their  identities  from  one  expression 
to  the  next. 
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The  following  h3rpothese8  are  to  be  fulfilled  in  A«(p): 

(I)  ^*(«)  t«  an  analytic  function  of  the  form 

ip'is)  =  («  -  a)V?(«),  F  >  0 

where,  in  a  subregion  defined  by\s  —  a\<Ti,  ria  small  positive  number, 
<fii{s)  is  single-valued,  bounded,  and  bounded  from  zero. 

(II)  x(^)  18  analytic  and,  when  |  8  —  a  |  f8  bounded. 

New  variables  are  introduced: 

*{«)  =  j  <p{9)ds  (7) 

and 

(  =  P^(8) 

(III)  (—*<x)asp—^oo  if  s  remains  in  the  portion  \  s  —  a\>ri  of  i2,(p)’ 
The  relations  (7)  define  a  mapping  of  the  region  (of  the  Riemann  sur¬ 
face)  R,{p)  on  the  two  corresponding  regions  A»(p)  and  R((p).  The  map 
Ri  is  evidently  obtained  from  R*  by  an  expansion  and  rotation  about 
the  origin. 

(IV)  For  each  value  of  p,  there  is,  in  the  part  of  Rt(p)  in  any  quadrant 

P  ^  <  arg  £  <  (p  -I-  1)  pan  integer, 

a  poirU  Q(p)  at  which  |  /(£)  1 18  maximum  (possibly  infinite), and  a  set 
of  ordinary  curves  F,  having  the  properties:  a)  /(£)  is  monotone  (non- 
increasing  or  non-decreasing)  along  each  curve  of  F.  b)  Each  point  of  R^ 
in  this  quadrant  is  joined  to  Q  by  a  curve  of  F.  c)  Each  such  point  is 
joined  to  the  origin  by  a  curve  of  F. 

There  is  defined  further: 


and 


p 


1 

F  -b  2’ 


where 


/ 


«(>)  -  *W  -  ^5  l(a^''  -  3(m*  +  V), 


8(<) 


*(8) 

<P(»)* 


(8) 


**  R(w)  and  /(tc)  are  to  denote,  respectively,  the  real  and  imaginary  parts  of  id. 
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(V)  The  curves  F  may  further  he  chosen  so  that 


/ 


0(P*). 


0<a<l,  (9) 


uniformly,  where  the  integral  is  taken  along  the  portion  on  which  |  8  —  a  | 
>  i\  of  any  one  of  those  curves. 

An  equation  (6)  which  satisfies  the  preceding  hypotheses  is  approx¬ 
imated  by  the  equation 

^  +  x(«)  “  =  0, 

with  solutions 


C„  being  any  Bessel  function  of  order  n.  And  on  the  basis  of  this 
approximation  there  can  be  deduced  the  existence  in  R,{p)  of  independ¬ 
ent  pairs  of  solutions  for  (6)  which  have  the  forms:” 

p)  =  p'‘~*v>-‘e="’*[l  +  O(p-0  +  0(r‘)], 

fc  =  0,  ±1,  ±2,  •••  (10) 


j  =  1  or  2  t 

{ 

when  {  remains  in  the  sector  defined  by  |  arg  {  —  At  |  <  r  —  t, 

«  >  0.  Here  r  is  the  smaller  of  the  two  numbers 


1  —  a  and 


1  if  M  >  i 

1  —  5,  i  >  0  but  arbitrarily  small,  if  p  =  i. 

4p,  if  p  <  J. 


These  solutions  Ut,y,are  not  necessarily  all  anal}rtic  functions  of  p.  In 
general 

o)  -  +  o(p-o  +  o(r‘)i 

+  A;v'(i  +  o(p-')  +  o(r‘)ii  ” 

“  The  convention  is  adopted  here  that  in  any  relation  containing  the  letter  j 
and  a  double  sign,  as  in  (10),  the  upper  sign  is  to  be  taken  when  j  ^  1  and  the 
lower  when  J  —  2. 

The  constants  implied  in  the  0  terms  are  independent  of  all  the  variables  in¬ 
volved,  depending  only  on  the  choices  of  arbitrary  constants  which  have  been 
made.  This  will  be  true  of  all  such  terms  throughout  this  paper. 
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when  {  remains  in  the  sector  S^*’,  where 


t  Sin  /iir 

ciy  -  (2x)-*e“*+'-"‘*'''"'>T. 
And  if  {  remains  bounded  as  p  becomes  infinite, 


(12) 


«*.»(«,  p) 


dew 

i  sin  fiw 


p'‘<I.‘^-*.  -  c{V-,^(0 }  +  O(p-0  (13) 


where  7+-  denotes  the  Bessel  function  of  the  first  kind. 


2.  Application  of  the  theorem.  The  theorem  of  the  preceding  section 
will  now  be  applied  to  the  determination  of  as3rmptotic  formulas  for  the 
Whittaker  function. 

In  terms  of  the  variable 


z 

(14) 

(1)  becomes 

8  J 

(15) 

This  is  of  the  form  (6)  with 

p  =  2ik,  ^*(s) 

«  —  1  XV  m*  —  J 

(16) 

The  zero  of  ^*(«)  at  «  =  1  is  of  first  order: 

a  =  1,  !»  =  1,  M  =  i- 

Equation  (7)  becomes 


=  V «(«  —  1)  —  log  (Vi  +  V«  —  !)• 


This  function  4>  has  branch  points  at  s  »=  0,  1,  w.  It  will  be  shown 
that  the  five  hypotheses  are  satisfied  in  a  region  R,{p),  formed  by  re¬ 
moving  a  neighborhood  (depending  on  p)  of  «  »  0  from  the  portion 
defined  by 

— T  <  arg  «  <  T  (18) 
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of  the  Riemann  surface  of  the  variable  s  for  the  function  4>.  Since 
arg  s  =  arg  z  —  arg  k  and  the  functions  (2)  and  (3)  under  consideration 
are  single  valued  in  k,  the  restriction  (18)  does  not  impoverish  the 
results. 


3.  The  hjrpotheses.  Hypotheses  (I)  and  (II)  are  satisfied  in  this 
region.  It  will  be  shown  that  4>  is  bounded  from  zero  in  any  portion 
|«—  l|>7j>Oofi2, ,  and  from  this  the  fulfillment  of  (III)  is  evident. 

Now  if  the  path  of  integration  in  (17)  be  chosen  as  a  straight  line,  arg 
(«  —  1 )  =  arg  ds  is  constant.  The  variation  of  arg  s  can  be  at  most  x  along 

this  path;  that  of  arg  d^,  at  most  ^ .  The  conclusion  that  4>  is  bounded 

A 

from  zero  follows. 

Along  the  boundary  fixed  by  (18),  the  negative  real  axis  of  the  « 

rf<j) , 

plane,  the  function  ^  ^  is  real ;  consequently  this  boundary  is  mapped 

ds 

into  a  line  /(4>)  =  constant.  Further,  at  s  =  0  the  mapping  is  non- 
conformal,  angles  being  reduced  to  one-half.  The  angle  of  size  2t  of 
the  ‘comer’  of  the  region  A.  at  s  =  0  is  mapped  into  a  straight  angle 
in  the  ‘l>  plane.  The  whole  boundary,  then,  maps  into  a  complete  line 
parallel  to  the  real  axis,  with  an  exception  necessitated  by  the  exclusion 
of  the  neighborhood  of  s  =  0.  The  map  is  shown  in  the  figure  opposite.  / 

The  map  in  the  (  plane  is  obtained  now  by  a  rotation  and  expansion  t 

about  4>  =  0  of  the  configuration  R* .  The  point  Q  of  (IV)  may  be 
chosen,  in  each  quadrant,  for  each  value  of  arg  p,  either  on  one  of  the 
bounding  lines  or  at  infinity.  If  the  excluded  neighborhood  of  s  =  0 
be  chosen  of  suitable  shape,  depending  on  arg  p,  the  curves  T  may  be 
taken  as  straight  lines  except  possibly  for  small  kinks  about  the  excluded 
neighborhood. 

It  remains  to  show  that  (V)  is  fulfilled  by  this  choice.  The  relation 
(9)  is  seen  directly* to  be  satisfied  with  a  =  0,  excepting  at  most  the 
immediate  neighborhoods  of  «  =  0  and  8=00.  About  «  »  oo,  the 
following  convergent  expansions  may  be  deduced  from  (16),  (17), 
and  (8): 

¥>(«) 

♦(«) 
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From  the  form  of  the  mapping  function  4>  and  from  the  order  of  the 
integrand  — ,  the  relation  (9)  of  hypothesis  (V)  is  seen  to  be  satisfied 

V 

in  this  neighborhood,  again  with  a  =  0,  and  uniformly  in  m,  which  is 
bounded. 


S  Plane 


J  Plane 


At  s  =  0  the  expansions  are 
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And  along  the  ordinary  path  which  i8  chosen, 

[  (is  =  m  9^  ±\ 

J  I  v>(<)  *  \0(«*)  in  the  particular  case  m  =  ±  J. 

In  the  first,  general  case, 

=  0(ib“)  if  I  «  I  >  AT  1  A:  I 

If  there  be  excluded  from  R,  a  neighborhood  of  «  =  0,  of  such  shape, 
depending  on  arg  p  (or  arg  k),  as  will  not  violate  (IV),  and  whose  di¬ 
mensions  are  0(fc~*“),  the  hypotheses  are  satisfied,  again  uniformly  in  m. 
The  exponent  r  may  be  taken  as  1  —  a,  which  is  positive. 

In  case  m  has  the  constant  value  ±i,  (9)  is  satisfied  with  a  =  0; 
no  exception  need  be  taken  at  s  =  0.  This  leads  to  Weber’s  equation 
and  the  Hermite  poljmomials,  for  which  these  same  formulas  have  l)een 
given  by  Schwid  (loc.  cit.). 

4.  Asymptotic  formulas  for  W*.*(2).  The  conclusions  of  the  theorem 
may  now  l)e  asserted.  There  exist  solutions  of  (1)  having  the  forms 
(10)  and  (1 1)  in  /?, .  To  obtain  asymptotic  formulas  for  the  particular 
function  (3),  it  is  necessary  only  to  determine  Ci  and  Ci  as  functions  of 
A;  in  a  relation 

Wk.miz)  =  Citi,.i(«,  p)  -f  C*U,.j(«,  p)  (21) 

for  some  value  of  p.  This  may  be  done  by  use  of  the  relation,  seen 
from  (5), 

lim  e*z“*Wt.»(z)  =  1  (22) 

when 

^  I  arg  2  I  <  T  —  «  <  T. 

This  limit  will  be  attained  in  (21)  by  letting  «  become  infinite. 

If  there  be  .specified  arg  4>  =  arg  ^  =  0  when  arg  (s  —  1)  =  0,  then 
in  (19)  the  upper  and  lower  signs  are  to  be  taken  respectively  in  the 
cases 

*■  >  arg  («  —  !)>  — T, 


and 


3t  >  arg  («—!)>  x. 
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And,  as  may  be  seen  most  readily  from  the  figure  and  (19), 
arg  4> 


arg  « 

arg  s  +  3t  respectively, 


and 


arg^ 


respectively. 


Now,  by  (19), 

te  =  t>I>  =  -2fc<I>  =  ±  (|  - 


Ailogz  —  A:  +  fclogA:  +  0(j)), 


and 


»,-*  _  pi-****** 


e*z  =  e 


=  1+0^ 


(23) 


In  the  first  case,  taking  the  upper  signs, 

arg  z  =  arg  k  +  arg  s 
~  arg  k  +  arg  4> 


~arg{  - 


Substituting  (23),  (10),  and  (21)  with  p  =  0  or  1,  into  (22), 
lim  lk-*e*e-H2tifc)"*[Cie’*{l  +  0(0}  +  +  0(0)1  -  1, 

or 

Urn  jfc-*c‘(2tA)“*[C,{l  +  0(0}  +  0(0)1  =  1, 

when 

y  -  «  >  arg  {  >  -  ^  (24) 


If  <  becomes  infinite  in  such  a  manner  that  c  <  arg  {  <  t  —  c,  {  in 
or  e“***  becomes  infinite.  Hence  Cj  must  be  zero,  for  otherwise 
(24)  is  absurd.  Then  (24)  yields 

C,  =  0,  Cl  =  ifc‘c"*(2tifc)‘[l  +  0(01 
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where  the  restriction  on  arg  k  imposed  by 


serves  to  specify 
and 


— T  <  arg  «  =  arg  z  —  arg  k  <  n 
k"  = 


With  these  coefficients  in  (21), 

WhM  =  +  Oik-^)  +  0(r‘)l, 

when  —  IT  +  «  <  arg  {  <  2t  —  c,  {  in  or 

Similarly,  using  the  lower  sign  in  (23), 

+  0{k-')  +  0(r')], 

when  2t  +  <  <  arg  f  <  5t  —  e,  {  in  or  S^*\ 

Using  the  formulas  (11)  and  (12), 

WmM  ~  lfc*e-V"*(e’*  +  ie-*), 

when  T  H-  €  <  arg  (<  3r  —  e,  (  in 

~  fc*e-*^-*(e**  -  fe-‘*), 

when  —  2ir  +  c  <  arg  (  <  — «,  {  in 

where  only  the  principal  terms  have  been  written  in  (26c,  d). 
Further,  from  (13),  if  {  is  bounded,  as  it  is  if 

a  _  1  «  0(jt-«), 


(25) 


(26a) 


(26b) 


(26c) 

(26d) 


or 

$ 

Z  -  \k  ^  0{k'), 

then 

WkM  .  ik‘e-*  (^-^y  J^iX)  -  /»({)}  +  k-e-^Oik-*).  (27) 

In  terms  of  the  original  variables,  z  and  k, 
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and 

=  —^y/z(z  —  ik)  +  log  i^y/z  +  Vz  —  4A)  —  k  log  44. 

The  proper  choices  from  among  the  several  values  of  these  functions 
may  be  reached  most  readily  by  continuation  from  the  values  when  z, 
k,  and  z  —  \k  are  real  and  positive.  Then,  with  arg  (  =  t/2  in 
the  radicals  are  all  positive.  The  continuation  is  to  be  made  within 
the  bound  imposed  by 

I  arg  «  I  =  I  arg  z  -  arg  4  I  <  T  (26) 

The  restriction  |  a  |  >  iV  |  4  |  “**  =  I  4  |  “*'*’*'  becomes 

|z|  >  iN^l4r‘^^ 

in  terms  of  r,  the  exponent  in  (26),  0  <  r  <  1. 

5.  Further  results  of  Langer.  To  obtain  formulas  asymptotically 
describing  the  Whittaker  function  in  case  z  becomes  zero  with  a  greater 
rapidity  than  is  permitted  in  the  use  of  (26),  it  is  necessary  to  reconsider 
equation  (1)  with  the  purpose  of  making  an  approximation  which  shall 
be  uniformly  valid  in  the  neighborhood  of  z  0.  Langer  [3]  has  given 
an  extension  of  the  theorem  of  section  1  which  may  be  applied  here. 
The  differential  equation  (1)  has  the  form  (6)  with 

p  =  4*,  ifi(z)  -  z~*,  x(*)  =  ^  -  i. 


An  approximation  is 

1* 

(28) 

which  has  solutions 

V  * 

y/l^u>{2y/kz) 

(29) 

for  any  Bessel  function  C  of  the  order  indicated. 

Langer’s  results,  of  which  the  present  example  is  a  particularly  simple 
application,  consist  of  the  fact  that  this  approximation  extends  to  the 
solutions,  yielding  here  solutions  of  (1)  of  the  forms:” 

The  results  of  Langer  [3]  are  extended  as  described  in  section  1.  The  integral 
y*  I  -dt  I  on  p.  409  of  Langer  (3]  reduces  in  the  present  example  to  i  y*  |  s^ds  |  taken 

along  a  line  through  the  origin  and  is  rather  than  bounded.  This  has  the 

effect  of  appending  an  extra  factor  s*^*  in  the  0  terms  of  (30)  and  (31)  and  replac¬ 
ing  the  restriction  s  bounded  in  (31)  by  s  «  O(ib^). 
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R(fn)  >  0;  arg  k  and  |  kz  \  bounded, 


u,  -  y/irtJt^{2y/kz)  +  ikz)*^0{z*) 

_  _  f  if  m?^0  (30) 

ut  —  y/kzY i^{,2y/kz)  +  ]  .  . 

\{kz)^  log  ikz)0(Jc~*)  if  m  =  0. 

And  if  kz  becomes  infinite,  z  —  0{k^~*),  these  same  solutions  have  the 
forms 


ui  =  y/kzJi^{2y/Tcz)  +  k  *z*0(exp  \I{2y/kz)  |), 
Ut  =  \/kzYim{2y/i^)  +  A:"*2*0(exp  |/(2\/Ai)  |). 


6.  Formulas  for  Mk,m{z).  The  identification  of  the  solution  Mt.miz) 

in  terms  of  the  solutions  ui  and  Ut  of  the  preceding  section,  as  it  is  carried 
out  here,  involves  a  re-derivation  of  (30)  by  a  comparison  of  the  power 
series  representing  the  functions  Mk,m(z)  and  y/luJtmi^y/J^). 

With  the  notation 


(a),  «  (a  -f  l)(a  -|-  2)  •  •  •  (a  -|-  r),  (a)o  =  1, 


(2)  may  be  written 

?=o  r!(2m), 

M 

Now  e~*  =  1  —  z/2  -b  0(2*)  and  when  z  =  0(fc~‘)  the  sum  in  the  pre¬ 
ceding  formula  is  bounded, 


MkAz) 


.r  /(m  —  i  -  k)r 

\  rl(2m). 


(m  -  ^  -  k)r-i  \\ 

2(r  -  l)!(2m),_,// 

+  r(2m  +  1)0(2’'^) 


2*+-< 


'  •  (m -J  -  *:),_i(m  -  i  -  A: +  r  -  mr  - 

I  +  E*' - 


r!(2m)r 


r(2m  +  1)0(2''^ 


The  numerator 


(m  -  I  -  k)r-i(m  -  i-  A;-br-mr-0 


is  a  polynomial  in  k  with  leading  term  {—kY  and  second  term  zero. 
The  sum  of  the  absolute  values  of  the  coeflScients  is  less  than  Nr*(  |  m  | 
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+  I),  for  some  sufficiently  large  number  N.  Then  P  = 
where  |  P,  [  <  Arr*(  |  m  1+  |),  1  fc  | 

From  the  expansion 


it  follows  that 


ikz)*^  ^  i-kzY 
r(2m  +  1)  io  r!(2m). 


i-ky  +  P. 


Af*.,(z)  -  k-^z^JU2y/kz)  +  Oiz'^  (32) 

provided  only  that  |  kz  \  and  |  m  |  are  bounded. 

Comparing  (32)  and  the  first  equations  of  (30)  and  (31),  which  all 
hold  in  the  range  .Yi  <  |  A;z  |  <  iVi , 

r(2mV  1)  “  k-^z*JU2\/kz)  ^33) 

+  )fc-‘"‘^’z‘0(exp|/(2V^)|) 

when  arg  z  and  arg  k  are  bounded,  whether  R(rn)  be  positive  or  negative, 
z  =  0{k*-*). 

To  carry  out  the  description  in  terms  of  elementary  functions,  the 
asymptotic  evaluation  of  the  function  Jtm ,  given  in  the  following 
convenient  form  by  Langer,  may  be  used. 

JU2Vkz)  .  v^(ibz)*{cxe*’^*  + 

+  ikz)~*0{exp  1 7 (2V*:*)  D) 

where 


(2«  —  2)t  +  €  <  arg  y/kz  <  (2«  +  1)t  —  c. 


(2«  —  1)t  +  «  <  arg  y/iez  <  (2«  +  2)x  —  <. 

There  is,  for  any  value  of  arg  y/kz  not  a  multiple  of  x,  a  solution  of 
(1)  which,  when  evaluated  by  (33)  and  (34),  contains  only  that  one  of 
the  two  terms  for  which  the  real  part  of  the  exponent  is  negative. 

In  this  situation  the  exponent  in  the  0  term  is  also  to  be  made  negative: 
0(exp  —  I  I(2y/kz)  |  )  (see  Langer  [3],  the  subdominant  solution). 


1  (4.-l)(4«+l)T 

C1  —  c  , 

v^ 

when 


,  1  (U+l)(.*m+l)^ 

Ct  “  /—  *  > 

when 
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The  formula  with  (34)  may  be  shown  to  be  in  complete  agreement  with 
(26)  in  the  range  Ni  |  k  p*''’**  <  |  z  |  <  JV*  |  fc  in  which  both  are 
valid. 


7.  The  Laguerre  Polynomials.  The  asymptotic  formulas  as  n  — »  « 
for  the  Laguerre  polynomials,  given  by  (5),  may  now  be  reached  without 
difficulty  by  specializing  the  formulas  of  the  preceding  sections.  The 
following  evaluations  give  a  complete  description  for  z  x  real  and 
positive. 

From  (32),  when  x  <  cn~‘,  c  a  positive  constant, 


L‘*'(x) 


r(n  +  a-H)^-4V: 

r(n  +  1) 


(36) 


From  (33),  when  Cin  ‘  <  x  <  cin*”*. 


(•)/_\  r(n  +  a  +  1)  5 

r(n+l)  ^ 


L\r\z) 


(36) 


\(n  +  x*J.^2  /j/(w  +  ^  j 

=  (‘ + ]/{” + “4^) 

(«  a  t  «  1\ 

e*x~**'*n*~'*) 

a  1  M  a  1  r  /  \ 

=  T~*n*  ‘e*x  *  *  cos  l2y/^  ~  ^  ~  i  ) 

^  ^  (38) 

'  +0(n-*x*)+0(n-*x-*)J. 

From  (26c)  with  arg  {  =  2ir,  when  Cin”*'*'*'  <  x  <  4n  —  cjn*,  1  >  r  >  0, 

L\r\x)  -  (-1)"  n*x"^‘5ei(4n  +  2a  +  2  -  x)"* 

^cos  \/x(4n  +  2a  +  2  —  x)  —  (2n  +  o  +  1)  (39) 

-/ 4n  +  L  +  2  +  i}  + 
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From  (26a)  with  arg  f  =*  x,  when  4n  +  cn*  <  x, 
Li‘\x)  -  x^x  -in -2a- 


^y/x  +  y/x  —  in  —  2a-  2> 


2Ve  / 

[1  +  0(n-‘)  +  0(n*(x  -  4n)-*)]. 


(40) 


And  substituting  in  (27).  there  may  be  obtained  the  formulas  for  the 
remaining  case,  4n  —  Cin*  <  x  <  4n  +  cin*. 


Univbrsitt  or  Cincinnati, 
Cincinnati,  Ohio. 


M  •'  ■/Tinr/J' 

I  I  ;■ 


:  .►  .,,'yt-  t  /J.  ...  ..  ,l‘-  , 
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THE  LIGHT  FIELD 
Bt  a.  Gcrshun 

Tranalsted  by  Parrt  Moon  and  Grxoory  Timoshenko 

Theoretical  photometry  constitutes  a  case  of  “arrested  develop¬ 
ment”,  and  has  remained  basically  unchanged  since  1760  while  the 
rest  of  physics  has  swept  triumphantly  ahead.  In  recent  years,  how¬ 
ever,  the  increasing  needs  of  modern  lighting  technique  have  made  the 
absurdly  antiquated  concepts  of  traditional  photometric  theory  more 
and  more  untenable. 

A  vigorous  attempt  to  bring  the  theory  of  light  calculation  into 
conformity  with  the  spirit  of  physics  is  now  in  progress.  Professor 
Gershun  of  the  State  Optical  Institute,  Leningrad,  is  one  of  the  pioneers 
in  this  reform,  some  of  his  work  being  contained  in  the  book,  ‘*The 
Light  Field"*,  a  translation  of  which  follows. 

The  purpose  of  our  translation  is  two-fold:  first,  to  bring  to  the 
attention  of  engineers  the  new  methods  of  radiometric  and  photometric 
calculation;  and  secondly,  to  interest  mathematicians  and  physicists 
in  the  further  development  of  this  branch  of  field  theory.  In  its  present 
form,  the  concept  of  the  light  vector  is  of  distinct  practical  value  and 
its  general  use  by  illuminating  engineers  would  tend  to  simplify  calcu¬ 
lations  and  clarify  thinking. 

Valuable  as  the  methods  are,  however,  they  probably  do  not  consti¬ 
tute  the  ultimate  solution  of  the  problem.  The  light  field  considered 
in  this  l)ook  is  a  classical  three-dimensional  vector  field.  But  the 
physically  important  quantity  is  actually  the  illumination,  which  is  a 
function  of  five  independent  variables,  not  three.  Is  it  not  possible 
that  a  more  satisfactory  theory  of  the  light  field  could  be  evolved  by 
use  of  modem  tensor  methods  in  a  five-dimensional  manifold?  We 
must  look  to  the  mathematician  for  any  such  development. 

*  Svetovoe  pole,  Moscow,  1936.  A  brief  treatment  is  also  given  by  Gershun 
in  a  paper,  Notions  du  champ  lumineux  et  son  application  i  la  photom4trie. 
R.  G.  E.,  42, 1937,  p.  5.  The  paper  is  criticized  by  A.  Blondel,  Sur  une  pr6tendue 
th4orie  du  champ  lumineux.  R.  G.  E.,  42,  1937,  p.  579.  We  have  weighed  Blon- 
del’s  criticisms  and  do  not  consider  that  they  vitiate  Gershun’s  results.  The 
reader  will  find  the  elements  of  light-field  theory  also  in  Chap.  X  of  Moon,  Sci¬ 
entific  Basis  of  Illuminating  Engineering,  New  York,  1936. 

51 


COLE  MEMOniAL  LIDRARIT 


52 


A.  GERSHUN 


The  tran8lation  aims  at  an  accurate  reproduction  of  the  spirit  of  the 
original,  but  it  is  not  a  literal  translation.  Sentences  and  even  para¬ 
graphs  have  been  omitted  at  times  to  fit  the  work  for  a  somewhat 
different  class  of  readers  than  that  for  which  the  book  was  originally 
written.  No  additional  material  has  been  added,  with  the  excep¬ 
tion  of  a  few  footnotes,  which  are  inclosed  in  square  brackets.  We 
have  taken  the  liberty,  however,  of  numbering  the  equations  and  the 
references. 

The  Translators, 

Massachusetts  Institute  of  Technology. 
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CHAPTER  I 


Introduction 

1.  Problems  of  Theoretical  Photometry 

I^t  us  define  first  the  meaning  of  the  word  photometry.  Customarily, 
the  term  is  given  a  rather  narrow  meaning  corresponding  to  a  literal 
translation  from  the  Greek  (0«j — light,  iikrpov — measure).  Photom¬ 
etry,  in  this  sense,  is  that  part  of  optics  dealing  with  the  measurement 
of  radiant  energy,  evaluated  according  to  its  visual  effect  and  related 
therefore  solely  to  the  visible  part  of  the  spectrum.  Such  a  definition 
has  .historical  sanction,  since  for  many  years  the  eye  was  the  sole 
instrument  used  in  evaluating  radiant  energy.  This  purely  physio¬ 
logical  criterion,  as  applied  directly  to  basic  measurements  of  quantities 
characterizing  the  distribution  of  radiant  energy,  resulted  in  a  peculiar 
set  of  photometric  concepts,  standards,  and  units  which  stood  apart 
from  the  general  system  of  physical  units.  The  usual  treatise  on 
photometry  consisted  largely  in  descriptions  of  apparatus  used  in  the 
visual  comparison  of  radiations. 

In  the  present  treatment,  however,  we  attach  a  rather  broad  meaning 
to  the  words  light  and  meamrement  when  we  define  photometry  as  a 
branch  of  science  dealing  with  the  measurement  of  light.  In  “light" 
we  include  all  radiations,  visible  or  invi.sible.  This  corresponds,  for 
example,  to  the  definition  of  photometry  given  by  Charles  Fabry,  who 
says'  that  photometry  is  “la  mesure  de  I’intensite  des  rayonnements, 
visibles  ou  non  visibles,  quelle  que  sott  leur  place  dans  le  spectre  et 
quel  que  soft  I’appareil  de  mesure  employ^." 

The  word  measurement  is  also  defined  in  a  broad  sense,  since  it  is  not 
confined  to  the  experimental  technique  but  is  used  rather  for  the 
entirety  of  theoretical  and  experimental  questions  connected  with  quan¬ 
titative  comparisons.  Thus  photometry  deals  with  energy  relation¬ 
ships  in  emission  processes  and  in  the  propagation  and  absorption  of 
radiation.  The  radiation  may  be  either  visible  or  invisible.  The  quan¬ 
tity  of  radiation  may  be  evaluated  in  units  of  energy  or  in  its  effect 
upxin  a  receptor:  the  human  eye,  the  photographic  plate,  the  human 
skin,  etc.  Depending  on  the  receptor,  the  result  will  be  evaluated 
either  in  the  usual  physical  units  or  in  some  special  units,  as  light 

*  Charles  Fabry:  Introduction  gdn^rale  a  la  photom6trie,  Paris,  1927. 
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units,  photographic  units,  or  erythemal  units.  In  these  cases,  to  each 
monochromatic  component  of  radiation  is  attributed  a  weight-number, 
corresponding  to  the  response  produced  in  the  receptor  by  a  unit 
quantity  of  radiant  energy  of  the  given  wavelength. 

All  theorems  of  photometry  are  independent  of  the  units  in  which 
the  quantity  of  radiation  is  measured  (energy  units,  for  example,  or 
photometric  units).  For  the  sake  of  convenience,  photometric  termi¬ 
nology  is  used  in  this  hook* 

Before  treating  the  more  recent  problems  of  theoretical  photometry, 
we  shall  give  a  brief  account  of  the  history  of  its  development.  Pho¬ 
tometry  was  founded  as  a  scientific  discipline  by  a  French  scientist, 
Pierre  Bouguer  (1698-1758),*  who  was  the  author  also  of  researches  in 
mathematics,  astronomy,  geodesy,  physics,  geophysics,  and  navigation. 
Johann  Heinrich  Lambert  (1728-1777)  gave  a  mathematical  form  to 
some  of  the  ideas  originated  by  Bouguer  and  elaborated  upon  methods 
of  photometric  computation.*  In  the  modest  history  of  photometry, 
Bouguer  and  Lambert  deserve  a  position  corresponding  to  that  occupied 
in  the  history  of  electromagnetic  phenomena  by  those  Titans  of  science, 
Faraday  and  Maxwell.  The  importance  of  the  work  of  Bouguer  and 
I^ambert  has  become  evident  only  in  recent  times,  when  the  questions 
considered  by  them  have  become  of  vital  interest  to  engineers,  t 

In  the  one  hundred  and  fifty  years  following  the  work  of  the  founders 
of  photometry,  the  questions  of  photometric  computations  were  neg¬ 
lected  almost  completely.*  The  problems  of  theoretical  photometry 
were  pushed  aside  from  the  main  path  of  the  development  of  physics. 
This  resulted  in  the  present  state  of  photometric  theory,  based  upon 
eighteenth-century  mathematics  and  devoid  of  generality.  The  con- 

*  (Though  all  the  theorems  can  be  interpreted  equally  well  in  radiometric 
terms.)  The  Translators. 

*  Traits  d’optique  sur  la  gradation  de  la  lumi^re.  Ouvrage  posthume  de 
M.  Bouguer,  de  I’Ac^emie  Royale  des  Sciences,  Paris,  1760.  A  less  complete 
edition  of  work  by  Bouguer  appeared  under  the  title  *‘L’Essai  d’Optique”  in  1729. 

The  first  book  on  photometry  was  written  by  a  Paris  Capuchin,  Francois 
Marie:  Nouvelles  d^couvertes  sur  la  lumi^re,  Paris,  1700. 

'  J.  H.  Lambert,  Photometria  sive  de  mensura  et  gradibus  luminis,  colorum  et 
umbrae,  1760.  German  edition  with  annotations  by  E.  Anding:  Ostwald’s 
Klassiker  der  exacten  Wissenschaften,  Nos.  31-33,  Leipzig,  1892. 

t  Note  that  the  problems  of  photometric  computations  are  of  interest  not 
only  in  optics  and  illuminating  engineering  but  also  in  other  branches  of  science, 
as  for  example  in  heat  engineering. 

*  See,  however,  August  Beer,  Grundriss  des  photometrischen  CalcQles.  Braun¬ 
schweig,  1864. 
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cepts  of  the  force  field  and  the  methods  of  vector  analysis  are  absent. 
This  condition  can  be  explained  by  the  fact  that  the  structure  of  the 
theory  has  not  been  of  special  interest  to  physicists  and  has  not  been 
needed  until  recently  by  engineers. 

Problems  of  theoretical  photometry  have  come  into  prominence  with 
the  growth  of  illuminating  engineering.  This  growth  has,  in  turn,  been 
caused  by  the  demands  of  humanity  for  better  artificial  lighting — 
demands  that  could  be  satisfied  for  the  first  time  by  means  of  electrical 
light  sources.  For  some  time  the  engineer  required  from  the  theory 
only  methods  of  calculating  illumination  from  point  sources,  but  the 
recent  development  of  luminous  architectural  elements  and  of  methods 
of  calculating  daylighting  in  buildings  have  necessitated  the  study  of 
large  surface  sources.  Problems  of  reflector  design  have  been  developed 
also.  Knowledge  of  the  reflecting  properties  of  specular  surfaces  and 
diffusing  surfaces  was  required,  as  well  as  knowledge  of  the  trans¬ 
mission  of  light  through  absorbing  and  diffusing  media.  Thus  app>eared 
a  series  of  practical  problems  requiring  a  large  variety  of  photometric 
computations  and  giving  the  first  impulse  toward  the  construction  of  a 
generalized  theory  of  photometry. 

In  the  first  quarter  of  this  century,  illuminating  engineers  were  con¬ 
cerned  primarily  with  the  problem  of  obtaining  the  required  illumination 
on  the  working  surfaces.  Experience  showed  this  criterion  to  be  quite 
inadequate,  however,  since  the  illumination  of  a  working  surface  is 
not  a  universal  measure  of  the  lighting.  In  everyday  design  practice, 
consideration  must  be  given  to  the  magnitude  of  the  illumination  and 
also  to  the  correct  coordination  of  general  and  local  illumination,  to 
the  direction  of  the  light,  and  to  shadows.  In  illuminating  engineering 
literature  one  finds  the  expression  “quality  of  lighting’’,  by  which  is 
understood  all  the  properties  that  the  engineer  cannot  characterize  as 
yet  by  definite  numbers.  The  problem  of  the  quality  of  lighting  has 
been  responsible  for  the  introduction  of  several  new  concepts  in  illu¬ 
minating  engineering:  the  apace  illumination  which  characterizes  the 
density  of  light  at  a  point  in  space,  independent  of  the  light  direction; 
and  the  light  vector,  which  characterizes  the  predominant  direction  of 
the  light.  Illuminating  engineering,  which  was  originally  merely  a 
branch  of  electrical  engineering,  has  become  an  independent  and  broad 
discipline  dealing  with  theoretical  methods  and  technical  applications 
of  radiant  energy. 

Illuminating  engineering  has  need  of  a  theoretical  basis,  analogous  to 
the  theory  of  the  electromagnetic  field  which  forms  the  foundation  of 


56 


A.  GERSHUN 


r 


electrical  engineering.  In  the  author’s  opinion,  the  theory  of  the  light 
field  must  form  one  of  the  most  imix)rtant  parts  of  this  theoretical 
foundation. 

2.  The  Light  Field 

Problems  of  theoretical  photometry  fit  nicely  into  the  frame  of 
classical  mathematical  physics.  Mathematical  physics  includes  the 
analytical  treatment  of  heat  conduction,  elasticity,  electricity  and  mag¬ 
netism.  All  these  branches  are  united  by  a  general  theory  of  the 
physical  field,  which  can  be  classified  as  physics  or  as  geometry.  We 
may  define  the  physical  field  as  a  part  of  space,  studied  from  the  stand¬ 
point  of  a  definite  physical  process  happening  within  that  space. 
Analogously,  we  shall  introduce  the  concept  of  the  light  field,  as  a  part 
of  space  studied  from  the  standpoint  of  transmission  of  radiant  energy 
within  that  space.  Until  recent  times,  photometry  limited  itself  to 
concepts  concerning  the  emission  and  absorption  of  light  by  bodies, 
while  the  transmitting  medium  was  ignored.  The  older  photometric 
science  was  a  peculiar  manifestation  of  the  concept  of  actio  in  distans. 
The  modern  study  of  the  light  field  consists  of  an  investigation  of  the 
space-distribution  of  luminous  flux.  The  separate  photons  are  dis¬ 
regarded  and  the  assumption  is  made  that  radiant  energy  is  continuous 
in  time  and  in  space  and  that  the  flux  of  this  radiant  energy  varies  con¬ 
tinuously  from  point  to  point.  The  familiar  methods  of  vector  analysis 
are  used  in  the  theoretical  study  of  the  light  field. 

A  physicist  may  ask  why  the  author  distinguishes  the  light  field 
from  the  well-known  electromagnetic  field.  Obviously,  the  light  field 
is  caused  by  electromagnetic  phenomena,  but  it  is  quite  different  in  its 
qualities  from  the  electromagnetic  field.  In  studying  the  latter  we  are 
considering  the  electric  and  magnetic  forces  caused  by  an  elementary 
emitter.  In  8tud3ring  the  light  field,  however,  we  deal  with  bodies  of 
finite  size  consisting  of  great  numbers  of  elementary  emitters.  In 
contrast  with  the  elementary  electromagnetic  field,  we  have  here  a 
macrocosmos  with  respect  to  time  as  well  as  space.  We  assume  that 
the  differential  of  time  exceeds  by  far  the  period  of  a  single  vibration 
and  that  the  differential  of  distance  is  far  greater  than  a  single  wave¬ 
length.*  The  theory,  as  presented  in  this  book,  corresponds  to  geo¬ 
metrical  optics  rather  than  physical  optics.  We  shall  deal  with  a  beam 
of  light  which  propagates  in  a  straight  line  through  a  homogeneous 

*  Max  Planck,  Vorleaungen  Obcr  die  Theorie  der  W&rmeatrahlung.  Leipzig, 
1923. 
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medium,  and  which  is  the  carrier  of  radiant  energy.  Thus  the  treat¬ 
ment  will  be  a  geometrical  one,  to  which  is  added  the  concept  of  energy. 
The  development  of  a  wave-theory  of  the  light  field  may  be  considered 
as  a  step  to  follow.  One  feels  the  need  of  this  extension,  for  example, 
in  the  absolute  determination  of  the  energy  distribution  in  the  optical 
image. 


CHAPTER  II 


Fundamental  Theory  of  the  Light  Field 

1.  Fundamental  Photometric  Quantities 

We  shall  consider  first  the  quantities  used  in  the  study  of  the  light 
field.  It  is  most  convenient  to  choose  as  fundamental  magnitude 
the  amount  of  radiant  energy  transferred  through  a  h}rpothetical  surface 
per  unit  time.  This  quantity  is  called  radiant  flux.  However,  we 
shall  use  the  term  luminous  flux,  the  photometric  analog  of  radiant 
flux,  in  accordance  with  our  convention  of  employing  the  names  asso¬ 
ciated  with  photometric  concepts  rather  than  with  radiometric  con¬ 
cepts.  The  book  is  written  for  physicists,  however,  as  well  as  for 
illuminating  engineers,  and  the  derivations  presented  here  will  apply 
to  radiant  flux  as  well  as  to  luminous  flux. 

Let  us  first  recall  the  definitions  of  the  photometric  quantities: 
luminosity,  illumination,  intensity,  and  brightness.*  Consider  a  point  O 
of  the  surface  S  of  a  luminous  body  in  space  (Fig.  1).  The  element  of 
surface  dS  containing  the  point  O  is  chosen  sufficiently  small  so  that  it 
may  be  considered  uniformly  bright  over  its  surface.  The  total  lu¬ 
minous  flux  emitted  in  all  directions  from  the  element  dS  is  denoted 
by  dF  and  the  luminosity  L  of  the  surface  S  at  the  point  O  is  defined  as 


L  = 


dS 


(1) 


Luminosity  is  surface  density  of  emitted  luminous  flux.  The  total  flux 
emitted  by  the  source  is 

,  F  ^  [  LdS  (la) 

Ja 


Now  consider  an  element  ds,  illuminated  by  the  luminous  surface  S. 
The  illumination  E  of  the  surface  s  at  the  point  P  is  defined  as 


E  = 


dj^ 

ds 


(2) 


where  dF'  is  the  total  luminous  flux  on  ds  from  all  directions  of  space. 
Illumination  is  surface  density  of  received  luminous  flux. 

*  [Svetimost,  oaveshchennost,  aila  aveta,  and  yarkoat).  Tranalatora. 
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It  is  obvious  that  the  concept  of  illumination  may  be  divorced  from 
the  concept  of  an  actual  illuminated  body.  One  may  define  illumina¬ 
tion  at  a  p>oint  in  the  light  field,  on  an  arbitrarily  oriented  surface,  by 
using  the  abstract  concept  of  a  geometric  element  of  surface  placed 
at  the  point  in  question.  This  concept,  which  is  characteristic  of 
physical  field  theory,  may  already  be  found  in  illuminating  engineering, 
e.g.  in  the  expression,  “the  horizontal  illumination  at  the  elevation  of 
one  meter  from  the  floor”.  Since  the  orientation  of  the  .surface  element 
is  completely  and  uniquely  defined  by  the  direction  of  the  .surface 
normal,  the  illumination  may  be  regarded  as  a  function  of  two  factors: 
pasition  in  space,  and  direction. 

In  computing  the  values  of  illumination,  we  must  know  the  inten.sity* 
of  each  element  of  the  surface  of  the  luminous  body  in  all  directions. 
Consider  the  regions  of  the  light  field  that  are  remote  from  the  luminous 
body  S,  so  that  the  dimensions  of  the  source  are  negligible  in  com¬ 
parison  with  the  distance  from  it  to  the  point  P.  Then  the  body  S 
can  be  considered  as  a  point  source.  For  a  study  of  these  distant  parts 
of  the  light  field,  it  is  sufficient  to  use  the  concept  of  the  luminous 
intensity  of  the  entire  body  in  the  given  direction.  This  concept  is 
derived  in  the  following  manner.  Consider  a  definite  elementary 
bundle  of  rays  diverging  from  the  source.  As  a  measure  of  the  multi¬ 
tude  of  these  rays,  we  shall  use  the  solid  angle  dQ  corresponding  to  the 
conical  surface  enclosing  all  the  rays.  The  luminous  flux  in  these 
directions  has  the  value  dF.  The  luminous  intensity  I  in  the  given 
direction  is  defined  as 


I  = 


dSl 


(3) 


When  the  values  of  the  intensity  in  various  directions  are  known, 
the  light  field  of  a  luminous  body  is  defined  at  a  sufficiently  large  dis¬ 
tance  from  it.  But  the  concept  of  intensity  loses  its  meaning  if  the 
solid  angle  becomes  large;  and  it  is  then  necessary  to  divide  the  radi¬ 
ating  surface  into  small  elements,  each  of  which  is  considered  as  a  point 
source. 

Let  us  recall  the  fundamental  laws  defining  the  light  field  produced 
by  an  element  of  luminous  surface.  These  laws  follow  from  purely 
geometrical  considerations,  together  with  the  law  of  conservation  of 
energy.  If  dl  represents  the  intensity  of  the  element  dS  in  the  direc¬ 
tion  of  the  illuminated  element  ds  (Fig.  1),  and  if  the  distance  between 


[Or  candlepowerl.  Traru. 
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the  two  elements  is  far  greater  than  the  dimensions  of  either  of  them, 
the  illuminated  element  ds  receives  from  dS  the  flux  which  is  an 
infinitesimal  part  of  the  flux  dF  emitted  by  the  element  dS.  The  index  2 
denotes  an  infinitesimal  of  higher  order.  The  luminous  flux  is 

d*F  =  dl  dil  (4) 

where  dfi  is  the  solid  angle  defined  by  ds.  I.«t  r  be  the  distance  between 
ds  and  dS,  and  let  0  be  the  angle  between  the  incident  rays  and  the 
normal  n  of  the  illuminated  element  ds.  Then 


Fig.  1 


and  the  illumination  dE  caused  by  radiation  from  the  element  dS  is 

dE  =  cos  e  (6) 

ds  r* 

This  fundamental  photometric  formula  expresses  two  relations:  the 
inverse-square  law  and  the  cosine  law  of  illumination.  These  ele¬ 
mentary  relations  may  be  applied  also  in  the  case  of  a  source  of  finite 
sise  at  distances  sufficiently  large  compared  to  the  size  of  the  body. 

Let  us  now  introduce  the  concept  of  brightness  B  of  a  luminous 
surface  S  at  a  point  O,  in  the  direction  OP.  Denote  by  0.the  angle 
between  the  direction  OP  and  the  normal  N  of  the  luminous  element 
dS,  and  by  da  the  area  of  the  projection  of  the  element  dS  upon  a  plane 
normal  to  OP.  Then 

B  =  ~  (7) 

da 


where 


da  =  dS  cos  0 
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The  flux  d^F  may  be  expressed  as 


,2  „  B  cos  0  cos  0  dS  ds 
.  a  t  = - - - 


But 


d(t)  = 


_  dS  cos  9  ^ 


Thus, 


dE  —  B  cos  0  do). 


(8) 

(9) 


This  relation  represents  another  form  of  the  basic  law  of  photometric 
theory.  Denoting  by  dE^  the  normal  component  of  the  illumination 
at  the  point  P,  we  obtain 


and 


dEn  =  B  do) 


(10) 


(10a) 


Analogous  to  the  definition  of  intensity,  which  is  measured  by  the 
luminous  flux  per  unit  solid  angle,  the  brightness  of  a  luminous  source 
may  he  defined  as  the  normal  component  of  illumination  produced  by  that 
source  per  unit  solid  angle.  This  relation  may  be  considered  as  a  funda¬ 
mental  definition  of  brightness,  which  must  be  given  preference  over 
the  usual  definition  of  brightness  as  intensity  per  unit  area.  The  latter 
can  be  used  only  in  the  special  case  of  a  light-emitting  surface,  and  fails, 
for  example,  in  evaluating  the  brightness  of  the  sky.  The  concept  of 
sky  brightness  is  indeed  a  puzzling  one  when  the  classical  idea  of  bright¬ 
ness  (candlepower  per  square  centimeter  of  the  surface  of  the  source) 
is  used.  It  is  difficult  to  decide  where  to  locate  these  square  centimeters 
which  have  to  be  divided  into  the  equally  illiwive  luminous  intensity. 


2.  Brightness  of  a  Ray 

The  concept  of  brightness  must  now  be  generalized  to  adapt  it  for 
use  in  the  theory  of  the  light  field.  Consider  the  light  field  produced 
by  a  number  of  luminous  bodies  Si ,  Sj ,  •  •  •  (Fig.  2),  and  let  us  char¬ 
acterize  the  structure  of  the  light  field  at  an  arbitrary  pKtint  P.  Con- 
.sider  a  plane  s  through  the  point  P,  and  assume  this  plane  to  be  opaque 
except  for  a  small  area  ds  containing  the  point  P.  This  area  is  .suffici¬ 
ently  small  so  that  the  light  field  may  be  considered  uniform  at  all  points 
of  ds,  but  it  is  sufficiently  large  so  that  diffraction  phenomena  may  be 
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neglected.  On  this  assumption,  the  fluxes  dFi  and  dfs  are  obviously 
proportional  to  the  size  of  the  opening  ds,  or 

dFi  =  Elds] 

(11) 

dFi  “  Bids  j 

The  coefficients  of  proportionality  Ei  and  Et  represent  the  surface 
density  of  luminous  flux  on  the  given  side  of  the  aperture,  or  Ei  and  Et 
represent  the  illuminations  of  the  two  sides  of  the  plane  s  at  the  point  P. 
E\  is  the  illumination  from  side  1  and  Et  is  the  illumination  from  side  2. 
(Fig.  2.)  For  computation  of  the  energy  balance  we  shall  assume 


dFi  >  dFi ,  which  means  that  the  energy  is  transmitted  through  the 
diaphragm  ds,  entering  through  the  side  1  and  emerging  through  the 
side  2.  The  quantity  of  light  transmitted  per  unit  time  is  equal  to 
dF  =  dFi  —  dFi .  The  surface  density  of  the  luminous  flux  through 
the  aperture  is 

D,  =  ^  =  (12) 

dt 

The  quantity  D,  determines  the  transfer  (flow)  of  energy  through  unit 
area  of  the  aperture.  We  shall  call  Dn  the  flux  density. 

The  aperture  ds,  through  which  the  light  passes,  may  be  considered 
as  an  independent  source  of  light,  and  we  may  apply  to  it  all  the  con- 
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cepts  used  in  the  study  of  light  sources.  At  great  distances,  the  aper¬ 
ture  may  be  considered  as  a  point  source  with  a  definite  intensity  in 
each  direction.  We  may  also  introduce  the  concept  of  brightness  of 
the  aperture  in  various  directions,  defining  this  quantity  as  was  done 
in  considering  the  brightness  of  real  surfaces.  Introducing  this  con¬ 
cept  of  brightness  allows  one  to  derive  an  energy  balance  at  the  aperture 
ds  and  also  to  characterize  the  directional  distribution  of  the  luminous 
flux  through  the  aperture. 

Consider  a  direction  PiPi  making  an  angle  0\  with  the  normal  to 
the  screen  Si  (Fig.  3),  and  consider  a  solid  angle  containing  this  direction 
PiPf .  The  solid  angle  may  be  constructed  in  the  following  manner: 
we  make  use  of  a  second  opaque  screen  Sj  with  an  infinitely  small 
aperture  dst  containing  the  ix>int  Pj .  The  elementary  solid  angle  dui 
is  defined  by  a  conical  surface  with  its  apex  at  Pi  and  having  a  base  dst . 


This  solid  angle  is  chosen  sufficiently  small  so  that  all  directions  con¬ 
tained  within  it  may  be  considered  equal.  The  luminous  flux  d*F 
through  the  aperture  dsi  and  enclosed  by  the  angle  dwi  is 

d*F  =  dl  dwi  (13) 

The  coefficient  of  proportionality  dl  represents  the  luminous  in¬ 
tensity  of  the  aperture  d«i  in  the  direction  PiP* .  This  quantity  de¬ 
pends  on  the  size  and  on  the  orientation  of  the  element  dsi  and  is  propor¬ 
tional  to  the  area 

d<Tt  =  cos  01  d«i .  (14) 

Referring  the  intensity  to  a  unit  area  of  the  projection;  that  is,  deter¬ 
mining  the  brightness  of  the  aperture  dsi  in  the  direction  PiPj ,  we 
obtain  a  fundamental  photometric  concept  which  depends  solely  on  the 
position  of  the  point  Pi  and  on  the  direction  PiPj .  This  quantity  is 
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called  the  brightness  B  at  the  point  Pi  in  the  direction  PiPt .  To  each 
point  in  the  light  field  and  to  each  direction  at  that  point  corresponds 
a  definite  value  of  brightness.  In  other  words,  brightness  is  a  function 
of  position  and  of  direction.  One  may  say  that  B  represents  the  bright¬ 
ness  of  the  light  ray  PiP*  at  the  point  Pi .  The  concept  of  the  brightness 
of  a  light  ray  was  first  introduced  by  Planck. 

In  geometrical  optics,  the  light  ray  is  identical  with  a  straight  line 
and  has  no  thickness.  But  obviously  energy  cannot  be  propagated 
through  zero  cross-sectional  area.  In  photometry  we  must  use  a  light 
beam  composed  of  an  infinite  number  of  adjacent  geometrical  rays, 
and  an  infinitesimal  amount  of  energy  is  carried  by  such  a  beam.  The 
light  beam  is  determined  in  this  case  by  two  infinite.simal  apertures 
dsi  and  dst ,  which  are  at  a  finite  distance  from  each  other.  The  geom¬ 
etry  of  the  light  beam  is  characterized  at  the  input  aperture  by  the 
area  doi ,  Eq.  (14),  and  the  solid  angle  dwi .  Equivalent  to  these  geo¬ 
metrical  characteristics  of  a  light  beam  are  the  magnitudes  da*  and 
diOi  at  the  exit  aperture  of  the  beam.  Here 

dot  =  cos  6t  dst  (14a) 

The  divergence  of  the  geometrical  rays  forming  the  light  beam  is  deter¬ 
mined  at  the  point  Pi  by  the  solid  angle  dun  and  at  the  point  P*  by  the 
solid  angle  dun  •  It  is  easily  shown  that 

dunldun  =  doi/dot  (15) 


A  more  rigorous  proof  of  Eq.  (16)  is  given  in  Section  1,  Chap.  VII. 

liCt  us  consider  the  variation  of  brightness  along  the  light  beam. 
The  brightness  at  the  point  Pi  is  denoted  by  Bi ,  while  that  at  Pj  is 
denoted  by  Bt .  The  flux  c^F  through  the  aperture  dsi ,  in  the  direction 
dsi-dsi ,  is 

d'Fi  =  Bi  doi  dun  (17) 

which  represents  the  luminous  flux  in  the  light  beam  at  the  point  Pi . 
Similarly,  at  Pj , 

d'Ft  =  Bt  dot  dun  (18) 

Taking  into  account  that  do  du>  is  constant,  we  find  that  the  brightne.ss 
along  the  ray  is  directly  proportional  to  the  luminous  flux,  or 

Bt  \Bi  =  (fFt :  c^Fi  (19) 
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If  the  light  beam  emerges  into  empty  space,  then,  by  the  principle  of 
conservation  of  energy, 

<fF,  =  (fFi 

and 

Bi  =  Bt  (20) 

or  the  brightness  is  the  same  at  all  points  of  the  light  beam.  This 
conclusion  is  often  formulated  in  text  books  of  physics  as  the  principle 
of  independence  of  the  brightness  of  a  luminous  body  with  distance, 
and  the  principle  is  often  used  in  the  solution  of  problems  of  illuminating 
engineering  where  absorption  and  dispersion  of  light  can  be  neglected. 
This  explains  why  the  concept  of  the  brightness  in  a  beam  is  not  widely 
used  in  illuminating  engineering;  for  if  brightness  is  the  same  at  all 
points  in  a  beam,  it  is  simpler  to  talk  about  the  brightness  of  the  source 
in  the  given  direction,  rather  than  the  brightness  in  the  beam.  Thus 


the  concept  of  brightness  is  customarily  associated  intimately  with 
luminous  sources.  But  if  in  the  path  of  the  light  beam  there  are  regions 
which  emit,  absorb,  or  disperse  the  light,  then  the  luminous  flux  carried 
by  the  beam  changes  from  point  to  point  and  the  brightness  varies 
correspondingly.  For  example,  if  the  light  beam  passes  through  an 
absorbing  medium,  the  luminous  flux  decreases  because  of  the  gradual 
change  of  radiant  energy  into  heat  energy.  The  luminous  flux  de¬ 
creases  exponentially  and  the  brightness  of  the  beam  varies  according 
to  the  same  law. 

The  necessity  of  introducing  the  concept  of  brightness  as  a  function 
of  position  and  of  direction  may  be  illustrated  by  the  question  of  the 
brightness  of  the  sky,  which  depends  on  the  direction  in  which  it  is 
observed  as  well  as  the  position  of  the  observer.  Thus  brightness  should 
be  considered  as  a  function  of  position  and  direction  in  the  light  field. 
Let  us  place  at  a  given  point  a  small  plane  element  ds  which  is  per¬ 
pendicular  to  the  direction  PP'  (Fig.  4).  The  brightness  is  considered 
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as  the  coefficient  by  which  the  solid  angle  du  must  be  multiplied  to  ob¬ 
tain  the  illumination  dEn  produced  on  the  element  da  by  the  luminous 
flux  in  the  angle  dw,  or 

B  =  dEn/du  (21) 

As  in  the  measurement  of  illumination,  brightness  may  be  measured 
objectively  by  means  of  a  photocell.  The  photocell  is  mounted  on  an 
opaque  tube  m  (Fig.  5)  which  intercepts  all  the  rays  not  contained 
within  the  solid  angle  w.  If  the  length  of  the  tube  is  considerably  larger 
than  the  area  of  the  photocell  the  luminous  flux  on  the  photocell  may 
be  considered  as  proportional  to  the  average  value  of  the  brightness 
within  the  solid  angle  «. 


3.  The  Brightness-distribution  Solid 

The  structure  of  the  light  field  at  a  point  P  may  be  studied  in  the 
following  manner.  I.iet  us  form  an  infinite  number  of  infinitesimal  solid 
angles  adjoining  each  other  and  filling  all  siiace,  all  the  solid  angles 
having  a  common  origin  at  P.  The  transfer  of  light  within  an  arbitrary 
solid  angle  du  is  characterized  by  the  illumination  dEn  of  a  surface 
element  placed  at  that  point,  with  its  normal  collinear  with  the  axis 
of  the  solid  angle  du.  The  values  dEn  depend  not  only  on  the  char¬ 
acter  of  the  light  field  but  also  on  the  initial  arbitrary  subdivision  of  the 
space.  Dividing  the  values  of  dEn  by  the  corresponding  values  dw, 
however,  we  obtain  values  of  brightness  which  are  functions  of  direction 
and  which  are  independent  of  the  original  geometrical  subdivision. 
The  totality  of  these  values  of  brightness  determines  completely  the 
structure  of  the  light  field  at  the  point  P. 

The  distribution  of  brightness  may  be  characterized  geometrically 
in  the  following  manner.  Let  us  mark  off  in  each  direction  from  the 
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point  P  a  distance  which  represents  the  brightness  in  that  direction. 
The  geometric  locus  of  the  ends  of  these  distances  forms  a  closed  surface. 
This  surface  may  be  called  the  brigMneas-distribution  surface  for  the 
given  point  in  the  light  field.  The  space  enclosed  by  this  surface  is 
called  the  brightness-distribution  solid.  The  section  of  the  brightness- 
distribution  surfcux  by  a  plane  passing  through  P  gives  in  polar  co¬ 
ordinates  the  brightness-distribution  curve  in  that  plane.  Thus  for 
completely  diffused  light,  where  brightness  is  the  same  in  all  directions, 
the  brightness-distribution  solid  is  represented  by  a  sphere  with  center 
at  P.  For  a  parallel  beam  of  light  where  the  brightness  is  zero  in  all 
directions  except  one,  the  brightness-distribution  solid  degenerates  into 
a  line  segment  in  the  direction  of  the  beam. 

Depending  on  the  values  of  brightness  in  various  directions,  the  eye 
evaluates  the  level  of  illumination  of  an  entire  room  and  also  evaluates 
the  uniformity  of  the  lighting,  the  degree  of  diffusion,  and  the  presence 
or  absence  or  glare.  It  seems  peculiar  that  until  recent  times  the 
quality  and  quantity  of  lighting  have  been  judged  by  the  distribution 
of  illumination  at  various  points  on  a  horizontal  plane.  The  visual 
evaluation  of  the  uniformity  of  illumination  is  determined  in  the  first 
place  by  the  brightness  distribution  of  the  surfaces  enclosing  the  room. 
This  was  first  correctly  pointed  out  by  L.  Bloch.* 

For  example,  with  daylight  entering  a  room  from  the  side,  the  hori¬ 
zontal  illumination  near  the  windows  is  many  times  as  great  as  the 
illumination  at  points  distant  from  the  windows.  The  illumination  of 
such  a  room  is  highly  nonuniform,  according  to  present  methods  of 
evaluation.  We  know,  however,  that  if  the  room  is  not  too  deep,  and 
is  illuminated  by  windows  in  one  of  the  walls,  it  appears  to  be  illu¬ 
minated  sufficiently  uniformly.  This  can  be  explained  by  the  fact 
that  there  is  almost  equal  illumination  on  the  side  and  back  walls; 
for  although  the  back  wall  is  further  from  the  wdndows,  the  light  rays 
are  normal  to  it.  Even  if  the  eye  is  fixed  on  a  definite  work  surface, 
the  distribution  of  brightness  in  all  other  directions  plays  an  important 
rdle. 

4.  Functions  of  Position  and  Direction 

The  brightness-distribution  solid  characterizes  completely  and 
uniquely  the 'distribution  of  luminous  flux  at  any  point  of  the  light 
field.  Knowring  the  brightness-distribution  solid,  one  can  compute  the 

*  L.  Bloch,  Die  Leuchtdichteverteilung  im  Raum.  Licht  und  Lsmpe,  1930, 
No.  13,  p.  663. 
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values  of  all  other  magnitudes  serving  to  describe  the  light  field  at  the 
given  point.  Thus,  for  example,  the  brightness-distribution  solid 
allows  one  to  find  the  illumination  of  an  arbitrary  oriented  element  ds 
at  a  given  ix)int  P  (Fig.  1),  Let  us  denote  by  B  the  brightness  in  the 
direction  of  du.  The  illumination  of  the  element  da  by  the  rays  con¬ 
tained  within  the  solid  angle  dw  is 

dE  cos  6  dEn  (22) 


where 


dEn  =  B  dw 


is  the  normal  component  of  illumination.  The  total  illumination  of  the 
element  ds  is 


E  =  f  cos  B  dEn  =  /*  B  cos  6  dw  (23) 

Jltw)  J(U) 

where  the  sign  (2t)  indicates  that  the  integration  is  performed  over  a 
solid  angle  2ir,  or  all  directions  on  one  side  of  the  element  ds. 

For  convenience,  let  us  introduce  some  terms  and  notations  that  will 
allow  us  to  describe  more  briefly  the  characteristics  of  the  light  field. 
Thus,  the  expression  * ‘illumination  of  the  element  ds  placed  at  the 
point  P  and  having  its  normal  in  the  direction  Pn”  may  be  shortened  to 
“illumination  at  the  {X)int  P  in  the  direction  Pn”.  The  illumination 
in  a  given  direction  can  be  represented  by  an  arrow  oriented  in  that 
direction,  the  arrow  tail  being  placed  at  the  point  in  question  and  its 
length  being  equal  to  the  numerical  value  of  the  illumination.  If  an 
element  of  surface  is  illuminated  from  both  sides,  it  is  necessary  to  agree 
on  the  sense  of  the  normal.  Some  authors  use  the  outward-drawn 
normal  to  the  illuminated  surface,  while  others  use  the  inward-drawn 
normal.  This  question  is  considered  by  Yamauti  in  his  paper  on  the 
theory  of  the  light  fleld.^  In  illuminating  engineering  practice  it  is 
customary  to  employ  the  outer  normal  to  the  illuminated  surface;  but 
in  theoretical  treatments  it  seems  more  natural  to  choose  the  opposite 
direction,  for  then  the  illumination  is  represented  by  an  arrow  directed 
in  the  sense  of  the  incident  light.  A  similar  question  arises  in  con¬ 
structing  a  graph  of  brightness  distribution  in  various  directions.  We 
shall  not  bind  ourselves  to  definite  rules  but  shall  apply  in  each  separate 
case  the  method  that  is  most  convenient. 

^  Ziro  Yamauti,  Theory  of  Field  of  Illumination.  Researches  of  the  Electro¬ 
technical  Laboratory,  Tokyo,  No.  339, 1932. 
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Luminous  intensity,  brightness,  and  illumination  can  be  represented 
graphically  by  arrows  at  the  point  in  question.  One  might  conclude 
that  intensity  and  brightness  are  vector  quantities.  However,  this  is 
wrong.  Not  every  magnitude  requiring  for  its  determination  a  number 
and  a  direction  represents  a  vector,  though  the  vector  is  often  defined 
in  such  a  manner.  The  vector  concept  contains  the  principle  of  geo¬ 
metric  addition.  Intensity  and  brightness  are  not  vectors,  inasmuch 
as  the  vectorial  addition  of  intensities  or  of  brightnesses  in  different 
directions  has  no  meaning.  Two  vectors  representing  the  same  kind 
of  quantity  at  a  point  in  space  can  usually  be  replaced  by  a  single 
vector  found  by  the  parallelogram  rule.  But  the  brightnesses  of  beams 
arriving  at  a  point  from  various  directions  are  completely  independent 
of  each  other. 

One  must  approach  the  vector  concept  of  photometric  quantities  in 
the  following  manner.  Each  physical  field  is  characterized  by  a  number 
of  quantities.  The  totality  of  values  of  each  of  these  magnitudes  for  all 
points  of  the  field  (and  in  some  cases  also  for  all  directions  at  each  of 
these  fKjints)  may  be  defined  as  the  field  of  that  quantity.  Let  us  note 
that  the  concepts  of  the  physical  field  and  of  the  field  of  each  of  these 
quantities  are  just  as  different  in  principle  as  the  physical  process  itself 
and  tho.se  mathematical  relations  that  describe  it.  The  quantities 
characterizing  the  light  field  may  be  subdivided  in  two  fundamental 
classes: 

(1)  functions  of  position  and  direction 

(2)  functions  of  position 

The  latter  cla.ss  may  again  be  subdivided  into  two  groups: 

(a)  vector  point-functions 

(b)  scalar  point-functions. 

A  function  of  position  and  direction  may  be  defined  in  the  following 
manner.  Let  us  take  a  region  of  space  and  assume  that  to  each  point 
in  this  region  and  to  each  direction  at  this  point  corresponds  a  definite 
numerical  value  of  some  quantity.  We  shall  call  this  magnitude  a 
function  of  position  and  direction.  As  an  example  of  the  first  class  of 
quantities  we  have  brightness  and  illumination.  Luminous  intensity 
may  also  be  put  in  this  class.  Such  a  quantity  (more  exactly  speaking, 
its  value  for  a  given  direction)  may  be  represented  by  an  arrow  in  space. 
However,  the  function  of  position  and  direction  is  not  a  vector  in  any 
sense.  A  vector  at  a  given  point  is  defined  by  a  single  arrow;  a  function 
of  position  and  direction  is  defined  by  a  bundle  of  arrows,  one  for  each 
direction  of  space. 
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A  quantity  of  prime  importance  in  the  study  of  the  light  field  is  the 
flux  density  D,  that  is,  the  difference  in  illumination  of  the  two  sides 
of  an  infinitesimal  diaphragm.  This  quantity  characterizes  the  transfer 
of  light  through  a  unit  area.  It  is  a  function  of  the  position  of  the 
diaphragm  and  of  the  direction  (normal  to  the  surface  of  the  diaphragm) 
and  it  may  be  regarded,  as  it  will  be  shown  later,  as  a  projection  of  a 
vector.  This  vector  is  an  example  of  a  vector  point-function  in  the 
light  field.  As  an  example  of  scalar  point-functions,  we  may  mention 
the  space  illumination  (or  space-density  of  radiant  energy,  which  differs 
from  the  former  by  a  con.stant  factor). 

5.  The  Illumination-distribution  Solid 
The  most  complete  description  of  the  light  field  at  a  given  point  is 
provided  by  the  brightness-distribution  solid.  When  this  body  is 
known,  the  illumination  may  be  computed  on  an  arbitrarily  oriented 
element  of  surface  at  the  point  in  question.  Marking  off  the  value  of 
illumination  along  the  normal  to  the  illuminated  element  and  rotating 
that  element  about  P,  so  that  its  normal  occupies  all  possible  positions 
in  space,  we  obtain  the  illumination-distribution  surface  (solid).  The 
section  of  the  surface  by  a  plane  passing  through  P  gives  an  illumination- 
distribution  curve  in  polar  coordinates.  When  the  field  ppssesses  axial 
symmetry,  the  illumination-distribution  sohd  is  characterized  by  a 
single  curve.  The  concepts  of  the  illumination-distribution  solid 
and  the  brightness-distribution  solid  were  introduced  by  L.  Weber,* 
but  his  paper  was  unknown  to  illumination  engineers  until  1928,  when 
Weber’s  concepts  were  revived  by  Lingenfelser.* 

I^et  us  give  a  few  examples  of  the  illumination-distribution  solid  for 
various  simple  cases  of  lighting.  The  outer  normal  to  the  illuminated 
surface  will  be  used,  as  is  customary  in  illumination  engineering,  though 
for  simplicity  the  inner  normal  would  be  preferable. 

(a)  A  single  point*  source.  The  illumination  of  an  element  at  P, 
(Fig.  6)  with  its  normal  in  the  direction  PI  is 

E  =  Dn  =  I/r'  (24) 

*  Leonhard  Weber,  Intensitatsmeseungen  des  difTusea  Tageslichtes.  Ann.  d. 
Phys.,  26,  1885,  p.  374. 

*  H.  Lingenfelser.  tlber  den  diffusen  Anted  der  Beleuchtung  und  ihre  Schat- 
tigkeit.  Licht  und  Lampe,  1928,  No.  9,  p.  313;  Zur  Messung  und  Beurteilung  der 
lAumlichen  Beleuchtung.  Licht  und  Lampe,  1930,  No.  12,  p.  619.  (Also  in 
Technisch-wissenschaftliche  Abhandlungen  aus  dem  Osram-Konzern,  2,  1931, 
p.  143.) 
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When  the  element  is  inclined  by  the  angle  6,  the  illumination  is 

E  =  Dn  COB  0  (26) 

The  geometrical  locus  of  the  ends  of  the  arrows  representing  the  illu¬ 
mination  £  is  a  sphere  with  the  diameter  Dn  .  The  illumination-distri¬ 
bution  solid  is  a  sphere  which  is  tangent  to  a  plane  passing  through  P, 
the  plane  being  normal  to  the  incident  light.  The  radius  vectors  on 
the  other  side  of  this  plane  are  equal  to  zero.  Eq.  (25)  holds  only  for 
those  values  of  0  for  which  cos  >  0  (for  example,  in  the  region  0  < 

<  t/2).  For  values  of  0  for  which  cos  0  <0  (for  example  in  the  region 


the  illumination  is  zero.  Graphically,  the  dependence 


of  E  on  the  angle  0  is  represented  in  rectangular  coordinates  by  a  periodic 
curve  (Fig.  7),  the  illumination  of  the  opposite  side  of  the  element 
being  represented  by  a  similar  curve  displaced  by  the  angle  t.  A 
Fourier-series  development  of  this  function  is 

„  ^fcostf  ,  1  2  (-l)*cos2A^']  ,  . 


The  expression  in  brackets  is  equal  to  zero  for  tho.se  values  of  0  for 
which  cos  9  <  0  and  is  equal  to  cos  0  if  cos  >  0.  This  law  of  variation 
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of  illumination,  because  it  is  valid  for  all  values  of  6  replaces  the  cosine 
law  in  the  study  of  illumination-distribution  solids. 

The  cosine  law  holds  also  for  the  difference  of  illumination  of  the 
two  sides  of  a  surface,  that  is,  for  the  flux  density.  Negative  illumina¬ 
tion  is  absurd,  but  when  we  obtain  a  negative  value  for  the  flux  density 
it  means  that  the  illumination  is  higher  on  the  side  opposite  to  the 
one  upon  which  the  normal  has  been  constructed.  The  sinusoidal 
character  of  the  variation  of  the  difference  of  illumination  in  the  case 
of  a  single  point  source  insures  the  existence  of  the  same  law  for  any 
number  of  sources.  This  circumstance  results  in  extraordinary  sim¬ 
plicity. 


(b)  Several  point  soure^s  of  light.  The  illumination-distribution  solid 
is  obtained  by  constnicting  the  illumination  distribution  for  each  of  the 
sources  separately,  followed  by  an  addition  of  the  radius  vectors.  An 
example  of  two  light  sources  is  .shown  in  Fig.  8.  The  illumination- 
distribution  solid  is  bounded  by  three  spherical  surfaces.  We  recom¬ 
mend  that  the  reader  study  in  detail  this  important  case,  which  we 
shall  use  in  a  number  of  further  proofs. 

(c)  The  luminous  hemisphere.  The  distribution  of  illumination  is 
determined  at  the  point  P,  which  is  at  the  center  of  a  uniformly  lumi¬ 
nous  hemisphere  of  brightness  B  (Fig.  9).  If  the  illuminated  element 
is  contained  in  the  ba.se-plane  of  the  hemisphere,  the  illumination  is 
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If  the  element  is  inclined  by  the  angle  <f>,  the  illumination  is 

E  =  Et  ^  =  Eo  cos*  0/2  (28) 

A 

The  values  <(»<  r  12  correspond  to  the  upper  side  of  the  illuminated 
element,  the  values  0  >  t/2  to  the  lower.  This  formula  was  derived 
by  Lambert  for  the  illumination  of  a  space  shadowed  by  an  infinitely 
long  wall  and  lighted  by  diffused  light  from  the  sky. 

The  illumination-distribution  curve  is  given  in  this  case  by  a  cardioid. 
The  illumination-distribution  solid  is  obtained  by  rotating  the  cardioid 
about  its  axis.  An  identical  illumination  distribution  would  be  pro¬ 
duced  by  a  uniformly  bright  plane  of  infinite  extent. 


The  corresponding  brightness-distribution  solid  is  obtained  in  the 
following  manner:  In  the  directions  within  the  .solid  angle  2t,  the 
brightness  has  a  constant  value  different  from  zero;  in  the  other  half 
the  brightness  is  zero.  Thus  the  brightness-distribution  solid  is  repre¬ 
sented  by  a  hemisphere  with  its  center  at  the  point  P. 

After  having  discussed  in  his  paper  the  case  of  the  point-source  and 
that  of  the  luminous  hemisphere,  Weber  proceeds  to  consider  the  illu¬ 
mination-distribution  solid  for  the  natural  illumination  from  the  open 
sky.  In  first  approximation,  the  sun  may  be  considered  as  a  [K)int 
source  and  the  sky  as  a  uniformly  bright  hemisphere.  The  section 
of  the  illumination-distribution  solid  by  a  vertical  plane  passing  through 
the  sun  and  through  the  location  of  the  observer  is  obtained,  as  shown 
in  Fig.  10,  by  addition  of  the  radius  vectors  drawn  to  the  circle  (resulting 
from  the  sun)  and  those  drawn  to  the  cardioid  (resulting  from  the  sky). 
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The  distribution  of  the  illumination  resulting  from  the  sky  and  sunlight 
is  shown  by  the  heavy  line. 

(d)  The  luminous  sphere.  If  the  brightness  of  the  inner  surface  of 
the  sphere  is  B,  the  illumination-distribution  surface  at  any  point 
within  the  sphere  is  again  a  sphere  with  a  radius  ttB  and  a  center  at  the 
point  considered.  This  may  serve  as  an  illustration  of  completely 
diffused  light,  where  the  brightness  in  all  directions  is  the  same.  The 
brightness-distribution  solid  is  a  sphere  with  its  center  at  P.  This  case 
is  the  opposite  of  the  first  case  of  parallel  light,  in  which  the  brightness  is 
zero  in  all  directions  but  one.  In  both  cases  the  illumination-distri¬ 
bution  solid  is  a  sphere,  but  in  one  case  P  is  placed  at  the  center  of  this 
sphere,  and  in  the  other  case  it  is  found  on  the  surface  of  the  sphere. 


Exp>eriments  on  the  determination  of  illumination-distribution  solids 
for  various  important  arrangements  of  artificial  lighting  were  carried 
out  by  Lingenfelser.*  He  measured  the  illumination  at  the  center  and 
in  the  comer  of  an  experimental  room  with  direct,  semi-indirect,  and 
indirect  lighting,  with  light  and  dark  room  walls,  and  with  the  receiving 
surface  tilted  at  various  angles.  For  the  determination  of  the  lighting 
conditions,  he  suspended  two  small  white  balls  in  the  room.  The 
shadows  formed  by  the  spheres  on  the  walls  and  on  the  floor,  compared 
with  the  shadows  formed  on  the  spheres  themselves,  showed  the  differ¬ 
ences  between  the  “hard”  direct  lighting  and  the  “soft”  indirect  light¬ 
ing.  In  Fig.  11  the  solid  line  indicates  the  axial  cross-section  of  the 
illumination-distribution  solid  at  the  center  of  the  room  for  indirect 
lighting.  For  this  point  the  illumination-distribution  solid  was  found 
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to  be  a  body  of  revolution,  to  within  an  accuracy  of  ten  or  fifteen  per 
cent.  For  a  point  in  the  comer  of  the  room,  this  symmetry  does  not 
exist. 

Lingenfelser  remarks  in  his  article,  quite  correctly,  that  the  main 
purpose  in  constmcting  illumination-distribution  solids  is  not  the 
quantitative  evaluation  of  illumination,  but  the  consideration  of  quali¬ 
tative  properties  of  lighting  (degree  of  diffusion,  production  of  shadows, 
etc.).  Space  forbids  further  consideration  of  Lingenfelser’s  analysis  of 
illumination-distribution  solids,  but  the  method  is  presented  briefly  in 
the  treatise  on  illuminating  engineering  by  Sirotinsky  and  Fedorov.*® 

The  illumination-distribution  solid  does  not  completely  define  the 
lighting  conditions  at  a  given  point  of  the  field,  as  was  assumed  by 
Weber.  Knowing  only  the  illumination-distribution  solid,  we  cannot 


compute  the  distribution  of  illumination  on  a  surface  of  a  real  object 
because  the  various  elements  of  the  surface  of  the  object  are  shading 
each  other  unless  the  body  is  convex. 

If  the  effect  of  shadows  of  the  object  is  to  be  obtained,  the  brightness- 
distribution  solid  must  also  be  known.  The  distribution  of  brightness 
allows  us  to  determine  uniquely  the  distribution  of  illumination.  The 
inverse  problem  of  finding  the  brightness  distribution,  when  the  illu¬ 
mination-distribution  solid  is  given,  has  no  unique  solution.  Usually, 
the  same  illumination-distribution  solid  may  be  obtained  for  quite 
different  brightness-distribution  solids.  This  can  be  shown  in  a  simple 
way  in  two-dimensional  photometry,  where  brightness  is  measured  as 

**  L.  I.  Sirotinsky  and  B.  F.  Fedorov,  Principles  of  Electric  Lighting.  Ener- 
goizdat,  1923. 
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an  intensity  per  unit  length  of  the  source,  and  illumination  is  inversely 
proportional  to  the  first  power  of  the  distance.  It  may  happen  also 
that  a  distribution  of  sources  cannot  be  found  to  satisfy  arbitrary 
conditions  of  illumination.  A  question  of  fundamental  interest  and 
importance  is  this:  May  the  illumination-distribution  solid  have  an 
arbitrary  form;  may  one  choose  an  arbitrary  illumination-distribution 
solid,  assuming  that  for  the  point  in  question  a  corresponding  brightness 
distribution  can  be  found?  Or  the  question  may  be  formulated  in  the 
following  manner:  May  one  specify  independent  values  of  illumination 
upon  the  various  inclined  planes  of  a  working  surface,  and  assume  that 
one  can  always  find  the  lighting  conditions  which  will  result  in  this 
illumination  distribution?  The  illuminating  engineers  answer  this 
question  in  the  affirmative.  However,  this  is  not  quite  right.  The 
values  of  illumination  at  a  given  point  for  various  orientations  of  the 
illuminated  element  are  not  independent  of  each  other  but  are  related, 
as  we  shall  see,  in  a  definite  way.  Not  every  kind  of  illumination 
distribution  may  exist!  This  seemingly  unexpected  conclusion  is 
obvious  o  priori,  for  it  is  completely  impossible  to  create  at  a  given 
point  such  conditions  as  will  give  a  finite  value  of  illumination  for  one 
orientation  of  the  illuminated  element  and  zero  illumination  for  all 
other  orientations.  It  is  impossible  to  create  a  horizontal  illumination 
without  illuminating  also  the  inclined  surfaces.  We  shall  return  later 
to  this  important  problem. 


CHAPTER  III 


Space  Illumination 

1.  The  Average  Spherical  Illumination 
The  analogy  between  the  illumination-distribution  solid  and  the 
curves  of  illumination  distribution  at  a  point  in  the  light  field,  on  the 
one  hand,  and  the  solid  and  curves  of  candlepower  distribution  for  a 
point  source,  on  the  other  hand,  is  obvious.  One  may  also  introduce 
the  concept  of  average  illumination  at  a  point — a  concept  analogous 
to  that  of  average  intensity  in  a  solid  angle  u.  The  average  illumination 
at  P  is  defined  as 


E^=-f  Edw  (29) 

Cd 

where  E  is  the  illumination  of  an  element  that  is  normal  to  the  axis 
of  the  infinitesimal  solid  angle  dw  having  its  apex  at  P.  The  integration 
is  performed  for  all  directions  contained  within  the  solid  angle  w. 

The  average  spherical  intensity  of  a  .source  may  be  defined  as 

I*r  =  ^  f  Idw  (30) 

4t  J(4») 

where  I  is  the  intensity  in  the  direction  of  the  elementary  solid  angle 
dw  with  its  apex  at  the  source,  and  where  the  integration  is  performed 
over  all  directions  of  space.  Analogous  to  this,  one  may  introduce  the 
concept  of  average  spherical  illumination  at  P, 

E4.  =  ~f  Edo,  (31) 

4t  d(4») 

where  du  is  the  infinitesimal  solid  angle  with  its  apex  at  P,  and  E  is  the 
illumination  of  an  element  normal  to  the  axis  of  the  solid  angle. 

The  average  spherical  illumination  is  a  fundamental  concept  for  the 
light  field.  Indeed,  the  condition  of  the  field  at  a  point  must  be  char¬ 
acterized  by  a  quantity  which  has  a  single  value  at  each  point  in  space. 
The  average  spherical  illumination  satisfies  this  condition,  whereas  the 
common  concept  of  illumination  depends  not  only  on  position  in  space 
but  also  on  the  orientation  of  a  plane  element  at  P. 
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One  may  intnxiuce  also  a  concept  of  average  hemispherical  illu¬ 
mination  at  P: 


Edu  (32) 

2x  V(t») 

or,  for  example,  of  the  average  illumination  of  a  given  cross  section  of 
the  illumination-distribution  solid  (analogous  to  average  horizontal 
candlepower  of  a  source). 

One  may  visualize  in  the  following  manner  the  concept  of  the  illu¬ 
mination-distribution  solid  and  of  quantities  which  are  defined  by  it. 
Let  us  describe  a  sphere  about  P,  the  radius  being  so  small  that  the 
variation  of  illumination  may  be  neglected  from  one  point  within  the 
sphere  to  another.  The  surface  of  the  sphere  contains  elements  oriented 
in  all  possible  ways  in  space.  The  illumination  distribution  at  the  point 
P  may  be  considered  as  the  distribution  of  illumination  on  the  surface 
of  the  sphere. 

This  leads  to  a  lucid  interpretation  of  average  values  of  illumination 
for  a  given  ensemble  of  orientations  of  the  illuminated  element.  Thus, 
for  example,  the  average  spherical  illumination  at  a  point  P  of  the  light 
field  may  be  defined  as  the  average  illumination  of  the  outer  surface 
of  a  sphere  of  infinitesimal  radius  with  its  center  at  P.  Let  us  denote 
by  dF  the  luminous  flux  incident  on  an  element  of  spherical  surface, 

da  —  r*  du 

where  r  is  the  radiu.s  of  the  sphere  and  du  is  the  solid  angle  defined 
by  the  ixnnt  P  and  the  element  da.  If  E  in  the  illumination  of  this 
element, 

dF  =  E  da  =  r*  E  du 

and  the  flux  incident  on  the  entire  surface  of  the  sphere  is 

I 

F  r'  f  Edu  (33) 

♦  •'(4.) 

Therefore  the  average  illumination  of  the  surface  is  equal  to  Ei,  . 

This  proof  may  be  generalized  by  stating  that  the  average  illumina¬ 
tion  at  a  point  P  in  the  light  field,  and  within  the  boundaries  of  a  definite 
solid  angle,  is  the  same  as  the  average  illumination  of  a  part  cut  out 
by  this  solid  angle  from  a  sphere  of  infinitesimal  radius  with  center  at  P. 
Thus  we  may  introduce  into  illuminating  engineering  a  new  quantity, 
namely,  the  average  hemispherical  illumination,  which  was  invented 
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by  the  author  to  parallel  the  concept  of  the  average  spherical  illu¬ 
mination.”  As  indicated  by  its  name,  this  quantity  represents  the 
average  of  the  values  at  the  given  point  for  an  element,  the  normal  to 
which  assumes  all  possible  directions  within  the  solid  angle  2t.  Thus 
the  average  hemispherical  illumination  is  the  limit  of  the  average  out¬ 
side  illumination  6n  a  hemisphere,  with  its  center  at  the  point  P,  when 
the  radius  approaches  zero.  It  is  obvious  that  the  average  spherical 
illumination  depends  only  on'the  position  of  the  point  in  the  light  field, 
whereas  the  average  hemispherical  illumination  is  also  a  function  of  the 
direction  of  the  normal  to  the  base  plane  of  the  hemisphere.  Usually, 
however,  the  average  illumination  of  the  upper  hemisphere  with  hori¬ 
zontal  plane  base  is  used. 

When  the  illumination-distribution  solid  is  known,  the  average 
values  of  the  illumination  within  a  given  solid  angle  may  be  found  by 
computation.  For  example,  when  the  illumination-distribution  solid 
possesses  axial  symmetry,  it  is  completely  described  by  the  illumination- 
distribution  curve  obtained  by  a  meridional  section  of  it.  The  illu¬ 
mination  at  a  given  point  depends  only  on  the  angle  4>  between  the 
normal  of  the  illuminated  element  and  the  axis  of  symmetry.  When 
the  equation  of  the  curve  of  di.stribution  ol  E  =  is  given  in  polar 
coordinates,  the  average  spherical  illumination  may  be  defined  as 

F4,  =  ^  ^  E{4>)  sin  0  d4>  (34) 

For  a  symmetrical  source,  the  average  spherical  intensity  is  obtained 
from  the  intensities  in  different  directions  by  a  similar  formula.  Ana¬ 
lytical  and  graphical  methods  may  be  used  to  evaluate  the  integral, 
as  in  the  computation  of  total  flux  from  a  Rousseau  diagram. 

2.  Methods  of  Measurement 

Instruments  may  be  built  for  the  direct  determination  of  average 
illumination  at  a  given  point.  For  this  purpose  one  may  use  a  receptor 
of  radiant  energy  which  has  a  light-sensitive  surface  in  the  shape  of  a 
sphere  or  a  hemisphere.  A  barrier-layer  photocell  of  spherical  shape 
suggests  itself.  The  realization  of  such  a  photoelement,  possessing 
absolutely  uniform  prop>erties  over  its  entire  surface,  is  difficult;  but 
one  may  use  a  polyhedron  as  is  sometimes  done  in  constructing  ap¬ 
paratus  for  the  measurement  of  luminous  flux.  This  polyhedron  may 

**  A.  Gersbun,  Characteristics  of  Conditions  of  Illumination,  Trans.  Optical 
Institute,  Leningrad,  6,  No.  69,  1931. 
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consist' of  similar,  plane,  barrier-layer  cells.  Such  a  quasi-spherical 
photoelement  has  been  constructed  by  the  research  laboratory  of 
Tungsram  Company.**  It  consists  of  twelve  selenium  cells  which  form 
a  regular  icosahedron.  The  elements  are  connected  in  parallel,  and  the 
indication  of  the  associated  electrical  instrument  is  proportional  to  the 
sum  of  the  photoelectric  currents  produced  by  the  individual  cells. 

Apparatus  for  measurement  of  average  spherical  and  hemispherical 
illumination  may  be  constructed  by  using  a  somewhat  different  prin¬ 
ciple.  Let  us  place  in  the  light  field  a  small  hollow  sphere  made  of  a 
diffusing  material  which  follows  Lambert’s  law  for  transmitted  light 
as  well  as  for  reflected  light.  The  illumination  of  the  inner  surface 
of  the  diffusing  envelope  will  be  uniform  over  the  entire  surface,  and 
this  illumination  will  differ  only  by  a  constant  factor  from  the  average 
illumination  of  the  outer  surface  of  the  sphere.  The  first  statement 
follows  directly  from  the  known  photometric  property  of  the  sphere. 
To  prove  the  second  statement,  let  us  determine  the  illumination  Ein 
of  the  inner  surface  of  the  sphere.  Let  r  and  p  be  the  transmission 
factor  and  reflection  factor  of  the  spherical  shell,  and  let «  be  the  surface 
area  of  the  entire  sphere.  Denoting  by  the  average  spherical 
illumination  at  a  given  point,  we  have  a  flux 

F  =  Ei,  8 

on  the  outside  of  the  sphere.  Part  of  this  flux 

tF  =  rEit  8 

enters  the  sphere  and  is  distributed  over  the  entire  inner  surface.  Mul¬ 
tiple  reflections  must  be  considered,  but  the  balance  for  the  fluxes  is 
given  by  the  expression 

=  TEir8  +  pEin8 

.  .  (35) 

on  inner  surface  from  outside  reflected  from  within 

Thus, 

Ein  =  E4,  (36) 

1  -  p 

Therefore  the  illumination  within  differs  only  by  a  constant  factor 
from  the  average  illumination  on  the  outside  of  the  sphere.  Knowing 
this  factor,  and  having  measured  the  illumination  at  any  point  of 

Uber  eine  Sperrschichtphotozelle  zur  Messung  der  Raumhelligkeit.  (Mit- 
teilung  SUB  dem  Tungsram-Forschungslaboratorium).  Das  Licht,  4, 1934,  p.  155. 


J 


THE  LIGHT  FIELD 


81 


the  inner  surface  of  the  sphere,  we  may  determine  the  value  of  average 
spherical  illumination.  If  absorption  of  light  is  neglected, 

Ein  =  Ei,  (36a) 

Thus  in  the  determination  of  average  spherical  illumination  one  may 
use  a  diffusing  sphere  as  has  been  done  in  the  measurement  of  average 
spherical  candlepower;  but  in  the  former  case  one  measures  the  light 
transmitted  through  the  sphere  rather  than  the  light  reflected  from  it. 
.4  number  of  simple  photometric  devices  can  be  used  for  the  measure¬ 
ment  of  average  spherical  illumination,  or  more  exactly  speaking,  of 
space-illumination,  which  differs  from  the  former  by  a  constant  factor 
and  which  will  be  discussed  later.  The  diffusing  shell  of  the  sphere  is 
made  of  opal  glass.  One  should  remember,  however,  that  opal  glass  is 
not  the  ideal  diffusing  material  of  which  the  foregoing  imaginary  sphere 
was  made.  Opal  glass  does  not  follow  Lambert’s  law,  and  possesses  also 
selective  properties.  Moreover,  any  arrangement  for  the  measurement 
of  illumination  within  the  sphere  necessarily  blocks  off  part  of  the  total 
surface.  AH  these  factors,  together  with  the  finite  dimensions  of  the 
sphere,  impose  a  limit  on  the  possible  accuracy  of  the  measurement  of 
average  spherical  illumination. 

For  measurement  of  illumination  on  the  inner  surface  of  the  sphere, 
one  may  use  objective  methods  as  well  as  visual  methods.  For  objective 
measurements  one  uses  a  receptor  (photoelement,  photographic  plate), 
the  light-sensitive  surface  of  which  constitutes  a  small  part  of  the  inner 
surface  of  the  spherical  probe.  A  simple  photometer  containing  a 
barrier-layer  photocell  has  been  constructed  on  this  principle  by  Lange.'* 

Arrangements  for  measuring  average  spherical  illumination  may  be 
combined  with  any  visual  photometer*  used  in  measuring  brightness. 
The  neck  of  a  spherical  flask  made  of  opal  glass  (the  author  used  en¬ 
velopes  of  low-wattage  opal-glass  lamps)  is  attached  to  a  metal  tube 
(Fig.  12)  which  leads  to  the  photometric  screen.  The  end  of  the  tube 
that  terminates  at  the  spherical  surface  is  closed  by  a  piece  of  opal  glass. 
On  this  opal  glass  window  falls  only  the  light  diffusing  from  the  flask. 

**  B.  Lange,  tlber  die  Photometrische  Anwendbarkeit  der  Halbleiterphoto- 
zellen.  Zs.  ftlr  Instrumentenkunde,  SS,  1933,  p.  380. 

*  Laboratory  photometers,  as  well  as  most  illumination  meters,  such  as  the 
one  designed  by  the  State  Optical  Institute  and  used  extensively  in  the  U.  S.  S.  R. 
Attachments  for  use  in  measuring  space  illumination  are  manufactured  by  Franz 
Schmidt  A  Haensch  according  to  the  design  of  Arndt  (Licht  u.  Lampe,  7,  1928, 
p.  247). 
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The  illumination  of  the  glass,  and  therefore  its  brightness,  is  propor¬ 
tional  to  the  average  illumination  of  the  sphere.  When  the  sphere  is 
sufficiently  small,  this  illumination  may  be  assumed  to  be  proportional 
to  the  average  spherical  illumination  at  the  center  of  the  sphere.  In 
this  manner  the  measurement  of  average  spherical  illumination  is 
reduced  to  a  single  measurement  of  brightness. 

The  same  apparatus  may  be  used  not  only  for  the  measurement  of 
Etr  but  also  for  the  measurement  of  such  magnitudes  as  E,, .  For  the 
latter  purpose  one  must  enclose  the  measuring  sphere  in  an  opaque 
hood,  leaving  open  only  part  of  its  surface.  The  whole  inner  surface 
of  the  sphere  will  be  uniformly  illuminated  as  previously,  and  this 
illumination  will  be  proportional  to  the  average  outside  illumination 


^al  Glass  Sphere 


'Opal  Glass  Plate 


Tube  to  Photometer 


of  the  unshielded  part  of  the  mea.suring  sphere.  Several  such  designs 
have  been  made  by  the  author"  in  collaboration  with  V.  A.  Zelenkov 
and  D.  N.  I.Azareff.'  One  of  these  attachments  intended  for  measure¬ 
ment  of  average  hemispherical  illumination  Eu  is  indicated  in  Fig.  13. 
A  hemisphere  of  opal  glass  is  attached  to  a  cylindrical  box,  the  height 
of  which  is  equal  to  the  radius  of  the  hemisphere.  The  box  is  blackened 
inside.  At  the  center  of  the  bottom  of  the  box  there  is  an  orifice  closed 
by  matt  opal-glass  plate.  This  window  represents,  let  us  say,  an 
element  of  the  sphere,  the  other  part  of  which  is  the  light-diffusing 
hemisphere.  The  observer  looks  through  the  tube  and  measures  the 
brightness  of  the  opal-glass  plate.  The  reading  of  the  photometer 
corresponding  to  the  photometric  balance  is  then  multiplied  by  a  con- 
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slant  which  corresponds  to  the  particular  attachment,  and  which  had 
been  previously  determined  by  calibration.  For  the  solution  of  prob¬ 
lems  of  illuminating  engineering  it  may  be  useful  to  introduce  fractional 
magnitudes  such  as  Eun ,  E, ,  E^/t ,  as  was  done  by  D.  N.  Lazareff. 
For  this  purpose  the  opal-glass  hemisphere  is  screened  by  various 
attachments. 

3.  Methods  of  Computing  Space  Illumination 
Let  us  consider  now  in  greater  detail  the  newly  introduced  funda¬ 
mental  magnitude  called  the  average  spherical  illumination.  One  can 
give  the  following  interesting  dehnition  of  this  magnitude  from  which 
will  follow  directly  the  method  of  its  computation  if  the  brightness- 


Fio.  13 


distribution  solid  is  known.  Let  us  subdivide  the  entirety  of  all  rays 
passing  through  a  given  point  into  a  set  of  elementary  solid  angles  du. 
Let  us  denote  by  dZ)»  the  normal  illumination*  produced  by  the  rays 
that  are  contained  within  du.  The  part  of  the  flux  received  by  the 
outer  surface  of  a  small  sphere  of  radius  r  is 

rr'dEn 

The  entire  flux  received  by  the  sphere  from  all  directions  of  space  is 

F  =  tt'  [  dEn  (37) 

*  [By  ‘‘normal  illumination”  is  meant  the  value  of  illumination  when  the 
light  rays  are  perpendicular  to  the  illuminated  surface.]  Trans. 
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The  average  spherical  illumination  for  the  point  in  question  is 

=  4^.  - 

In  this  manner  the  average  spherical  illumination  may  be  defined  as  a 
quarter  of  the  sum  of  all  elementary  normal  illuminations. 

When  the  illumination  is  produced  by  a  set  of  point  sources, 

E.  =  i  (39) 

where  I  is  the  intensity  of  the  source  in  the  direction  considered,  r  is  the 
distance  from  the  point  to  the  source,  and  En  is  the  normal  illumination* 
produced  by  each  of  the  sources  separately.  The  average  spherical 
illumination  is 

£^4,  =  i  E  En  (40) 

In  general  we  have,  according  to  our  definition  of  brightness, 

dEn  =  Bdw  (41) 

and  therefore, 

E4r  =  jf  Bico  (42) 

4  J(4») 

where  B  is  the  brightness  in  the  direction  of  the  elementary  solid  angle 
du.  It  is  customary  to  use  the  name  space  illumination'*  for  the 
quantity 

=  4^:4,  =  f  dEn=  f  Bdu>  (43) 

J(iw)  J(4») 

Equation  (43)  allows  us  to  determine  the  value  of  average  spherical 
illumination  when  the  brightness-distribution  solid  is  known.  The 
average  hemispheri6al  illumination  Eu  is 

Eu  =  E„  -I-  ~  (44) 

as  has  been  shown  by  the  author. 

**  Introduced  by  Leonhard  Weber,  Die  Albedo  des  Luftplanktons.  Ann.  d. 
Phys.,  61,  1916,  p.  427.  [The  concept  does  not  seem  to  have  been  used  in  the 
United  States  and  no  English  name  has  been  established  for  it.  Russian,  pro- 
Btraiutvennaya  otveihckennoBt;  German,  Raumbeleuchlung;  French,  tclairemenl 
Bpatial.]  Trans. 
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Eu  is  the  average  spherical  illumination,  while  and  El  are  the  values 
of  illumination  of  the  two  sides  of  the  base  of  the  hemisphere.  If  the 
upper  hemisphere  is  considered,  these  values  re/er  to  the  horizontal 
illumination  from  above  and  from  below. 


4.  Space  Density  of  Light* 

Because  light  is  propagated  with  a  finite  velocity,  we  find  in  each 
volume  of  the  light  field  at  any  instant  of  time  a  definite  quantity  of 
energy  and  a  definite  number  of  light  particles  or  photons.  Therefore 
one  may  introduce  a  concept  of  volume  density  of  radiation,  as  was  done 
by  Planck.  Let  us  define  the  limit  of  the  ratio  of  the  quantity  of  light 
to  the  volume  containing  it,  as  this  volume  approaches  zero,  as  the 
space  density  of  light  at  the  point  in  question.  The  space  density  of 
light  differs  from  the  space  illumination  only  by  a  constant  factor,  a 


constant  of  the  medium,  the  medium  being  assumed  to  be  isotropic.” 
Let  us  compute  u,  the  space  density  of  light,  at  the  point  P  of  the  light 
field  (Fig.  14).  We  assume  for  a  moment  that  the  light  is  removed 
from  all  the  space  with  the  exception  of  the  elementary  volume  dv 
containing  the  point  P;  then  we  compute  the  energy  which  flows  out 
of  this  volume  through  its  surface  s.” 

The  luminous  flux  through  the  element  of  the  surface  ds  in  the  direc- 


•  [“Light  energy”  in  the  original.  We  are  using  the  word  "light”  to  mean 
radiant  energy  evaluated  with  respect  to  the  standard  visibility  function.  We  use  the 
photometric  rather  than  the  radiometric  name  in  accordance  with  the  policy 
stated  in  Chap.  1 1.  Throughout  his  book.  Professor  Gershun  wishes  to  emphasize 
the  intimate  connection  between  illuminating  engineering  and  radiation  engi¬ 
neering  and  the  fact  that  the  same  principles  (conservation  of  energy,  etc.) 
can  be  applied  in  both  fields.]  Trans. 

“  A.  F.  Joffe,  Thermodynamics  of  Radiant  Energy.  Chapter  5  of  the  Treatise 
on  Physics  by  O.  D.  Chwolson.  (In  Russian.) 
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tions  contained  within  an  elementary  cone  du,  the  axis  of  which  makes 
an  angle  B  with  a  normal  n  to  the  element  da,  is  equal  to 

B  cos  B  da  du 


This  light  will  flow  during  the  time  l/c,  where  I  is  the  distance  along  the 
light  ray  from  the  element  da  to  the  opposite  wall  of  the  volume  dv, 
and  c  is  the  velocity  of  propagation.  Thus  the  beam  will  carry  through 
da  the  light  equal  to 

—  cos  B  da  du 
c 


The  quantity  Icoa  B  da  represents  the  shaded  element  of  volume  shown 
in  the  figure.  Integrating  over  the  entire  surface,  we  obtain  the  quan¬ 
tity  of  light  that  has  emerged  from  dv  in  directions  contained  within 
du,  or 

Bdudv 

c 

Integrating  once  more  over  u  within  the  limits  of  the  solid  angle  4r, 
we  obtain  the  quantity  of  light  contained  in  the  volume  dv,  or 

dQ  =-  f  Bdu  (45) 

C  J(4») 

Thus  the  space  density  of  light  is 


dv  c  J(4,)  c 


(46) 


which  differs  by  a  constant  factor  from  the  space  illumination.  In  the 
accepted  system  of  units  of  illumination  engineering,  the  space  density 
of  light  is  measured  in  lumen  aec  cm~*. 

5.  The  Concept  of  Space  Illtunination 

As  has  been  shown,  the  average  spherical  illumination  Ei,  ,  the  space 
illumination  Eo ,  and  the  space  density  of  light  u  are  equivalent  con¬ 
cepts,  and  inasmuch  as 


Eo  =  4E4„  —  cu  (47) 

one  need  consider  only  one  of  these  quantities.  The  space  density  of 
light  is  not  a  convenient  quantity  to  deal  with  in  engineering,  one  of 
the  reasons  being  that  its  values  are  expressed  by  very  small  numbers 
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in  the  accepted  system  of  units  and  the  concept  is  not  easily  visualized 
by  an  engineer,  who  customarily  deals  with  power  and  with  lu¬ 
minous  flux. 

The  average  spherical  illununation  is  expressed  in  units  of  illumina¬ 
tion,  the  same  units  being  used  also  for  space  illumination.  According 
to  Arndt  the  unit  of  space  illumination  should  be  called  “Raumlux” 
to  distinguish  it  from  the  ordinary  lux.  To  obtain  the  number  of 
“space  lux”  at  a  point,  one  must  add  the  values  of  normal  illumination 
(expressed  in  lux)  which  are  caused  by  all  the  light  sources.  Space 
illumination  represents  a  fundamental  quantity  characterizing  the  light 
field  at  a  point,  and  this  concept  must  find  a  wide  application  in  illu¬ 
minating  engineering  practice.  Space  illumination  characterizes  the 
general  “density  of  light”  at  a  given  point  in  a  room,  independent  of 
the  direction  from  which  the  light  is  coming;  in  other  words,  it  charac¬ 
terizes  the  average  of  all  values  of  brightness  taken  in  all  directions 
from  the  point  in  question.  Indeed,  the  average  spherical  brightness 
Bt,  is  defined  as 

B«.  =  (48) 

4t  J(iw)  4t 

Thus  space  illumination  defines  the  average  level  of  brightness  seen 
from  the  point  in  question.  The  value  of  space  illumination  at  each 
point  in  a  room  lighted  by  luminaires  that  throw  the  light  in  com¬ 
paratively  narrow  beams  is  conveniently  divided  into  two  parts — the 
first  produced  by  direct  light  from  the  luminaires,  and  the  second 
produced  by  light  reflected  from  surfaces  in  the  room.  The  ratio  of 
these  two  parts  characterizes  approximately  the  degree  of  direct  lighting 
and  the  depth  of  the  shadows.  The  value  of  the  second  part  gives  the 
average  level  of  brightness  of  the  enclosing  surfaces  and  of  the  surfaces 
of  objects  contained  within  the  room.  Thus  it  determines  the  adapta¬ 
tion  level  of  the  eye  and  defines  the  visual  evaluation  of  all  brightness. 
The  actual  evaluation  of  the  adequacy  and  uniformity  of  lighting  as  it 
appears  to  the  eye  does  not  correspond  to  the  evaluation  of  lighting 
based  on  the  illumination  distribution  on  a  fictitious  working  surface, 
but  is  more  closely  characterized  by  the  space  illumination. 

The  transition  from  standardization  according  to  horizontal  illu¬ 
mination  to  standardization  according  to  space  illumination  is  com¬ 
pletely  analogous  to  the  change  from  candlepower  rating  to  lumen 
rating — a  change  that  is  universally  accepted  in  the  specification  of 
lamps.  The  transition  to  space  illumination  is  desirable  in  the  natural 
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lighting  of  buildings.  At  the  present  time  the  adequacy  of  natural 
lighting  is  judged  by  the  ‘‘coefficient  of  natural  lighting,”  which  is  equal 
to  the  ratio  of  horicontal  illumination  within  the  room  to  the  corre¬ 
sponding  value  of  outside  illumination.  Such  a  choice  of  horizontal 
illumination  as  a  measure  produces  an  unjustifiable  discrepancy  in  the 
comparison  of  lighting  from  windows  and  from  luminaires.  Much 
larger  values  are  obtained  for  coefficients  of  lighting  in  the  case  of 
lighting  from  above,  than  in  the  case  of  lighting  from  the  side.  This 
is  due  to  the  fact  that  these  coefficients  are  arbitrarily  taken  relative 
to  the  horizontal  plane.  The  side  light  from  the  windows  falls  on  the 
horizontal  surfaces  at  large  angles  of  incidence  and  thus  produces  low 
values  of  illumination,  though  it  may  well  fill  the  entire  room  with 
light.  This  consideration  suggests  the  desirability  of  using  the  concept 
of  space  illumination  for  the  specification  of  daylighting,  as  has  been 
pointed  out  in  a  number  of  foreign  articles.*  One  must  note  especially 
the  articles  of  Arndt,  which  are  summarized  in  his  book,  RaumbeUucht- 
ungstechnik. 

Space  illumination  is  an  average  of  the  values  of  illumination  for  all 
possible  orientations  of  the  illuminated  surface.  One  usually  looks 
upon  objects  from  above,  however,  and  thus  it  seems  reasonable  in 
many  cases  to  judge  the  illumination  by  the  value  of  the  upper  hemi¬ 
spherical  illumination.  In  the  choice  of  the  characteristics  of  illumina¬ 
tion  one  also  has  to  consider  the  micro-relief  of  the  surface  in  question, 
together  with  its  macro-orientation  and  the  space  orientation  of  sepa- 

*  Wilhelm  Arndt,  Raumhelligkeit  aU  neuer  GrundbegrifT  der  Beleuchtungs- 
tecbnik.  Licht  u.  Lampe,  1928,  No.  7,  p.  247. 

Wilhelm  Arndt,  Beleuchtungsst&rke  oder  Raumhelligkeit.  Licht  u.  Lampe, 
1928,  No.  23,  p.  833. 

Wilhelm  Arndt,  Neue  Grundzdge  der  Beleuchtungstechnik.  Licht  u.  Lampe, 
1930,  No.  10,  p.  537. 

Wilhelm  Arndt,  den  Stand  der  Arbeiten,  Beleuchtung  r&umlich  su  be- 
werfen.  I.  I.  C.  Proc.,  1931,  p.  197. 

Wilhelm  Arndt,  Raumbeleuchtungstechnik,  Berlin,  1931. 

*  A.  Drealer  and  W.  Arndt,  Beleuchtungawertung  mit  Hilfe  der  Raumhellig¬ 
keit.  Licht  u.  Lampe,  1930,  No.  20,  p.  997;  No.  22,  p.  1092;  No.  23,  p.  1142. 

A.  Drealer,  Entwurf  und  Beurteilung  von  Beleuchtungaanlagen  auf  rftumlicher 
Grundlage.  Diaaertation,  Tech.  Hochachule,  Berlin,  1930. 

H.  Hellmann,  Die  Bewertung  von  Beleuchtungaanlagen  auf  meaatechniacher 
Grundlage.  Diaaertation,  Berlin,  1930. 

Jean  Dourgnon,  Definition  et  calcul  dea  grandeura  caracteriatiquea  de  I’edair- 
age  d’un  eapace  cloa.  R.  G.  E.,  S8,  1933,  p.  579. 
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rate  elements  forming  its  structure.'*  In  evaluating  the  illumination  of 
an  aeroplane  landing  field  covered  with  grass,  for  instance,  one  must 
consider  not  only  the  horizontal  illumination  of  the  earth  but  also  the 
vertical  illumination  of  the  blades  of  grass. 

G«rahun  and  LaiareiT,  Light  Engineering  (Russian  periodical),  No.  4,  1935, 


CHAPTER  IV 


The  Light  Vector 

1.  Proof  of  Existence 

The  luminous  flux  through  a  surface  may  be  considered  as  the  flux 
of  a  vector  point-function,  the  projection  of  this  vector  on  a  given 
direction  being  proportional  to  the  difference  in  illumination  of  the  two 
sides  of  a  plane  element  which  is  normal  to  that  direction. 

Let  us  consider  a  light  field  in  an  arbitrary  medium.  This  medium 
may  diffuse  the  light  that  is  passing  through  it,  or  it  may  emit  and 
absorb  light.  Enclose  a  point  of  the  light  field  by  a  small  surface. 
Reduction  in  the  size  of  the  surface  reduces  the  enclosed  volume;  and 
if  the  surface  remains  geometrically  similar  to  its  previous  shape,  then 
the  luminous  flux  through  the  surface  will  decrease  in  proportion  to  the 
area  of  the  surface.  But  the  radiation  absorbed  or  emitted  within  this 
surface  will  decrease  much  more  rapidly,  i.e.  in  proportion  to  the 
volume  enclosed  by  the  surface.  When  the  linear  dimensions  are  de¬ 
creased  to  1/n,  the  surface  will  decrease  to  1/n*  and  the  volume  to 
1/n*.  Thus  a  sufficiently  small  volume  can  always  be  found  to  justify 
the  assumption  that  all  the  flux  entering  the  region  is  leaving  the  region. 

The  proof  of  the  existence  of  a  vector  point-function  defining  the 
flux  of  radiant  energy  is  completely  analogous  to  the  proof  used  in  the 
analytic  theory  of  heat.’’^  The  method  was  applied  to  photometry  by 
Boldyreff.**  Consider  a  point  P  with  coordinates  x,  y,  z,  measured 
with  respect  to  a  rectangular  system  of  coordinates  X,  Y,  Z,  (Fig.  15). 
Form  the  elementary  tetrahedron  having  three  planes  meeting  at  the 
point  P,  these  planes  being  parallel  to  the  planes  formed  by  the  coordi¬ 
nate  axes.  The  distances  dx,  dy,  dz,  are  assumed  to  be  sufilciently 
small  so  that  the  illumination  is  uniform  over  any  one  of  the  four  sides 
of  the  tetrahedron.  We  assume  also  that  absorption  and  emission  of 
light  within  the  elementary  volume  may  be  neglecteil. 


G.  KirchhofT,  Vorlesungen  Uber  die  Theorie  der  W&rme.  Leipsig,  1894. 

I.  Boussinesq,  Theorie  anslytique  de  la  chaleur.  Paris,  1901,  (Vol.  I,  |}61-54). 
H.  Helmholtz,  Vorlesungen  Qber  die  Theorie  der  W&rme.  Leipzig,  1903  (Vol.  6, 
Part  2,  Chapter  I). 

'*  N.  Q.  Boldyreff,  The  Light  Field  in  Diffusing  Media.  Trans.  Optical  Insti¬ 
tute,  Leningrad,  6,  No.  69,  1931. 
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Let  us  denote  by  E, ,  Ey ,  E, ,  the  illumination  of  the  three  sides  that 
meet  at  the  point  P.  The  illumination  of  the  fourth  side  is  En  ,  where 
n  denotes  the  normal  to  that  side.  To  distinguish  between  the  two 
sides  of  each  of  the  four  surfaces,  we  shall  add  an  index  plus  when 
we  consider  the  side  of  the  surface  that  is  seen  from  the  origin  of  coor¬ 
dinates,  and  an  index  minus  for  the  opposite  case.  Thus  the  illumina¬ 
tion  of  the  sides  of  the  tetrahedron  from  outside  will  be  E^y ,  E+y , 
E+i ,  E-n .  Correspondingly,  we  shall  denote  by  E-, ,  E-y ,  E-, , 
E+y  ,  the  illuminations  from  within.  I^et  us  compute  the  fluxes  entering 
and  leaving  the  tetrahedron.  If  da,  ,  day ,  da, ,  dan  are  the  areas  of  the 
four  sides,  the  entering  flux  is 

dF,nt  =  E+xday  -}-  E+yday  -|-  E+,da,  -f-  E-n  dan  (49) 

2 


and  the  flux  that  leaves  is 

dFunn,  =  E-y  day  +  E-y  day  -f-  E-,  da,  -|-  E+n  dan  (50) 
According  to  our  assumptions,  dF,ni  equals  dFi,n„  .  Therefore, 

(■£+«  —  F—n)  dan  —  {E+y  —  E-y)  day  -f-  {E+y  —  E—y)  day 

(51) 

-I-  (E^,  -  E-y)  da, . 

This  equation  states  that  the  luminous  flux  through  an  arbitrarily 
oriented  element  of  surface  is  equal  to  the  algebraic  sum  of  the  fluxes 
through  the  projection  of  this  element  on  three  planes  which  are  per¬ 
pendicular  to  each  other  and  which  pass  through  the  point  in  question. 
The  orientation  of  these  planes  is  arbitrary.  The  flux  through  a  surface 
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is  defined,  as  usual,  by  the  difference  of  fluxes  on  the  two  sides  of  the 
surface.  Dividing  Equation  (51)  by  dcn  and  introducing  the  ex¬ 
pression  for  the  cosines  of  the  angles  between  the  normal  n  and  the 
coordinate  axes,  we  obtain 


{E+n  -I-  =  (E+,  —  E-x)  cos  (n,  x)  -f  (E+,  —  cos  (n,  y) 

(62) 

+  (J?+f  -  E-,)  cos  (n,  z)  •  • .  . 


Denoting  the  flux  density  through  the  surface  (the  difference  of  illu¬ 
mination)  by  D,  we  may  write 


Thus 


D  ^  E+  —  E^. 


Dn  —  Dx  cos  (n,  x)  +  Dy  cos  (n,  y)  +  D,  cos  (n,  z).  (63) 


The  difference  of  illumination  represents  the  projection  of  a  vector. 
Let  us  mark  off  from  P,  along  the  directions  of  the  coordinate  axes, 
distances  D. ,  Dy ,  D, ,  and  let  us  construct  upon  these  three  a  parallel- 
opiped.  The  diagonal  may  be  considered  formally  as  a  vector.  Let  us 
denote  the  vector  by  D  and  its  numerical  value  by  D. 

The  flux  densities  D, ,  D„ ,  D,  may  be  considered  as  projections  of 
the  vector  D  on  the  coordinate  axes,  or 


Dx  =  D  cos  (D,  x) 

Dy  =  D  cos  (D,  y)  ► 
Dt  =  D  cos  (D,  z) 

where 


(54) 


D  =  VdI  +  Dl  +  D]  (55) 


is  the  absolute  magnitude  of  the  vector, 
vector  are  equal  to  » 


D,  Dy 
D'  D  ’ 


The  direction  cosines  of  the 

D. 

D 


Substituting  these  expressions  for  D« ,  Dy ,  D,  in  Equation  (63),  and 
introducing  the  expression  for  the  cosine  of  the  angle  between  the 
vector  D  and  the  normal  n,  which  is  equal  to 


cos  (D,  n)  =  cos  (D,  x)  cos  (n,  x)  -|-  cos  (D,  y)  cos  (n,  y) 


+  cos  (D,  z)  cos  (n,  z)  •  •  • 


(56) 
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we  obtain  the  following  fundamental  relationship: 

Dn  =  D  cos  (D,  n)  (57) 

which  is  independent  of  the  choice  of  coordinate  axes. 

Inasmuch  as  the  normal  n  has  been  chosen  arbitrarily,  we  may  state 
the  following:  At  each  point  P  of  the  light  field  there  is  a  vector,  which  is 
independent  of  the  choice  of  coordinate  axes,  and  which  possesses  the 
property  that  its  projection  upon  any  direction  is  numerically  equal  to  the 
difference  of  illumination  of  the  two  sides  of  a  plane  element  placed  at  P 
and  normal  to  that  direction.  This  vector  and  the  space-illumination 
function  represent  fundamental  functions  of  position  in  the  light  field. 
The  space  illumination  is  a  scalar  point  function,  while  the  vector  is  a 
vector  point  function.  We  shall  call  this  vector  the  light  vector. 

The  greatest  difference  of  illumination  of  the  two  sides  of  an  element 
at  a  given  point  is  obtained  when  the  element  is  perpendicular  to  the 
vector.  This  ix)8ition  correspwnds  to  the  maximum  transfer  of  energy. 
When  the  illuminated  element  is  placed  in  the  plane  of  the  vector,  it  is 
equally  illuminated  on  both  sides  and  the  difference  of  illumination  is 
zero.  There  is  no  transfer  of  energy  and  dynamic  equilibrium  obtains. 
At  each  point  of  the  light  field  the  illuminated  element  may  be  rotated 
about  an  arbitrary  axis  so  as  to  obtain  equal  illuminations  on  the  two 
sides.  That  is,  the  element  will  determine  the  plane  of  the  light  vector. 

*  Photometric  equilibrium  will  not  be  destroyed  if  the  element  in  such  a 
position  is  rotated  about  an  axis  which  coincides  with  the  direction  of 
the  light  vector. 

2.  Properties  of  the  Light  Vector 

liCt  us  consider  a  geometrical  surface  s  in  the  light  field  (Fig.  16). 
By  a  geometrical  surface  is  meant  a  surface  that  possesses  no  physical 
properties,  and  which  therefore  does  not  affect  the  light  field.  As  a 
rule  the  surface  s  will  be  illuminated  from  both  sides.  We  shall  denote 
the  two  sides  by  subscripts  1  and  2.  The  illuminations  of  the  two  sides 
of  an  element  ds  are  Ei  and  Es ,  and  the  light  vector  for  the  element 
d«  is  D.  The  angle  between  D  and  n  (the  sense  of  the  normal  is  indi¬ 
cated  in  Fig.  16  by  an  arrow)  is  denoted  by  d.  Then 

El  —  Ei  D  cos  6.  (58) 

Multiplying  the  left  and  the  right  sides  of  this  equation  by  ds,  we 
obtain 


Elds  —  Eids  =  D  cos  Bds. 


(59) 
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The  expression  on  the  left  side  of  the  equation  represents  the  difference 
of  the  flux 


on  the  other  side.  Denoting  this  quantity  by  dF,  we  shall  call  it  the 
luminous  flux  through  the  element  ds. 

Consider  now  the  right  side  of  Equation  (59),  representing  the  flux 
of  the  vector  D  through  the  surface  element  da.  Introducing  the  con¬ 
cept  of  a  vectorial  element  of  surface  ds,  which  is  equal  in  magnitude 
to  ds,  and  which  is  directed  in  the  direction  of  the  normal  n, 


Integrating  this  expression  over  the  entire  surface  8, 


In  the  terminologjr  of  vector  analysis  the  luminous  flux  through  the 
surface  is  equal  to  the  flux  of  the  light  vector  through  that  surface.'* 

This  theorem  may  be  considered  as  the  fundamental  definition  of 
the  light  vector.  The  existence  in  the  light  field  of  a  vector  point- 
function,  the  integral  of  which  over  a  surface  represents  the  quantity 
of  energy  passing  through  the  surface,  must  be  considered  as  the  initial 
and  most  fundamental  theorem  of  theoretical  photometry.  But  today 
it  is  still  not  universally  accepted — a  state  of  affairs  that  may  astonish 

**  A.  Gershun,  The  Light  Field  Resulting  from  Luminous  Surfaces  of  Uniform 
and  Non-uniform  Brightness.  Trans.  Opt.  Inst.,  Leningrad,  4,  No.  38,  1928. 
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a  physicist  who  is  not  acquainted  with  the  literature  on  photometry. 
We  may  recall  that  in  his  study  of  the  electromagnetic  field  of  an  ele¬ 
mentary  vibrator,  Poynting  showed  in  1886  that  the  increase  of  energy 
in  an  arbitrary  volume  is  measured  by  the  flux  of  a  vector  through  the 
surface  enclosing  this  volume.  The  light  vector,  introduced  in  the 
present  treatise,  may  be  considered  as  a  macroscopic  average  (in  space 
and  in  time)  of  the  values  of  the  Po3mting  vector.  Obviously  the  light 
vector  characterizes  the  magnitude  and  direction  of  the  light  pressure 
on  a  small  spherical  body  placed  at  the  p>oint  in  question. 

The  light  vector  has  been  defined  above  as  a  vector,  the  projection 
of  which  upon  a  given  direction  is  equal  to  the  difference  of  illumination 
of  the  two  sides  of  an  element  that  is  normal  to  that  direction.  In 
other  words,  the  projection  of  the  light  vector  determines  the  flux 
density,  which  characterizes  the  energy  balance  and  which  is  of  great 
importance  in  the  theory  of  the  physical  field.  However,  the  illu¬ 
minating  engineer  is  not  interested  in  energy  flow  through  imaginary 
apertures  but  in  the  illumination  of  real  bodies,  especially  in  the  illu¬ 
mination  of  their  outer  surfaces.  From  this  standpoint,  the  engineer 
may  doubt  the  soundness  of  introducing  the  new  concept  of  the  light 
vector.  The  author  hopes  that  if  the  reader  has  a  similar  prejudice  it 
will  disappear  as  a  result  of  the  study  of  this  book.  Before  we  take 
up  the  matter  of  photometric  computation,  let  us  illustrate  several 
applications  of  the  vector  method  to  show  its  usefulness  in  illuminating 
engineering. 

As  the  first  example  let  us  consider  the  following  problem.  Two 
point  sources  of  light  of  intensity  h  and  /*  are  at  distances  n  and  r* 
from  a  point  P  (Fig.  17).  What  is  the  maximum  value  of  the  illu¬ 
mination  at  P,  and  how  should  the  illuminated  element  be  placed  to 
obtain  on  it  the  maximum  illumination?  Without  the  concept  of  the 
light  vector  we  should  have  to  derive  an  expression  for  the  illumination 
of  the  element  (arbitrarily  oriented)  due  to  each  of  the  sources,  to 
write  an  expression  for  the  sum  of  two  such  effects,  and  to  find  by 
means  of  differential  calculus  the  position  of  the  element,  for  which  its 
total  illumination  has  a  maximum  value.  All  this  is  not  very  diflUcult, 
but  that  it  is  sufficiently  involved  is  indicated  by  the  absence  of  the 
treatment  of  this  problem  (which  seems  to  be  a  fundamental  one)  in 
the  scientific  literature  of  photometry. 

Let  us  solve  the  problem  by  the  vector  method.  We  denote  the  two 
light  vectors  by  Di  and  D* .  Obviously  the  directions  of  these  vectors 
coincide  with  the  directions  of  the  rays  arriving  at  P  from  the  sources. 
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The  absolute  values  of  these  vectors  are 


By  means  of  the  parallelogram  rule  the  resultant  light  vector  D  is 
equal  to 

D  =  D,  +  D, .  (61) 

For  all  orientations  for  which  both  Ii  and  /*  are  on  the  same  side  of 
the  illuminated  element,  the  illumination  of  the  other  side  is  zero;  and 
thus  the  projection  of  the  vector  on  the  normal  to  the  surface  is  equal 


Fig.  17 

to  the  illumination  of  the  surface.  The  illumination  re.sulting  from 
each  of  the  sources  considered  sejiarately  varies  as  the  cosine  of  the 
angle  between  the  vector  Di  or  Dj  and  the  normal  to  the  illuminated 
element.  The  sum  (or  difference,  when  both  sides  are  illuminated) 
varies  as  the  cosine  of  the  angle  between  D  and  n.  The  total  illumina¬ 
tion  has  its  maximum  (which  is  equal  to  the  length  of  the  vector  D) 
when  n  is  collinear  with  D.  Thus  the  problem  is  solved.  Its  solution 
consists  of  the  construction  of  a  parallelogram  and  the  determination 
of  the  length  of  its  diagonal,  which  may  be  performed  either  graphically 
or  analytically.  The  parallelogram  of  iUuminations  may  play  in  pho¬ 
tometry  a  r61e  similar  to  that  played  by  the  parallelogram  of  forces 
in  mechanics. 
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The  distribution  of  total  illumination  in  this  case  is  shown  in  Fig.  8 
by  the  heavy  line.  The  same  figure  shows  the  parallelogram  of  illu¬ 
minations,  but  the  vectors  are  marked  off  in  directions  opp>osite  to 
those  chosen  in  Fig.  17.  The  curve  representing  the  distribution  of 
illumination,  resulting  from  each  of  the  sources  separately,  is  a  circle. 
The  total  illumination  is  represented  again  by  a  circle  (the  heavy  curve, 
with  the  exception  of  the  part  of  it  enclosed  between  ni  and  n*;  this 
latter  part  corresponds  to  those  positions  of  the  illuminated  element 
where  the  sources  are  placed  on  both  sides  of  it).  The  diameter  of  this 
circle  is  obtained  as  the  vector  sum  of  the  diameters  of  the  other  two 
circles. 


As  a  second  example,  we  shall  consider  the  illumination  resulting 
from  large  luminous  surfaces.  Let  us  determine  the  illumination  at 
the  point  P  (Fig.  18);  that  is,  let  us  determine  the  illumination  of  an 
element  s  at  the  point  P,  as  a  function  of  orientation.  The  illumina¬ 
tion  E  of  the  element  s  is  directly  proportional  to  cos  6,  or 

E  —  D  cos  6. 

Thus  the  computation  of  illumination  is  reduced  to  the  computation 
of  the  light  vector.  The  straight  line  OP  may  be  called  the  light  axis, 
and  the  point  O,  where  the  continuation  of  the  vector  intersects  the 
surface  S  of  the' luminous  body,  may  be  called  the  li^ht  center  of  the 
body  S  for  the  point  P.  As  a  rule,  the  position  of  the  light  center 
varies  as  P  moves  in  the  light  field. 

If  the  illuminated  element  s  is  placed  in  such  a  manner  that  its  plane 
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intersects  the  luminous  body  S  and  divides  it  into  two  parts,  Si  and 
Sj,  the  projection  of  the  vector  is  equal  to  the  difference  of  illumination 
of  the  two  sides  of  the  element.  Let  Ei  be  the  illumination  on  side  1 
(which  is  produced  by  Si)  and  let  Et  be  the  illumination  of  side  2 
(produced  by  S*).  Then 

El  —  Ei  =  D  cos  d.  (58) 

This  relationship  does  not  allow  the  evaluation  of  Ei  and  Et ,  though 
it  enables  the  illumination  on  one  side  to  be  determined  ■  when  the 
illumination  of  the  other  side  is  known. 

The  cosine  law  may  be  applied  not  only  when  illumination  is  pro¬ 
duced  by  a  point  source  but  also  when  the  source  is  an  extended  sur¬ 
face,  provided  the  illuminated  surface  is  so  oriented  that  all  of  the 
source  or  sources  are  found  on  one  side  of  it.  Let  us  state  this  im¬ 
portant  theorem  in  the  following  manner:  The  illumination  of  an  ele¬ 
ment  varies  as  the  cosine  of  the  angle  between  its  normal  and  the  normal 
for  which  the  illumination  is  a  maximum.  This  result  is  valid  for  all 
those  orientations  of  the  illuminated  element  for  which  all  the  light  sources 
are  on  one  side  of  it.  From  this  statement  the  eleventh  theorem  of 
Lambert*”  follows  as  a  special  case. 

3.  Measurement  of  the  Light  Vector 

Let  us  consider  methods  of  measuring  the  light  vector.  Suppose  we 
have  a  plane,  two-sided  receptor  of  radiant  energy,  combined  with  an 
instrument  that  allows  us  to  determine  equality  of  illumination  on  the 
two  sides  of  the  receptor.  The  sensitivity  of  the  receptor  must  of 
course  be  the  same  on  both  sides.  Such  an  arrangement  may  be  accom¬ 
plished  by  means  of  a  plane  set  of  thermocouples,  with  junctions  on 
both  sides,  connected  to  a  galvanometer;  or  we  may  use  a  visual 
photometer  and  judge  the  photometric  balance  by  the  disappearance 
of  the  brightness  difference.  Or  we  may  use  an  objective  photometer, 
such  as  a  two-sided  photoelement,  connected  to  a  galvanometer  so  as 
to  read  the  difference  between  the  illuminations  of  the  two  sides  of  the 
photoelement.  These  receptors  may  be  classed  as  the  differential  type, 
since  they  respond  to  the  difference  in  the  illuminations  of  the  two  sides. 

The  apparatus  for  the  determination  of  the  light  vector  must  be 
constructed  in  such  a  manner  that  the  plane  of  its  receptor  may  be 
oriented  arbitrarily  in  space.  Rotating  the  receptor  about  two  axes, 

**  Ostwald’s  Klassiker  d.  exakten  Wisaen.  No.  31,  1892,  p.  53;  No.  33,  p.  84. 
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we  find  two  different  positions  of  the  receptor  plane  (Si  and  St,  Fig.  19), 
for  which  there  is  a  photometric  balance.  The  light  vector  must  be 
contained  in  the  plane  Si  as  well  as  in  the  plane  S],  and  thus  it  is  directed 
along  the  intersection  of  the  two  planes.  The  direction  of  the  vector 
may  be  characterized  by  two  angles  (for  example,  by  the  longitude  and 
the  latitude)  and  provision  to  read  these  angles  must  be  made  in  the 
construction  of  the  apparatus.  Placing  the  plane  of  the  receptor  in  a 
position  s,  which  is  normal  to  the  direction  of  the  light  vector,  and 
determining  the  difference  of  illumination  of  the  two  sides  of  it,  we  find 
the  absolute  magnitude  of  the  vector,  which  we  shall  express  in  units 
of  illumination. 


One  may  also  determine  the  light  vector  indirectly  by  measurement 
of  the  illumination  on  the  two  sides  of  the  element  for  three  different 
orientations  of  the  element;  i.e.,  by  measurement  of  the  components 
of  the  vector  in  the  corresponding  inclined  system  of  coordinates. 
Most  convenient  is  the  choice  of  three  mutually  perpendicular  direc¬ 
tions.  This  may  be  interpreted  as  measurement  of  illumination  on  the 
six  sides  of  a  small  cube,  which  is  placed  at  the  point  in  question. 
When  the  three  components  of  the  vector  are  determined  in  this  way, 
one  knows  the  magnitude  and  the  direction  of  the  vector. 

The  first  apparatus  for  the  determination  of  the  light  vector,  called 
the  Vectoracope,  was  constructed  at  the  Optical  Institute  by  M.  M. 
Gurevitch.  Another  apparatus,  of  simpler  and  improved  type,  was 


loo 


A.  GEtlSHtJK 


constructed  by  V.  A.  Zelenkoff  (Illuminating  Engineering  Laboratory 
of  the  State  Optical  Institute)  at  the  request  of  the  author. 

4.  Computation  of  the  Light  Vector 
We  consider  now  the  methods  of  computation  of  the  light  vector. 
For  a  light  field  produced  by  a  set  of  point  sources,  the  resultant  light 
vector  D  at  a  point  P  is  defined  as  the  sum  of  the  light  vectors  D„ 
of  each  of  the  sources,  or 

D  =  LD- 

Each  of  these  component  vectors  D«  is  directed  along  the  ray  from  the 
source  to  P,  and  its  length  is  equal  to  the  normal  illumination  produced 
by  the  source  in  question.  Let  us  recall  that  the  space  illumination 
Eo  has  been  defined  as 

=  E 

The  space  illumination  is  a  scalar  sum  of  normal  illuminations,  while 
the  light  vector  is  a  vector  sum  of  normal  illuminations.  If  the  light 
field  is  produced  by  luminous  bodies  whose  angular  size  cannot  be 
neglected,  the  light  vector  is  computed  from  the  known  brightness- 
distribution  solid. 

Let  us  subdivide  the  entirety  of  rays  passing  through  a  point  into 
elementary  bundles,  as  was  done  in  Chapter  II.  Let  dEn  be  the  illu¬ 
mination  produced  by  this  elementary  set  of  rays  on  a  plane  perpen¬ 
dicular  to  their  axis.  Introducing  the  vector  dDn  ,  which  is  equal  in 
length  to  dDn  and  which  is  in  the  direction  of  the  propagation  of  light 
along  the  axis  of  the  elementary  cone,  we  obtain 

D  =  f  dDn 
Jl*w) 

where  (4t)  indicate  that  the  integration  is  performed  over  all  direc¬ 
tions  of  space.  Denoting  by  du  the  solid  angle  of  the  elementary  cone, 
we  obtain 

dEn  ^  B  dot. 

Let  us  introduce  a  vector  du,  which  is  equal  in  magnitude  to  the  angle 
(L)  and  which  is  directed  along  the  axis  of  the  elementary  cone.  Using 
this  geometric  concept,  we  obtain 

dDn  ^  B  da 
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and 


D  =  /  (62) 

J(*r) 

Let  us  recall  that  the  space  illumination  is  defined  by  the  relationship 
Eo  =  f  Bdw  (43) 

•'(4#) 

Thus  one  may  state  that  the  space  illumination  represents  a  scalar 
integral  of  brightness,  taken  over  the  solid  angle  4t,  and  that  the  light 
vector  is  a  vector  integral  of  brightness  over  the  same  solid  angle.  These 
two  quantities  are  the  fundamental  functions  of  position  in  the  light 
field. 

5.  The  Light  Vector  and  the  Illumination-distribution  Solid 
Let  us  illustrate  the  relationship  that  exists  between  the  light  vector 
and  the  illumination-distribution  solid.  This  will  also  give  an  answer 
to  the  question,  whether  the  illumination-distribution  solid  may  be  of 
any  arbitrary  shape.  The  flux  density  represents  the  projection  of  the 
light  vector.  From  this  follows  that  the  flux-density  distribution 
solid  (the  entirety  of  radius  vectors  representing  the  differences  of 
illumination  on  the  two  sides  of  an  element  which  is  perpendicular  to 
them)  is  always  a  sphere;  and  the  point  P,  for  which  this  body  was 
constructed,  is  found  on  the  surface  of  the  sphere.  The  diameter  of 
the  sphere  gives  the  direction  and  magnitude  of  the  light  vector.  The 
curve  of  illumination  distribution  always  has  the  property  that  points 
corresponding  to  the  difference  of  oppositely  directed  radius  vectors  are 
found  on  a  circle  passing  through  P.  The  distribution  curve  of  the 
illumination  difference  is  a  circle.  The  largest  radius  vector  of  this 
curve  (the  diameter  of  the  circle)  represents  the  projection  of  the  light 
vector  on  the  plane  which  intersects  the  brightness-distribution  solid. 
In  Fig.  1 1  the  dotted  line  shows  the  illumination-difference  distribution. 
To  construct  the  illumination-distribution  solid  we  must  determine 
the  light  vector  and  one-half  of  the  illumination-distribution  solid; 
i.e.,  that  half  which  is  on  one  side  of  the  plane  of  the  illuminated  ele- 
[  ment.  The  other  half  of  the  illumination-distribution  solid  can  be 
computed,  since  the  differences  of  opposite  radius  vectors  are  known. 

I  Thus  an  arbitrary  iUumincUion-disiribvHon  solid  is  not  always  possible. 

I  The  difference  of  any  two  opposite  radius  vectors  should  always  repre¬ 

sent  the  projection  of  the  light  vector;  i.e.,  it  should  follow  the  cosine 
I 
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law  when  we  move  from  one  direction  to  the  next.  The  validity  of  the 
cosine  law  for  the  differences  of  any  two  opposite  radius  vectors  is 
a  necessary  but  not  a  sufficient  condition  that  a  curve  represent  the 
distribution  of  illumination. 

To  find  the  possible  changes  of  illumination  when  the  orientation  of 
the  element  is  varied,  we  shall  need  the  illumination-distribution  solid. 
The  illumination  of  an  element  is  determined  by  the  brightness  distri¬ 
bution  for  the  rays  passing  through  P.  Let  us  consider  a  set  of  rays 
within  a  solid  angle  du  and  denote  the  normal  illumination  produced 
by  them  by  dE^ .  The  resulting  elementary  illumination-distribution 
solid  is  a  sphere  with  diameter  dEn .  Constructing  an  illumination- 
distribution  solid  for  each  of  the  elementary  solid  angles,  we  obtain 
an  infinite  number  of  infinitesimal  spheres  of  different  diameters  which 
have  different  orientations,  which  pass  through  the  p>oint  P.  The 
radius  vector  of  the  illumination-distribution  solid  is  the  sum  of  simi¬ 
larly  directed  radius  vectors  for  these  elementary  spheres.  The  limiting 
condition  for  the  shape  of  the  iUunUnaiion-dittribution  solid  is  found  in 
that  each  of  the  elementary  solids  is  a  sphere.  This  must  be  the  starting 
condition  for  the  solution  of  the  problem  about  the  possible  shape  of 
the  illumination-distribution  solid.  One  must  consider  that  each  of 
the  elementary  illumination-distribution  solids  (the  small  spheres,  each 
of  which  is  produced  by  a  single  light  ray)  is  found  only  on  one  side 
of  the  point  (on  one  side  from  the  plane,  passing  through  the  point, 
and  normal  to  the  considered  ray).  The  radius  vectors  which  are 
directed  to  the  other  side  of  this  plane  are  equal  to  zero.  The  cosine 
law  may  be  applied  only  to  a  definite  set  of  values  of  the  angle  between  the 
ray  and  the  normal  to  the  illuminated  element',  for  other  values  of  this 
angle,  the  illumination  is  zero.  The  resultant  distribution  of  illumina¬ 
tion  is  found  by  addition  of  curves  which  are  similar  to  the  one  shown 
in  Fig.  7.  The  curves  have  various  amplitudes  and  are  displaced  with 
respect  to  each  other  in  phase. 

6.  The  Divergence  of  the  Light  Vector 

The  flux  of  the  light  vector, 

F  =  ^  D  ds  (63) 

through  a  closed  geometric  surface  is  equal  to  the  difference  between 
the  quantity  of  light  entering  the  volume  enclosed  by  the  surface  per 
unit  time,  and  the  quantity  of  light  leaving  the  volume.  The  ds 
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has  the  direction  of  the  outer  normal.  Thus  F  represents  the  quan¬ 
tity  of  light  produced  (or  absorbed)  in  unit  time  within  the  volume  v. 
For  a  unit  volume, 
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If  the  surface  s  is  decreased  so  that  the  volume  enclosed  by  it  approaches 
zero,  we  obtain  for  the  left  side  of  Equation  (64)  the  space  density  of 
light,  produced  pwr  unit  time,  which  we  shall  denote  by  /.  If  we  deal 
with  absorption  rather  than  emission,  the  values  of  /  will  be  negative. 
On  the  right  side  of  Equation  (64), 


lim  -  f  D'ds 


which  is  the  divergence  of  D.  Thus, 

/  =  div  D  (66) 

The  apace  density  of  light,  produced  (or  absorbed)  per  unit  time,  is  equal 
to  the  divergence  of  the  light  vector. 

From  this  follows  that  for  all  the  points  in  the  light  field  at  which 
there  is  no  emission  or  absorption  of  light, 

div  D  =  0.  (65a) 

Thus  in  empty  space  the  divergence  of  the  light  vector  is  equal  to  zero. 
The  flux  lines  do  not  appear  and  do  not  disappear  in  that  space,  they 
may  be  grouped  into  flux  tubes,  and  the  field  is  solenoidal.  Equation 
(65a)  applies  with  extremely  good  approximation  in  the  majority  of 
problems  in  illuminating  engineering,  where  the  absorption  of  light  in 
air  may  be  neglected. 

For  empty  space,  therefore, 

div  D  =  ^  -1-  =  0  (66b) 

dx  dy  dz 

For  a  material  medium,  especially  within  light-emitting  and  light¬ 
absorbing  bodies, 

4-  /  (66c) 

dx  dy  dz 

where  the  function  of  position  /  is  a  measure  of  the  generation  or  ab¬ 
sorption  of  energy  per  unit  volume  surrounding  the  point  in  question. 
The  quantity  /  may  be  either  positive  or  negative. 
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Let  U8  consider  a  finite  volume  v  enclosed  by  the  surface  «.  The  flux 
of  the  light  vector  through  the  surface  «  is 


^  D  ds 


which,  according  to  the  law  of  conservation  of  energy,  must  be  equal  to 
the  flux  produced  within  the  volume  v,  or 


div  Ddv 


The  equation 


[D-d,- I 


div  Ddv 


expresses  Gauss’s  theorem:  The  integral  of  a  vector,  taken  over  a  dosed 
surface,  is  equal  to  the  integral  of  the  divergence  of  this  vector  over  the 
enclosed  volume. 

7.  Mechanical  Analogies  and  the  Geometric  Interpretation 
Let  us  consider  some  mechanical  analogs  of  the  light  field  produced 
by  an  arbitrary  luminous  body  S  (Fig.  20).  The  brightness  B  for 
rays  that  arrive  at  P  from  the  body  S  njay  be  different  for  different 
rays.  Let  us  describe  about  the  point  P  a  sphere  of  unit  radius.  Rays 
from  S  cut  out  from  the  surface  of  this  sphere  the  region  w.  Let  us 
ascribe  to  each  element  du  of  this  area  a  weight  number 


i.e.,  we  .shall  consider  the  unit  sphere  as  a  material  surface  with  the 
surface  density  equal  at  each  place  to  the  brightness  B  of  the  particular 
ray  that  intersects  the  surface  of  the  sphere  at  that  place.  The  space 
illumination  is  < 


=  f  Bdw  =  q 

Jm 


which  may  be  considered  as  the  weight  of  the  shell  of  the  sphere.  The 
illumination  of  a  surface  s  placed  at  the  point  P  will  be 

E.Jb  coeddw  ^  j  hdq  (67) 

where  h  is  the  distance  along  the  normal  from  the  element  du,  which 
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has  the  weight  dq,  to  the  surface  s.  Thus  the  illumination  is  measured 
as  a  sum  of  the  moments  of  the  forces  dq  taken  with  respect  to  the 
illuminated  plane.  This  sum  is  equal  to  the  moment  of  the  resultant 
force  q  which  is  applied  to  the  center  of  gravity  Q  of  the  spherical  shell. 

When  the  point  Q  is  found  at  a  height  ^  with  respect  to  the  sur¬ 
face  s,  then 

E  =  hoq. 

Denoting  the  distance  from  the  center  of  gravity  Q  to  the  illuminated 
point  P  by  ro(ro  ^  1),  we  obtain 

E  «  nEa  cos  ^  (68) 

where  ^  is  the  angle  between  the  ray  passing  through  the  center  of 


gravity  and  the  normal  to  the  illuminated  surface.  Thus  the  light 
vector  is  equal  to 

D  =  toEo  (69) 

where  ro  is  the  vector  representing  the  distance  from  Q  to  P.  The 
light  vector  D  passes  through  the  center  of  gravity,  and  its  absolute 
value  is 

D  =  roEo.  (70) 

The  quantity.ro ,  which  is  equal  to  the  ratio  of  the  numerical  value 
of  the  light  vector  to  the  value  of  space  illumination,  characterizes  the 
degree  of  diffusion.  If  the  illumination  is  produced  by  a  point  source. 
To  *  1.  Within  a  uniformly  luminous  body,  ro  =  0.  This  mechanical 
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analogy  was  first  introduced  by  Mehmke.*‘  It  allows  the  solution  of 
a  number  of  photometric  problems  by  applying  known  formulas  of 
mechanics.  For  example,  knowing  that  the  center  of  gravity  of  a 
hemispherical  shell  is  found  at  the  middle  of  the  radius  (ro  »  i),  we 
can  say  that  the  illumination  within  a  uniformly  luminous  hemisphere 
of  brightness  B  is  equal  to  \-2TrB  —  wB.  The  value  of  this  me¬ 
chanical  analogy  is  found  also  in  that  it  leads  directly  to  the  concept 
of  the  light  vector. 

The  following  geometrical  interpretation  of  the  values  of  illumination 
for  uniformly  bright  .surfaces  is  given  by  Wiener.”  The  illumination 
E  is  equal  to 

£  =  fiQ  (71) 

where  Q  represents  the  area  of  the  orthogonal  projection  of  the  spherical 
region  w  (Fig.  20).  The  quantity  Q  is  customarily  called  the  projection 
of  the  solid  angle.  The  above  relationship  is  widely  used  in  photometry, 
and  reduces  the  computation  of  illumination  to  a  determination  of 
areas  of  plane  figures.  Obviously,  if  B  is  not  uniform, 

E  =  f  Bda  (72) 

JQ 

R.  Mehmke,  tl^ber  die  mathematische  Bestimmung  der  Helligkeit  in  R&umen  t 
mit  Tagesbeleuchtung,  inabesondere  Gem&ldea&len  mit  Deckenlicht.  Za.  fUr  ^ 
Math.  u.  Phya.,  iS,  1898,  p.  41. 

**  Chriatian  Wiener,  Lehrbuch  der  daratellenden  Geometrie,  Leipiig,  1884. 
(Vol.  1,  Chapter  on  “Beleuchtungalehre  mit  ihrer  Anwendung  auf  ebenfl&chige 
Kdrper.”) 


CHAPTER  V 


The  Structure  of  the  Light  Field 

1.  Lines  of  flux 

Generally  to  each  point  of  the  light  field  corresponds  a  definite  value 
and  direction  of  the  light  vector.  Thus  one  may  construct  lines  of  the 
light  vector  or  flux  lines.  A  flux  line  is  a  space  curve,  the  tangents 
to  which  coincide  with  the  directions  of  the  light  vector. 

Consider  a  point  P  to  which  belongs  the  light  vector  D,  and  assume 
that  P  is  located  on  the  surface  of  a  luminous  body.  Then  draw 
through  P  a  straight  line  having  the  length  PPi  in  the  direction  of  the 
vector  D.  To  this  line  segment  PPi  add  another  straight  section 
PiP*  in  the  direction  of  the  vector  D  at  the  point  Pi .  Repeating  this 
process,  we  obtain  a  broken  line.  If  now  the  size  of  the  line  seg¬ 
ments  is  reduced,  in  the  limiting  case  we  obtain  a  curve,  each  element 
of  which  coincides  in  direction  with  the  direction  of  the  light  vector  at 
that  point.  This  curve  is  called  a  line  of  the  light  vector  or  a  flux  line. 
The  light  vector  is  a  single- valued  point-function:  Through  each  point 
of  the  field  'passes  a  single  flux  line. 

For  a  region  of  the  light  field  where  div  D  =  0,  the  flux  line  passes 
uninterrupted.  At  the  source  of  the  light  field, 

div  D  >  0 

while  at  a  sink  of  the  light  vector,  where  the  light  is  absorbed, 

div  D  <  0. 

In  empty  space,  the  flux  lines  emerge  from  the  surfaces  of  luminous 
bodies  and  pass  to  infinity  or  are  interrupted  by  absorbing  bodies. 

Strictly  speaking,  a  flux  line  is  not  interrupted  exactly  at  the  surface 
of  the  illuminated  body,  but  at  some  depth  in  it.  The  line  may  be 
followed  the  deeper,  the  more  transparent  is  the  illuminated  body. 
Similarly,  a  line  is  not  generated  on  the  surface  of  a  luminous  body, 
but  is  generated  within  its  depths,  where  the  process  of  light  emission 
takes  place.  If  the  coefficient  of  absorption  for  its  own  radiation  is 
very  large,  as  for  example  in  the  case  of  incandescent  metals,  all  the 
radiation  that  emerges  is  produced  by  surface  layers.  In  the  general 
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case,  however,  an  element  of  the  outer  surface  of  a  luminous  body 
should  be  considered  as  a  window  through  which  the  inner  radiation 
emerges.  This  becomes  obvious  for  a  light  field  produced  by  a  gaseous- 
discharge  lamp.  The  flux  line  originates  not  at  the  surface  of  the 
envelope,  but  in  each  element  of  the  volume  of  the  gas.  The  sources 
of  the  light  vector  are  identical  with  the  light-emitting  centers.  The 
sinks  of  the  vector  coincide  with  absorbing  centers.  Thus  in  a  light¬ 
absorbing  medium,  flux  lines  emerging  from  a  luminous  body  will  be 
thinned  out  gradually  as  they  proceed  away  from  the  source;  for  the 


light  lines  must  terminate  again  and  again  as  light  is  absorbed.  If 
the  medium  emits  as  well  as  absorbs  light,  the  sources  and  sinks  of  the 
light  vector  are  distributed  over  the  whole  body. 

A  picture  showing  the  flux  lines  illustrates  the  structure  of  the  light 
field.  Let  us  consider  a  number  of  examples.  The  light  field  produced 
by  a  point  source  is  radial,  corresponding  to  the  field  of  a  positive  charge 
of  electricity  or  of  a  positive  magnetic  pole.  Fig.  21  shows  the  flux 
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lines  produced  by  an  infinite,  uniformly  luminous  strip.”  Here  the 
lines  are  confocal  hyperbolas.  Inasmuch  as  the  concept  of  the  line  of 
luminous  flux  is  a  novel  one,  we  may  mention  once  more  that  a  differ¬ 
ence  exists  between  a  fltix  line  and  a  light  ray.  Through  each  point  of 
the  field  pass  a  multitude  of  light  rays,  each  of  which  is  a  straight  line. 
The  concept  of  a  ray  does  not  require  any  explanation,  but  the  new 
concept  of  the  flux  line  is  not  so  easily  visualized. 

In  concluding  this  section,  we  note  that  the  shape  of  the  flux  line 
may  be  identical  for  different  light  fields.  This  is  always  the  case  when 
the  fields  differ  from  each  other  only  in  the  numerical  values  of  the 
light  vectors.  Also,  for  example,  for  a  uniformly  luminous,  infinite 
cylinder,  as  well  as  for  a  point  source,  the  flux  lines  are  radially  diverging 
rays.  The  flux  lines  emerging  from  a  circular  disc,  as  well  as  those 
from  a  luminous,  infinite  strip  (Fig.  21)  are  represented  by  confocal 
hyperbolas.  Let  us  also  recall  that  the  light  vector  defines  directly 
not  the  condition  of  illumination,  but  the  transfer  of  energy.  From 
the  standpoint  of  energy  transfer,  the  fields  may  be  identical  while  at 
the  same  time  the  brigfUnese  distribution  solids  and  the  corresponding 
iUuminations  may  be  quite  different  for  the  two  cases. 

2.  Tubes  of  Flux 

We  may  construct  an  infinite  number  of  flux  lines  in  the  light  field; 
but  it  is  natural  to  introduce  the  concept  of  tubes  of  flux,  since  the 
replacement  of  the  infinity  of  lines  by  a  finite  number  of  tubes  results 
in  a  convenient  method  of  approximate  study  of  the  light  field. 

Let  us  consider  a  section  of  a  light  tube,  bounded  by  two  arbitrary 
.surfaces  si  and  si  (Fig.  22),  and  write  for  this  section  the  equation  of 
energy  balance.  The  sides  of  the  tube  are  illuminated  from  the  inside 
and  from  the  outside  and  these  illuminations  are  equal  for  each  element 
of  the  side  surface.  Indeed,  the  sides  are  formed  by  flux  lines,  so  the 
projection  of  the  light  vector  on  the  normal  to  the  element  considered, 
which  projection  of  the  vector  determines  the  difference  of  illumination 
on  the  two  sides  of  the  surface  element,  is  zero  for  all  the  [mints  of 
the  side  surface  of  the  tube.  Thus  the  light  flowing  in  per  unit  time 
through  the  side  surface  of  the  tube  is  equal  to  the  light  flowing  out 
through  that  surface. 

Denoting  by  Fi  the  flux  through  section  Si  and  by  Ft  the  flux  through 
the  surface  si ,  we  have,  according  to  the  law  of  conservation  of  energy, 

*'  Edward  P.  Hyde,  Geometrical  Theory  of  Radiating  Surfaces  with  Discussion 
of  Light  Tubes.  Bu.  Stds.,  Bull.  8,  1907,  p.  81. 
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Ft  =  Fi  -h  F, .  Here  F,  ia  &  measure  of  the  intensity  of  the  source 
(or  the  sink)  within  the  volume  v  of  this  section  of  the  tube.  In  case 
we  consider  a  section  of  the  light  tube  in  empty  space,  the  volume  v 
does  not  contain  either  sinks  or  sources,  and  F,  ^  0  and  Ft  ••  Ft. 
Because  luminous  flux  is  the  flux  of  a  vector,  the  above  equality  follows 
immediately  from  a  theorem  of  the  vector  field:  the  flux  of  a  vector 
through  a  vector  tube  containing  no  aourcea  or  ainka  ia  conatani.  This 
statement  represents  a  special  case  of  Gauss’s  theorem.  Thus  in 
empty  space  the  luminous  flux  F  through  an  arbitrary  cross-section  of 
the  light  tube  is  always  the  same,  F  const.  For  any  arbitrary 
cross-section  of  the  tube,  the  difference  between  the  fluxes,  on  this 
section  from  both  of  its  sides,  remains  constant.  Thia  conatant  charac- 
terixea  the  particular  tube. 

If  the  light  field  is  produced  by  a  convex  luminous  body,  the  tube 
constant  has  a  simple  physical  meaning.  Obviously,  the  tube  con¬ 
stant  is  equal  to  the  flux  F  emitted  in  all  directions  by  the  surface 
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element  S  of  the  luminous  body,  (Fig.  22).  Thus  in  photometric 
computation  it  may  be  assumed  that  all  energy  emitted  by  a  portion 
of  a  convex  luminous  surface  flows  along  a  light  tube.  This  is,  of 
course,  a  mathematical  abstraction,  as  in  reality  the  area  S  of  the 
emitting  surface  sends  light  in  all  directions  within  a  solid  angle  2ir. 
The  light  falls  on  section  s  of  the  tube,  generally,  from  all  possible 
directions  and  the  surface  s  is  illuminated  as  a  rule  from  both  sides. 
In  a  number  of  cases,  however,  it  is  convenient  to  use  this  abstraction 
and  to  assume  that  all  the  light  emitted  by  the  area  S  of  the  luminous 
surface  flows  along  the  tube,  entering  the  volume  v  (Fig.  22)  through 
the  section  si  and  flowing  out  of  it  through  the  surface  Si . 

On  the  basis  of  these  formal  concepts,  it  is  easy  to  compute  in  a 
number  of  cases  the  luminous  flux  from  one  surface  to  another.  For 
this  purpose,  we  draw  flux  lines  through  the  points  of  the  boundary  of 
the  illuminated  surface.  These  lines  cut  out  from  the  luminous  surface 
a  definite  area.  The  flux  emitted  by  this  area  in  all  directions  will  be 
equal  to  the  flux  from  the  illuminated  surface,  or  will  be  equal  to  the 
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The  sphere  may  be  replaced  by  a  point  source  located  at  its  center, 
which  is  permissible  in  all  cases  when  the  plane  of  the  illuminated 
surface  does  not  intersect  the  sphere.  More  difficult  examples  which 
we  shall  encounter  later  will  convincingly  illustrate  the  practical  use¬ 
fulness  of  the  vector  concepts  in  photometry. 

Let  us  consider  now  in  greater  detail  some  proiierties  of  the  tubes  of 
the  light  vector.  The  part  of  space  in  which  we  study  the  light  field 
may  be  subdivided  into  a  number  of  light  tubes.  To  each  of  these 
tubes  will  correspond  a  definite  value  of  luminous  flux.  It  is  natural 
to  subdivide  the  region  in  such  a  manner  that  for  all  the  tubes  this  flux 
will  be  the  same.  It  is  obvious  that  the  space  may  be  subdivided  into 
a  given  number  of  tubes  in  a  large  number  of  different  ways.  When 
the  space  is  subdivided  into  an  infinite  number  of  elementary  light 
tubes,  which  we  shall  call  the  ligfU  threads,  they  are  sufficiently  narrow 
so  that  the  field  within  each  of  the  thread  cross-sections  may  be  con¬ 
sidered  uniform. 

Let  us  consider  a  cross-section  d«  of  a  light  thread  that  carries  the 
flux  dF.  Denoting  by  D«  the  component  of  the  light  vector  along 
the  normal  n  of  the  element  ds,  we  have 

D,  »  dF/ds.  (74) 

The  projection  of  the  vector  on  the  normal  represents  the  flux  density 
through  the  surface  or  the  difference  of  illumination  of  the  two  sides 
of  that  surface.  If  all  the  rays  fall  on  the  section  ds  from  one  side 
of  it,  the  flux  density  represents  the  illumination  of  the  element  ds. 

We  have  seen  that  the  picture  of  light  tubes  intersecting  a  surface 
not  only  yields  a  graphical  illustration  of  the  distribution  of  luminous 
flux,  but  allows  us  to  determine  numerically  the  flux  density  of  different 
parts  of  that  surface,  as  well  as  the  flux  through  an  arbitrary  part  of 
the  surface.  This  computation  will  be  the  more  accurate  the  larger 
is  the  number  of  light  tubes  considered.  In  the  limiting  case,  when 
we  change  from  light  tubes  to  light  threads,  we  can  determine  the  flux 
density  as  a  function  of  position  on  a  surface,  and  can  determine  the 
exact  value  of  the  flux  through  any  contour  on  this  surface. 

Let  us  replace  each  of  the  light  tubes  by  a  single  line  within  the 
tube,  and  assume  that  the  entire  flux  of  the  tube  is  along  this  line. 
A  surface  placed  in  the  light  field  will  be  pierced  at  a  number  of  points 
by  the  axial  flux  lines.  The  number  of  such  points  in.a  portion  of  the 
surface  is  proportional  to  the  luminous  flux  through  this  area.  The 
number  of  points  per  unit  area  determines  the  flux  density.  If  the 
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surface  is  illuminated  from  one  side  only,  the  distribution  of  illumina¬ 
tion  on  the  surface  is  given  by  the  flux  diagram  and  the  determination 
of  the  flux  is  reduced  to  counting  the  number  of  points  within  the 
given  contour. 

In  the  following  paragraphs  we  shall  treat  several  examples  of  the 
vector  method  of  computation  and  the  graphical  representation  of  the 
light  field.  These  examples  will  illustrate  the  soundness  of  introducing 
Faraday’s  concept  of  a  force-field  into  photometry.  Before  we  con¬ 
sider  these  examples  let  us  say  a  few  words  about  the  possibilities  of 
graphical  representation  of  the  vector  field. 

As  a  rule,  the  flux  lines  are  represented  by  space  curves  that  cannot 
be  shown  graphically  because  they  are  not  in  the  plane  of  the  drawing. 
In  a  number  of  cases,  however,  the  flux  lines  are  represented  by  plane 
curves  which  may  be  subdivided  into  families,  each  of  which  is  con¬ 
tained  in  a  single  plane.  This  situation  occurs  in 

a)  A  two-dimensional  field;  for  example,  the  field  from  an  infi¬ 
nitely  long,  uniformly  luminous  strip.  The  flux  lines  are  contained 
in  planes  that  are  normal  to  this  strip.  The  intersections  of  the  field 
by  these  planes  are  identical. 

b)  A  field  with  axial  symmetry;  for  example,  a  light  field  produced 
by  a  circular  disc  of  uniform  luminosity.  The  flux  lines  are  contained 
in  meridional  planes  and  the  diagram  of  flux  lines  is  the  same  for 
all  these  planes.  In  the  ^me  class  belongs  a  field  produced  by  a 
luminous  straight  line. 

c)  A  field  resulting  from  a  point  source,  where  the  flux  lines  coin¬ 
cide  with  the  radius  vectors. 

We  have  indicated  three  possible  classes  of  light  fields  which  permit 
simple  graphical  representation.  In  some  special  cases,  the  light  field 
may  simultaneously  belong  to  two  classes.  For  example,  the  light 
field  produced  by  a  uniformly  luminous  circular  cylinder  of  infinite 
length  is  a  plane  field,  and  on  the  other  hand  it  is  a  field  possessing 
axial  symmetry.  The  light  field  at  a  sufficiently  large  distance  from  a 
symmetrical  source  possesses  axial  symmetry  and  may  also  be  regarded 
as  a  field  of  a  point  source. 

3.  The  Light  Field  of  a  Strip 

Let  us  begin  with  the  two-dimensional  case  of  an  infinitely  long, 
perfectly  diffusing,  uniformly  luminous  strip  (Fig.  24).  The  strip 
extends  to  infinity  on  both  sides  of  the  plane  of  the  drawing.  We  find 
in  the  plane  of  the  drawing  a  family  of  flux  lines  whose  equation  is 
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easily  found.  Let  us  consider  a  point  Pi  of  the  light  field.  The 
brightness  on  all  the  rays  arriving  at  the  point  Pi  from  the  strip  is 
equal.  These  rays  form  a  symmetrical  pencil,  and  the  line  of  sjrm- 
metry  bisects  the  angle  FPiF',  which  we  shall  denote  by  a.  It  follows 
that  the  light  vector  D  is  directed  along  the  bisectrix  of  a.  Thus  the 
line  of  the  vector  D  (the  flux  line)  must  possess  the  property  that  its 
tangent  at  any  point  Pi  bisects  the  angle  FPiF'.  This  condition,  as 
it  is  well  known  from  analytic  geometry,  is  satisfied  by  an  hyperbola, 
the  foci  of  which  are  at  F  and  F'.  Thus  the  flux  lines  in  the  plane  of 
the  drawing  form  a  family  of  confocal  hyperbolas.  All  the  planes  that 
are  parallel  to  the  plane  of  the  drawing,  at  a  finite  distance  from  it, 
yield  a  similar  picture.  Thus  the  field  may  be  subdivided  into  light 
tubes  by  a  family  of  planes  and  by  a  family  of  confocal  hyperbolic 
cylinders.  Each  pair  of  adjacent  cylinders,  intersecting  a  pair  of  ad¬ 


jacent  parallel  planes  produces  a  light  tube.  In  order  that  the  luminous 
flux  through  a  cross  section  of  a  tube  be  the  same  for  all  the  tubes  it 
is  necessary  and  sufficient  that  the  tubes  originate  from  equal  areas 
of  the  luminous  surface.  For  this  purpose,  we  subdivide  FF'  into  equal 
sections  and  pass  the  hyperbolas  through  these  points.  The  diagrams 
of  Figs.  24  and  21  allow  us  to  judge  not  only  the  direction  of  the  vector 
but  also  the  flux  density  D»  at  any  point  P  of  a  surface  S.  To  deter¬ 
mine  Dn  we  draw  the  intersection  of  this  surface  with  the  plane  of  the 
drawing  and  measure  along  the  line  of  intersection  the  distance  I 
between  the  two  adjacent  flux  lines  forming  the  tube  containing  the 
point  P  (Fig.  24).  Denoting  by  I'  the  smallest  distance  between  two 
neighboring  lines  at  the  place  where  they  emerge  from  the  luminous 
strip,  and  by  L  the  luminosity  of  the  strip. 
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If  light  falls  on  only  one  side  of  the  illuminated  surface,  then  Z)* 
represents  the  illumination  of  that  surface,  while  TtJL  represents  the 
coefficient  of  illumination.  This  coefficient  gives  the  ratio  of  the  flux 
density  on  the  illuminated  surface  to  the  flux  density  at  the  source. 
I'rom  Fig.  24  we  can  judge  the  magnitude  of  the  coefficient  of  illu¬ 
mination  at  various  points  of  any  surface  in  the  field. 

The  number  of  light  tubes  arriving  at  a  given  area  of  the  surface 
gives  the  luminous  flux  on  this  area.  Let  us  derive,  on  the  basis  of 
vector  concepts,  a  formula  for  the  value  of  the  luminous  flux  ¥  on  the 
region  PiPj  of  the  surfaces  (Fig.  24).  The  total  flux  emitted  by  the 
strip  from  one  side  is  denoted  by  Fo .  The  flux  lines  through  the 
points  Pi  and  P*  emerge  from  the  points  Oi  and  Oj  of  the  luminous 
strip  and  have  the  distances  oi  and  oj  from  the  center  line  of  the  strip. 

Thus, 


F/Fo  = 


at 


where  w  is  the  width  of  the  luminous  strip. 

This  formula  reduces  the  computation  of  luminous  flux  to  a  con¬ 
struction  of  two  hyi)erl)olas  and  a  determination  of  the  shortest  dis¬ 
tance  l)etween  them.  Even  this  construction  may  lie  avoided,  for 


Thus, 


2fli  —  li  ~  lit  —  It  —  It  • 

F/Fo  =  ~  [{I'l  -  h)  -  {It  -  It)] 


(75) 


This  formula  yields  the  simplest  method  of  computing  the  luminous 
flux  from  one  infinite  strip  to  another. 

The  fact  that  the  flux  lines  are  hyperbolas  allows  the  easy  deter¬ 
mination  of  the  magnitude  of  the  light  vector.  To  this  end,  we  con¬ 
sider  two  infinitely  close  confocal  hyperbolas,  the  shortest  distance 
between  which  is  da  (Fig.  25).  It  is  easily  shown  that  the  length  d\ 
of  the  element  of  the  orthogonal  trajectory  enclosed  between  the  two 
hyp(‘rbolas  is 


d\ 


da 

sin  a/2 


(76) 


It  follows  that  the  magnitude  of  the  light  vector  D  is 


D  = 


I  •  “ 

L»in-2 


(77) 
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Thus  the  light  vector  bisects  the  augle  subtended  by  the  luminous 
strip,  and  the  magnitude  of  the  vector  is  proportional  to  sin  a/2.  This 
may  be  shown  also  by  starting  from  the  geometrical  interpretation 
given  in  Section  7  of  Chapter  IV.  At  large  distances  from  the  lu¬ 
minous  strip,  the  field  is  a  radial  one  with  the  asymptotes  of  the  hyper¬ 
bolas  as  flux  lines.  In  these  regions  of  the  light  field,  the  illumination 
is  inversely  proportional  to  the  first  power  of  the  distance.  The 
magnitude  of  the  light  vector  is 

^  Bw  cos  0 


where  B  is  the  brightne.ss  of  the  strip,  I  the  distance  from  the  strip. 


and  w  cos  6  is  the  projection  of  FF'  on  a  straight  line  normal  to  the 
direction  considered,  which  in  turn  forms  the  angle  $  with  the  axis. 

The  case  of  a  uniformly  luminous  strip  is  of  practical  value  in  the 
computation  of  natural  lighting.”  As  an  example,  let  us  consider  the 
light  field,  proiluced  by  the  diffused  light  of  the  sky,  between  the  walls 
of  etpially  tall  hou.ses  bounding  a  street.  We  a.s.sume  that  the  street  is 
infinitely  long,  and  that  the  sky  is  jx^rfectly  diffusing.  Then  the  field 
between  the  walls  of  the  houses  will  be  the  same  as  that  produced  by  an 
infinitely  long  source  located  above  the  street  and  having  the  same 
luminosity  as  the  sky.  The  flux  lines  give  not  only  a  qualitative  but 
also  a  quantitative  picture  of  the  distribution  of  daylight  on  the  walls 

A.  Gershun,  ('omputation  of  Natural  Lighting.  Trans.  Opt.  Inst.,  6,  No.  44, 
1929.  Leningrad. 
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of  the  houses  and  on  the  surface  of  the  ground.*  A  more  detailed 
treatment  of  vector  methods  of  computing  natural  lighting  is  beyond 
the  scope  of  this  book  but  is  considered  in  a  paper  by  the  author. 

4.  The  Light  Field  of  a  Luminous  Disc 

As  an  example  of  a  field  possessing  axial  symmetry,  let  us  consider 
the  illumination  produced  by  a  uniformly  luminous,  perfectly  diffusing 
circular  disc.  The  solid  angle  subtended  by  the  disc  at  a  point  P 
has  the  shape  of  an  elliptic  cone.  In  Fig.  26,  FF'  is  the  diameter  of  the 
disc  and  FPF'  is  the  axial  cross-section  of  the  cone.  The  axis  of  the 
cone,  along  which  the  light  vector  is  directed,  is  the  bisectrix  ZP  of  the 
angle  a;  the  point  M  in  which  ZP  intersects  the  disc  represents  its 
“light-center”  for  the  point  P. 

Thus  the  flux  lines  are  again  represented  by  confocal  hyperbolas 
with  the  foci  at  FF'.  Rotating  these  hyperbolas  about  the  axis  of  the 
disc  we  obtain  hyperboloids  of  revolution  that  subdivide  the  whole 
space  into  light  tubes.  In  order  that  these  tubes  shall  carry  equal 
fluxes,  the  annular  regions  of  the  disc  from  which  they  originate  must 
be  equal  in  area.  For  this  we  subdivide  the  diameter  of  the  disc  FF' 
into  sections  such  that  the  squares  of  the  distances  from  the  center 
form  an  arithmetic  progression. 

In  this  example,  the  flux  diagram  does  not  characterize  the  variation 
of  the  light  vector  as  simply  as  in  the  two-dimensional  example.  In¬ 
deed,  for  the  two-dimensional  field  the  magnitude  of  the  light  vector 
was  fully  determined  by  the  length  d\  of  a  section  of  the  orthogonal 
trajectory  enclosed  between  two  neighboring  flux  lines  (Fig.  25).  For 
the  disc,  the  value  of  the  light  vector  varies  inversely  as  the  area  of  the 
conical  surface  formed  by  d\  when  rotated  about  the  axis  of  the  disc; 
or  D  is  inversely  proportional  to  md\,  where  m  is  the  distance  from  the 
point  to  the  axis  of  the  disc.  The  distance  between  neighboring  lines 
characterizes  directly  the  distribution  of  illumination  only  when  m  is 
constant,  i.e.  for  all  cylindrical  surfaces  having  a  common  axis  with 
the  disc. 

To  determine  the  magnitude  and  direction  of  the  light  vector,  let  us 
consider  a  sphere  determined  by  the  boundary  of  the  luminous  disc 
and  the  point  P  (Fig.  26).  A  sphere  possesses  the  property  that  for  all 
its  points  the  angle  a  is  the  same.  Obviously,  the  inner  surface  of  the 
sphere  is  evenly  illuminated,  since  the  light  field  of  the  disc  S  is  identical 

*  (But  not  inside  the  rooms.)  Trans. 
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with  the  light  field  produced  by  the  cap  a.  The  area  of  the  spherical 
cap  is 

ff  =  (1  -  cos  a)  (79) 

where  R  is  the  radius  of  the  sphere.  Attributing  to  the  cap  a  luminosity 
L,  which  is  equal  to  the  luminosity  of  the  disc,  we  find  that  the  flux 
emitted  by  <r  is  La.  This  flux  is  uniformly  distributed  over  the  whole 
surface  of  the  sphere*  and  produces  an  equal  illumination  E  at  all 
points,  or 

„  La  ,  1  -  cos  a  ,  .  j  a 


It  is  of  interest  to  note  that  the  sphere  deserilx'd  about  the  disc 
represents  not  only  a  uniformly  illuminate<l  surface  but  also  the  geo¬ 
metrical  locus  of  all  ix)ints  in  which  the  illumination  of  an  element 
parallel  to  the  plane  of  the  disc  is  constant  and  equal  to  E.  Indeed, 
the  light  vector  at  P  is  directed  along  the  bisectrix  of  the  angle  a.  This 
bisectrix  forms  equal  angles  with  the  normal  to  the  illuminated  element 
when  it  is  an  element  of  the  sphere  (normal  n'),  as  well  as  when  it  is 
parallel  to  the  plane  of  the  dijjc  (normal  n).  Thus  the  illumination  E 
on  a  plane  that  is  parallel  to  the  disc  is 


*  [Note  that  in  the  entire  discusaion  the  assumption  is  tacitly  made  that  the 
sphere  reflects  no  light.  In  an  actual  sphere,  the  illumination  may  be  much 
greater  than  that  given  by  Eq.  (80)  because  of  interreflections. ]  Trans. 
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Let  us  now  introduce  the  angles  /9  and  |8'  between  the  outer  rays  FP 
and  F'P  and  the  plane  of  the  disc.  The  angle  between  D  and  the 
normal  n  is 


2 


Thus  the  absolute  value  of  the  light  vector  is 


D  = 


L  sin*  a/2 


(82) 


This  formula,  together  with  the  condition  that  the  light  vector  is  di¬ 
rected  along  the  bisectrix  of  the  angle  FPF',  completely  defines  the 
illumination  produced  by  the  disc.  The  illumination  is  given  by  the 
projection  of  D  on  the  normal  to  the  illuminated  surface.  Let  us  intro¬ 
duce  an  angle  defined  by  the  relationship 

a'  _  sin  a/2 
g,n_ 

cos-^ 

Then  the  absolute  value  of  the  light  vector  is 

D  =  sin  ^  sin  ^  (84) 

A  A 

The  angle  a'  is  the  angle  subtended  by  the  chord  which  passes  through 
the  light  center  M  and  which  is  normal  to  the  diameter  FF'.  The 
conical  surface  enclosing  the  rays  passing  from  the  disc  to  the  point  P 
is  an  elliptical  one,  and  it  cuts  a  spherical  ellipse  from  a  unit  sphere 
with  center  at  P.  The  minor  and  major  semi-axes,  expressed  in  angular 
units,  are  a/2  and  a'/2.  The  orthogonal  projection  of  this  spherical 
ellipse  on  a  surface  that  is  normal  to  the  axis  of  the  cone’  represents 
a  plane  ellipse  with  semi-axes  of  sin  a/2  and  sin  a'/2.  The  area  of 
the  ellipse  is 

n  =  T  sin  ^  sin  ^ .  (85) 

A  A 

Multiplying  the  expression  for  12  by  the  brightness  B,  we  obtain^  ac¬ 
cording  to  Section  7  of  Chapter  IV,  the  absolute  value  of  the  light 
vector.  For  the  points  on  the  axis  of  the  disc,  a  =  a',  and 


D  =  L  sin*  ? 

A 


(86) 
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The  illumination  varies  inversely  as  the  square  of  the  distance  from  the 
rim  of  the  disc.  This  problem  has  been  treated  in  detail  by  Steinmets^^ 
and  by  Yamauti.” 

At  points  that  are  close  to  the  disc,  the  illumination  does  not  depend 
on  the  distance  from  the  disc.  In  this  region,  the  flux  lines  are  normal 
to  the  plane  of  the  disc.  The  cross-section  of  the  light  tubes  (and 
therefore,  also  the  illumination)  does  not  vary  as  we  move  from  one 
point  to  another  and  the  light  field  is  homogeneous.  At  great  distance 
from  the  disc,  the  light  field  is  a  radial  one. 

The  circular  disc  has  always  been  a  favorite  example  in  photometric 
computations  and  is  considered  in  the  books  of  I.Ambert  and  of  Beer, 
as  well  as  in  a  number  of  other  publications.  The  formulas  expressing 
the  illumination  are  usually  derived  as  a  res»ilt  of  tedious  integrations 
over  the  surface  and  are  usually  presented  in  a  clumsy  and  complicated 
way.  It  is  often  forgotten  that  the  law  of  similitude  may  be  exactly 
applied  in  photometry.  The  scale  is  arbitrary  because  the  linear  dimen¬ 
sions  appear  in  all  the  formulas  in  the  form  of  their  quotients;  and  the 
photometric  relationships  be-come  elegant,  and  thus  convenient  to  remember 
and  to  use  in  computations,  only  when  the  whole  geometry  is  characterized 
by  angles. 

The  problem  of  the  illumination  produced  by  a  uniformly  luminous 
circular  disc  also  gives  the  inverse  probletn  of  finding  the  flux  from  an 
element  of  perfectly  diffusing  surface  to  a  circular  disc  which  is  placed 
arbitrarily  with  respect  to  that  element.  This  follows  from  the  prin¬ 
ciple  of  reciprocity  which  states  that  if  two  bodies  are  equally  bright, 
then  the  flux  from  the  first  body  to  the  second  is  equal  to  the  flux  from 
the  second  body  to  the  first.  The  correctness  of  this  statement  follows 
directly  from  the  formula  for  the  luminous  flux  from  an  element  of  one 
surface  to  an  element  of  another  surface  (Section  1,  Chapter  2).  This 
statement  also  follows  from  the  second  law  of  thermodynamics. 

Lambert,  having  proved  the  principle  of  reciprocity  (Theorem  16 
of  “Photometry”),  considers  its  use  in  photometric  computations.  For 
example,  using  the  formula  for  the  illumination  of  a  plane  from  a  disc 
which  is  parallel  to  it,  we  find  according  to  the  principle  of  reciprocity 

**  Chas.  Steinmetz,  Radiation,  Light  and  Illumination.  McGraw-Hill  Book 
Co.,  New  York,  1918. 

**  Ziro  Yamauti,  Geometrical  Calculation  of  Illumination  due  to  Light  from 
Luminous  Sources  of  Simple  Forms.  Researches  of  the  Electrotechnical  Lab¬ 
oratory,  Ministry  of  Communications,  Tokyo,  No.  148,  1924. 
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that  the  perfectly  diffusing  element  dS  of  brightness  B  sends  the  flux  dF: 

dF  =  Br  sin*  ?  dS  (87) 

to  a  disc  parallel  to  dS.  Here  a  is  the  angle  subtended  by  the  disc  from 
the  element  dS.  This  formula,  which  usually  is  proved  only  for  the 
special  case  of  the  luminous  element  on  the  axis  of  the  illuminated  disc, 
is  of  considerable  importance  in  optical  apparatus.  It  yields  an  ex¬ 
pression  for  the  luminous  flux  entering  an  optical  apparatus  from  an 
element  normal  to  the  axis  of  the  apparatus. 

Let  us  now  compute  I.Ambert’s  problem  of  the  flux  from  a  luminous 
circular  disc  FF'  to  the  coaxial  disc  PP'  of  Fig.  27.  (Theorems  17 
and  19  of  “Photometry”).  This  flux  must  be  equal  to  the  flux  emitted 
in  all  directions  by  the  inner  part  of  the  disc  of  radius  o,  where  a  is  the 


real  semi-axis  of  hyperbolas  that  pa.ss  through  the  rim  of  the  illuminated 
di.s<*.  Denoting  by  Fo  the  total  luminous  flux  from  the  di.sc  FF',  and 
by  F  the  part  on  the  illuminate<l  disc  PP',  we  have 

"  (^y = 

In  conclusion,  we  note  that  the  light  vector  within  a  uniformly 
luminous  hollow  space  with  a  circular  o|)enin|;  may  be  reduced  to  the 
case  of  the  circular  disc.  If  the  space  were  completely  closed,  we 
would  have  the  case  of  “neutralization”,  and  the  light  vector  would 
be  a  null  vector  at  all  points  within  the  enclosure.  When  an  opening 
is  present,  the  light  vector  is  equal  in  magnitude  to  the  vector  which 
the  opening  would  produce,  w'ere  it  a  source  with  the  .same  brightness 
as  the  walls  of  the  enclosure.  The  direction  of  this  vector  is  opposite 
to  the  one  which  would  be  pro<luced  by  the  opening. 
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5.  The  Light  Field  Produced  by  Point  Sources 

The  flux  lines  of  a  point  source  are  radially  diverging  straight  lines. 
Subdividing  the  space  into  a  set  of  cones,  each  with  its  apex  at  the 
source  and  each  carrying  equal  luminous  flux,  we  obtain  tubes  of  equal 
flux.  This  construction  can  obviously  be  carried  out  in  a  large  number 
of  ways. 

If  the  source  has  a  symmetrical  distribution  al)out  an  axis,  the  space 
may  be  subdivided  into  tubes  by  conical  surfaces,  the  axes  of  which 
correspond  to  the  axis  of  symmetry.  When  n  light  tubes  are  con¬ 
structed,  the  angle  oi  between  the  conical  surface  and  the  axis  is 
determined  by  the  relationship: 

2x  r  la  sin  ada  = -F  (89) 

Jo  n 

where  /„  is  the  intensity  of  the  source  at  an  angle  a  from  the  axis,  and 

F  =  2t  [  la  sin  a  da  (90) 

Jo 

is  the  total  flux  of  the  source.  The  determination  of  the  angles  a, 
represents  a  usual  problem  in  illuminating  engineering  computations. 
The  rays,  which  when  rotated  form  the  side  walls  of  the  light  tubes,  give 
a  map  of  the  light  field.  Just  as  easy  is  the  reverse  path  from  the  map 
of  the  field  to  the  candlepower-distribution  curve.  Dividing  the  flux 
through  a  single  tube  by  the  solid  angle  of  the  tube,  we  obtain  the 
average  intensity  in  the  directions  contained  within  that  tube. 

The  construction  of  the  map  of  the  light  field  simplifies  illuminating- 
engineering  computations  in  a  large  number  of  cases.  An  illustration 
is  the  vector  method  for  computing  the  candlepower  distribution  from 
a  symmetrical  specular  reflector,  as  suggested  by  the  author  and  elab¬ 
orated  in  collaboration  with  N.  G.  Boldyreff.*^  Almost  as  easy  is  the 
reverse  problem  of  a  design  of  a  reflector  to  produce  a  required  trans¬ 
formation  of  the  light  field  of  the  lamp. 

Let  us  now  treat  a  .somewhat  different  method  of  graphical  repre¬ 
sentation  of  the  light  field  from  a  point  source.  This  method  was  dis¬ 
covered  by  the  author  in  collaboration  with  N.  G.  Boldyreff  and  may 
be  also  used  for  sources  with  asymmetric  distributions. 

The  construction  of  the  flux  lines  in  a  plane  S  containing  the  source  I 
(Fig.  28)  is  ba.sed  on  the  following  principle.  Let  us  consider  the 

A.  A.  Gershun  and  N.  G.  Boldyreff,  The  Vector  Method  of  Computation  of 
Symmetrical  Reflectors  Used  in  Illumination.  “Svetotechnika”,  1936,  No.  1. 
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plane  S',  which  is  infinitely  close  to  S  and  which  intersects  the  latter 
along  the  straight  line  Co .  To  characterize  the  distribution  of  the  flux 
emitted  by  the  source  within  the  angle  formed  by  the  planes  S  and  S', 
we  subdivide  this  angle  into  tubes  canying  equal  fluxes  by  planes  Q< 
which  are  normal  to  S.  The  following  relationship  must  be  fulfilled: 

tf.+t 

If  sin  j8  d/3  =  const.  (91) 

i 

where  If  is  the  intensity  of  the  source  in  the  direction  contained  in  the 
plane  S  and  making  the  angle  with  the  straight  line  C,.  The  diagram 
of  rays  obtained  by  the  intersection  of  the  plane  S  by  the  planes  Q< 
possesses  the  following  important  properties.  Let  us  consider  a  plane  s 
which  intersects  the  plane  S  along  a  straight  line  C  which  is  parallel 


to  C»  and  passes  at  a  distance  H  from  the  latter.  The  light  rays  of  the 
vector  map  will  cut  the  straight  line  C  into  a  number  of  sections,  whose 
length  will  directly  characterize  the  distribution  of  illumination  in  the 
plane  s  along  the  straight  line  C.  Indeed,  the  illumination  of  the  plane 
s  at  points  on  C  is  inversely  proportional  to  H  and  inversely  propor¬ 
tional  to  the  distances  intercepted  on  C  by  neighboring  rays  of  the 
vector  diagram. 

6.  Addition  of  Fields 

When  there  are  a  number  of  luminous  bodies  in  the  field,  each  of  the 
quantities  characterizing  the  light  field  represents  a  sum  of  values 
corresponding  to  each  of  the  luminous  bodies  separately.  The  light 
field  produced  by  a  set  of  luminous  bodies  is  the  sum  of  the  light  fields 
produced  by  these  bodies  individually. 
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Thus  we  arrive  at  the  question  of  the  addition  of  fields.  This  ques¬ 
tion  is  of  great  practical  importance,  inasmuch  as  in  practice  we  always 
encounter  lighting  from  a  set  of  sources,  and  all  objects  in  the  field 
reflect  to  some  extent.  In  some  cases,  the  source  is  complex  and  must 
be  divided  into  a  number  of  simpler  elements.  When  adding  the  fields 
of  several  sources,  one  must  take  into  account  the  production  of  shadows 
caused  by  the  screening  action  of  one  luminous  body  with  respect  to  a 
light  field  produced  by  another  source.  Sometimes  the  effect  of  the 
shadow  may  be  accounted  for  if  we  introduce  not  only  the  addition  of 
fields  but  also  their  subtraction. 

In  a  number  of  cases  (a  two-dimensional  field,  a  field  with  axial 
symmetry,  a  field  of  a  set  of  point  sources  on  a  straight  line)  the  fields 
that  are  added,  as  well  as  the  resultant  field,  may  be  represented  graph¬ 
ically.  Cross-sections  are  considered  such  that  the  vector  has  zero 
component  normal  to  the  plane  of  the  diagram,  so  the  flux  lines  are 
contained  in  these  planes  and  the  fields  may  be  added  graphically. 
A  method  of  graphical  addition  of  fields  has  been  given  by  Maxwell.” 

The  problem  of  addition  of  fields  of  two  point  charges  (in  photom¬ 
etry,  point  sources  with  uniform  intensity  in  all  directions)  is  treated 
in  a  number  of  texts  on  electricity  and  magnetism.  Denote  the  vectors 
to  be  added  by  Di  and  Dj ,  and  the  vector  of  the  resultant  field  by  D. 
Let  the  vector  lines  of  both  fields  be  in  a  single  plane;  and,  in  addition, 
let  the  ratio  of  the  absolute  magnitude  of  the  vector  to  the  density  of 
the  lines  be  the  same  point  function  for  both  of  the  fields.  Then  the 
condition  is  fulfilled  in  the  entire  plane  that  the  ratio  of  the  absolute 
value  of  the  vector  Di  to  the  absolute  value  of  the  vector  D*  is  equal 
to  the  ratio  of  the  density  of  vector  lines  of  the  first  field  to  the  density 
of  vector  lines  of  the  second  field. 

The  vector  lines  of  both  fields  divide  the  plane  into  a  number  of 
regions  (Fig.  29)  and  define  two  new  sets  of  curves,  which  are  directed 
along  the  diagonals.  Maxwell  showed  that  the  fields  of  the  diagonal 
curves  completely  determine  the  field  of  the  resultant  vector.  De¬ 
pending  on  the  choice  of  one  of  the  two  sjrstems  of  diagonals,  we  obtain 
the  field  of  the  vector  (Di  -|-  D|)  or  of  the  vector  (Di  —  D*).  The 
correctness  of  Maxwell’s  theorem,  upon  which  the  graphical  addition 
of  vector  fields  is  based,  may  be  easily  shown.  Let  us  consider  a  very 
small  region  in  the  plane,  such  that  within  that  region  the  lines  of  each 

**  James  Clerk  Maxwell.  A  Treatise  on  Electricity  and  Magnetism  (Vol.  I, 
Part  I,  Electrostatics.  Ch.  VII.)  See  also  the  footnote  by  A.  Cornu  to  this 
chapter  in  the  French  edition. 
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of  the  two  vectors  Di  and  D2  may  be  considered  as  equidistant  parallel 
lines.  These  subdivide  the  regions  of  the  plane  into  a  number  of 
parallelograms.  We  denote  by  h  and  k  the  distances  between  neigh¬ 
boring  lines  of  the  component  fields,  and  by  I  the  distance  between  the 
diagonal  lines  of  the  resultant  field.  Consider  the  parallelogram,  one 
corner  of  which  is  at  P,  and  denote  by  ei ,  e* ,  and  e  the  vectors  cor¬ 
responding  to  the  sides  of  the  parallelogram  and  its  diagonal.  A  com¬ 
parison  of  the  three  expressions  for  the  area  of  the  parallelogram  gives 

Bill  =  Ctlt  —  el  (92) 

.  .  1.1.1 

Cl :  e* :  Cl  =  y  (93) 

It  i 


According  to  our  assumption, 

Dx :  !),  =  ?-:  (94) 

h  *1 

Therefore,  ei  and  ej  represent  on  some  scale  the  vectors  Di  and  Di . 
The  vector  e  =  Ci  -|-  e»  represents  on  the  same  scale  the  vector  D  = 
Di  -f  Dj .  The  parallelogram  formed  by  sections  of  vector  lines 
meeting  at  the  point  P,  represents  the  parallelogram  of  addition  of 
vectors. 

Vector  fields  produced  by  several  sources  of  light  may  have  a  common 
axis  of  symmetry,  may  be  two-dimensional  fields,  or  may  be  fields  of 
point-sources  along  a  straight  line.  On  one  drawing  we  superpose  the 
maps  of  two  of  the  fields  to  be  added,  making  use  of  the  requirement 
that  the  number  of  flux  lines  of  each  field  should  correspond  to  the 
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strength  of  its  source.  Having  numbered  the  lines,  we  connect  by 
curves  the  points  of  intersections  of  the  lines  of  both  fields  in  the  follow¬ 
ing  manner.  Let  i  be  the  order  number  of  a  line  of  the  first  field  and  k 
a  corresponding  number  in  the  second  field  (Fig.  29).  Each  point  of 
intersection  is  characterized  by  two  indices  and  may  be  denoted  by  the 
symbol  (t,  k).  The  transfer  from  the  point  (t,  Jk)  to  the  point  (i  +  1, 
k  +  1)  is  in  the  direction  of  the  resultant  vector.  Connecting  by  a 
curve  the  points:  •  •  •  (t  —  1,  k  —  1);  (i,  k);  (i  +  1,  k  -h  1);  •  •  -  we  ob¬ 
tain  a  line  of  the  resultant  field.  Adding  a  field  obtained  in  this  manner 
to  the  field  of  a  third  source,  we  obtain  the  field  of  the  sum  of  three 
vectors,  and  so  on. 

In  physics,  the  graphical  representation  and  addition  of  fields  is  used 
commonly  only  to  obtain  illustrative  pictures.  The  author  believes, 
however,  that  in  illuminating  engineering  the  methods  of  graphical 
representation  of  the  light  field  may  also  be  applied  in  quantitative 
design  work.  This  is  the  reason  why  the  method  of  graphical  addition, 
which  has  never  been  applied  in  photometry,  is  treated  here  in  such 
detail. 


CHAPTER  VI 


Photometric  Computations 
1.  General  Theorems 

In  the  present  chapter  we  shall  consider  photometric  computations 
for  large  luminous  surfaces.  The  assumption  will  be  made  that  the 
surfaces  have  uniform  luminosity  and  that  they  satisfy  Lambert’s  law. 
The  light  field  produced  by  such  surfaces  is  subject  to  a  number  of 
simple  relationships  which  serve  as  a  basis  for  photometric  computa¬ 
tions.  We  shall  treat  the  theory  in  general  terms  and  shall  avoid 
tedious  computations  which  often  have  the  character  of  exercises  in 
integral  calculus.  Computation  of  the  illumination  and  the  flux  from 
large  luminous  surfaces  usually  requires  multiple  integrations  in  each 
special  case,  but  these  integrations  may  be  performed  once  for  all  in 
deriving  the  general  formulas.  In  order  to  generalize  and  simplify 
photometric  computations  it  is  permissible  and  sound  to  create  a  special 
mathematical  machinery  by  introducing,  when  necessary,  new  mathe¬ 
matical  concepts.  The  history  of  the  development  of  physics  illus¬ 
trates  on  a  large  scale  the  correctness  of  such  a  procedure. 

'  The  theory  of  the  field  produced  by  a  uniformly  luminous  surface 
is  primarily  a  problem  of  geometry  and  we  shall  approach  it  as  such. 
Let  us  consider  a  point  P  of  the  light  field  produced  by  a  uniformly 
luminous  surface  S  bounded  by  the  contour  C,  the  brightness  of  this 
surface  being  denoted  by  B.  The  surface  S  subtends  the  solid  angle  a 
at  the  point  P.  The  angle  w  is  composed  of  elements  dta  subtended 
by  the  elements  dS  of  the  luminous  surface.  To  characterize  the  light 
field,  we  shall  also  introduce  a  vector  solid  angle  da.  The  space  illu¬ 
mination  is 


Eo=  f  Bdw  (96) 

and  the  light  vector  is 

D  -  j*  Bda  (96) 

where  the  symbol  w  below  the  integral  sign  indicates  that  the  integration 
is  performed  within  the  solid  angle  « . 
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For  a  uniformly  luminous  surface,  B  is  the  same  for  all  the  rays  at 
the  point  P  within  the  solid  angle  u.  Taking  B  outside  the  integral 
sign,  we  obtain 

Eo  =  B  j  dw  (95a) 

and 

D  —  B  f  cUi  (96a) 

The  integral  in  Eq.  (95a)  represents  the  solid  angle  u.  Thus  the  com¬ 
putation  of  space  illumination  in  this  case  is  reduced  to  the  geometrical 
problem  of  computing  the  solid  angle.  The  expression  obtained  for  the 
space  illumination, 

E„  =  Bw  (97) 

is  analogous  to  the  expression  for  the  potential  produced  by  a  magnetic 
sheet. 

Analogously,  the  computation  of  the  light  vector  may  be  reduced 
to  a  purely  geometric  problem.  For  this  we  shall  introduce  a  new 
mathematical  concept  of  the  vector  ut  obtained  by  the  summation  of 
vectors  du: 

tii  =  i  dia  (98) 

the  integration  being  performed  over  all  directions  of  space  within  the 
angle  To  each  conical  surface  corresponds  a  definite  solid  angle  u 

*  (Note  that  |  w'  |  does  not  give  the  value  of  the  solid  angle  u,  since  the  ele¬ 
mentary  vectors  dw  are  not  collinear.]  Trans. 

as  well  as  a  definite  vector  u'.  The  reverse  statement  is  obviously  not 
true,  for  to  one  value  of  w  or  w'  may  correspond  different  conical  surfaces. 
The  light  vector  is  defined  as 

D  »  fl  u'  (99) 

The  absolute  value  of  the  vector  w'  is  denoted  by  u\  It  obviously 

depends  not  only  on  the  magnitude  w  but  also  on  the  shape  of  the  conical 

surface  enclosing  the  solid  angle;  and  u  S  u,  the  equality  sign  being 
for  the  case  of  an  infinitely  small  solid  angle.  When  the  contour  C 
of  the  luminous  surfaces  is  given,  then  to  each  point  of  the  field  cor- 
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responds  a  definite  cone.  This  cone  has  its  apex  at  P  and  has  as  its  base 
the  contour  C.  To  each  conical  surface,  and  thus  to  each  p>oint  of  the 
field,  correspond  definite  and  unique  values  of  w  and  u'.  The  study  of 
the  light  field  is  completely  reduced  to  the  study  of  two  geometrical 
fields:  the  field  of  the  scalar  solid  angle  and  the  field  of  the  vector  solid 
angle.  The  space  density  of  radiant  energy  is  determined  by  the  scalar 
solid  angle  at  a  given  point  of  the  field.  The  flux  lines  are  the  lines 
of  the  solid-angle  vector,  and  a  computation  of  the  flux  through  a 
surface  is  reduced  to  a  computation  of  a  flux  of  the  solid-angle  vector. 

The  following  interpretation  of  u'  may  be  given.  Let  us  describe 
a  sphere  of  a  unit  radius  about  the  apex  of  the  conical  surface  considered. 
The  conical  surface  will  cut  from  this  sphere  a  region  whose  area  is 
equal  to  u.  To  each  elementary  solid  angle  du  will  correspond  a  definite 
element  of  the  spherical  surface.  The  vector  corresponding  to  this 
element  is  du',  which  is  directed  along  the  inner  surface  normal.  Thus 
the  vector  «'  may  be  considered  as  the  vector  sum  of  the  elements  of  the 
surface  cut  from  a  unit  sphere  by  a  given  cone,  or,  using  the  termin¬ 
ology  of  vector  analysis,  as  the  vector  of  this  surface.  It  is  easy  to 
show  that  the  vector  passes  through  the  center  of  gravity  of  the 
surface. 

The  projection  of  the  solid-angle  vector  on  a  given  direction  is  equal 
to  the  area  of  the  projection,  qn  a  plane  which  is  normal  to  the  given 
direction,  of  the  region  cut  from  the  unit  sphere  by  the  cone.  Thus 
if  the  direction  of  the  vector  is  known  (for  example,  from  considerations 
of  symmetry)  then  its  magnitude  may  easily  be  determined  as  the  area 
of  the  projection  of  a  spherical  region  on  a  plane  that  is  normal  to  the 
direction  of  the  vector. 

The  solid-angle  vector  represents  a  fundamental  quantity  in  the 
computation  of  illumination  produced  by  large  luminous  surfaces  of 
uniform  brightness.  Projecting  this  vector  upon  the  normal  to  the 
illuminated  element,  and  multipl3ring  the  length  of  this  projection  by 
the  brightness,  we  obtain  the  flux  density  through  this  element. 

2.  Transformation  of  the  Expression  for  the  Solid  Angle 

If  the  brightness  of  a  luminous  surface  S  is  equal  to  unity,  the  space 
illumination  is  measured  by  the  solid  angle  subtended  by  S.  The 
solid  angle  is 

f  cos  (n,  r)  dS 


r 


(100) 
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where  r  is  the  radius  vector  from  the  apex  of  the  solid  angle  to  the 
element  dS;  and  n  is  the  direction  of  the  normal  to  this  element.  Let  us 
transform  this  surface  integral  into  a  contour  integral.  We  describe  a 
unit  sphere  about  P  (Fig.  30).  The  intersection  of  the  cone  with  the 
sphere  defines  a  spherical  figure  whose  area  is  equal  to  the  solid  angle  u. 
The  opposite  half  of  the  conical  surface  will  cut  from  the  sphere  a  sym¬ 
metrical  figure,  the  area  of  which  is  also  equal  to  a.  Along  an  element 
of  the  contoiu*,  the  tangents  to  the  contour  undergo  a  definite  change  in 
direction.  Let  us  draw  tangent  planes  to  the  conical  surface,  these 
planes  being  separated  by  an  angle  dy,  which  characterizes  the  ele¬ 
mentary  change  of  direction  of  the  tangent  to  the  contour  as  we  move 
along  the  contour.  The  planes  intersect  the  sphere  in  two  great  circles 


and  cut  from  it  a  lune,  the  area  of  which  is  equal  to  2dy.  Subdividing 
the  contour  into  separate  elements,  and  constructing  at  each  of  these 
points  a  plane  that  is  tangent  to  the  conical  surface,  we  obtain  an 
infinite  number  of  elementary  lunes  formed  by  pairs  of  neighboring 
planes.  These  lunes  cover  the  entire  sphere,  with  the  exception  of  the 
two  areas  cut  from  the  sphere  by  the  conical  surface.  In  this  manner 

(^2dy  +  2w  =  4ir  (101) 


u  =  2ir  —  ^ 


The  integration  is  performed  over  the  entire  conical  surface.  For  a 
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multi-sided  solid  angle,  the  integral  becomes  the  Sum  of  outer  angles 
formed  by  the  planes  of  this  solid  angle. 

The  author  realizes  that  the  foregoing  simple  method  is  not  mathe¬ 
matically  rigorous.  The  transformation  could  also  be  carried  out  in 
the  classical  manner  but  this  procedure  would  be  more  laborious.  In 
the  manner  we  have  treated  the  subject,  the  pyramid  may  be  considered 
as  a  special  case  of  a  cone.  The  pjrramid  will  cut  from  the  sphere  a 
spherical  polygon,  the  number  of  sides  of  which  we  shall  denote  by  m. 
To  each  side  of  this  polygon  corresponds  an  index  t  which  varies  from 
1  to  m.  liOt  us  denote  by  yi,i+i  the  outer  angle  between  the  sides  i 
and  t  -|-  1  (Fig.  31).  With  this  notation,  corresponds  to  the 


angle  7*,i  between  the  “last”  and  the  “first”  side  of  the  polygon. 
The  expression  for  the  solid  angle  is 

m 

w  =2x  —  21  yi.i+i  (103) 

i-1 

The  amount  to  be  added  to  the  solid  angle  to  obtain  2t  is  equal  to  the  sum 
of  the  Older  angles. 

Denoting  the  angle  between  the  inner  sides  of  the  pyramid  by 
we  may  express  the  solid  angle  in  the  form 

m 

2t  —  <0  *  23  (»■  —  •4i.t+i). 
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The  amount  to  be  added  to  the  solid  angle  to  obtain  a  hemisphere  is 
equal  to  the  sum  of  the  supplements  of  the  inner  angles  between  the 
pyramid  sides.  For  a  three-sided  angle  (m  =  3),  we  obtain  as  a 
special  case  the  well  known  formula  of  spherical  trigonometry, 


which  states  that  the  area  of  a  spherical  triangle  is  proportional  to  the 
spherical  excess. 

The  following  geometrical  interpretation  may  be  given  to  the  con¬ 
tour  integral  expressing  the  solid  angle.  Consider  a  point  within  the 
conical  surface  and  draw  normals  from  it  to  the  elements  of  the  conical 


surface.  Drawing  the  outer  normals  as  shown  in  Fig.  32,  we  obtain 
a  new  conical  surface  which  may  be  called  polar  (generalizing  the 
concept  of  polar  triangles  in  spherical  trigonometry)  with  respect  to 
the  original  conicaf  surface.  To  each  tangential  plane  of  the  original 
cone  corresponds  a  definite  surface  ray  of  the  polar  surface.  The 
angle  dy  between  two  tangent  planes  is  equal  to  the  angle  between  the 
two  normals  to  these  planes,  and  these  normals  will  be  the  two  corre¬ 
sponding  surface  rays  of  the  polar  cone.  Thus  the  contour  integral 
of  dy  will  be  equal  to  the  angle  at  the  apex  of  the  conical  surface  when 
the  latter  is  cut  along  one  of  its  rays  and  developed  on  a  plane.  The 
solid  angle  will  be  equal  to  the  amount  added  to  the  apex  angle  to 
obtain  2ir. 

In  the  special  case  of  a  many-sided  solid  angle,  the  ix)lar  surface  will 
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also  be  represented  by  a  many-sided  angle.  To  each  side  of  the  original 
pyramid  will  correspond  an  edge  of  the  polar  pyramid  (Fig.  31).  The 
outer  angle  between  two  planes  forming  the  original  pyramid  will  be 
equal  to  the  plane  angle  between  two  adjacent  edges  of  the  polar 
pyramid.  As  known  from  geometry,  the  sum  of  plane  angles  com¬ 
posing  a  many-sided  angle  is  less  than  2t  and  is,  as  we  have  seen,  less 
by  the  solid  angle  of  the  polar  pyramid. 

As  an  example,  let  us  determine  the  solid  angle  subtended  by  the 
rectangle  s  when  P  is  on  a  normal  to  the  plane  of  s  and  the  normal  is 
drawn  from  one  of  the  comers  of  s  (Fig.  33).  We  number  the  sides  of 
the  rectangle  and  the  corresponding  sides  of  the  pyramid,  as  shown  in 


the  drawing.  Three  of  the  four  angles,  namely  yu;  71.1;  744  are  equal 
to  r/2.  Therefore, 


where  w  is  expressed  in  steradians  and  71,4  is  in  radians.  Since 


cos  7},4  =  sin  ai  sin  at 

we  have 

u  =  sin**  (sin  ai  sin  at), 

where  ai  and  at  denote  the  plane  angles  subtended  by  the  first  and 
.second  sides  of  the  rectangle.  If  ai  and  at  are  small,  u  ^  aiat . 
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Starting  from  linear  dimensions,  it  is  convenient  to  use  the  following 
expression  for  the  solid  angle: 

h  U 

d'd 


In  conclusion,  let  us  note  that  the  formulas  may  also  be  useful  in  the 
computation  of  the  flux  through  a  given  contour  and  originating  from 
a  uniform  point  source. 


3.  Transformation  of  the  Expression  for  the  Vector  of  the  Solid  Angle 

The  solid-angle  vector  is  represented  by  a  vector  integral  over  the 
part  of  a  sphere  cut  out  by  the  conical  surface  considered.  Let  us 
transform  the  surface  integral  into  a  contour  integral.  Consider  the 


closed  surface  formed  by  the  conical  surface  and  the  sphere  of  unit 
radius  having  its  center  at  the  apex  of  the  cone  (Fig.  34).  The  vector 
of  a  closed  surface  is  equal  to  zero.  Indeed,  the  condition  that  a 
surface  be  closed  is  equivalent  to  the  statement  that  the  vectors  of  the 
elements  of  this  surface  form  a  closed  figure.  Thus  the  total  vector 
obtained  by  the  addition  of  the  vector  of  the  spherical  surface  and  the 
vector  of  the  conical  surface  is  equal  to  zero,  on  the  assumption  that 
the  vectors  of  separate  elements  are  marked  off  along  the  outer  normals 
to  both  the  spherical  and  conical  surfaces. 

Subdivide  the  conical  surface  into  its  elements  and  consider  the  vector 
of  the  element  of  the  conical  surface  enclosed  between  two  rays  which 
form  the  angle  da.  This  element  of  the  cone  is  a  sector  of  a  circle  of 
unit  radius  with  the  angle  da  at  its  apex,  and  its  area  is  da/2.  Each 
plane  angle  formed  by  two  intersecting  straight  lines  may  be  charac¬ 
terized  by  a  vector  directed  along  the  normal  to  its  plane  and  equal  in 
length  to  the  magnitude  of  the  angle.  Introducing  the  vector  da,  we 
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find  that  the  vector  of  the  element  of  the  conical  surface  is  equal  to 
da/2.  Therefore  the  solid-angle  vector  is 

«'  =  J  ^  da  (106) 

where  the  integration  is  performed  over  all  the  elements  of  the  conical 
surface.  When  the  base  of  the  cone  is  a  polygon  and  the  cone  degen¬ 
erates  into  a  p3nramid,  the  solid-angle  vector  is 

«'  =  J  2  «♦  (106a) 

where  a^  is  the  vector  of  the  plane  angle  ui  that  is  subtended  by  the 
»“*  side  of  the  polygon  (Fig.  31). 

It  is  easy  to  show  (Section  7,  Chapter  IV)  that 

<!>'  =“  foU 


where  ro  is  the  vector  from  the  center  of  gravity  Q  to  the  apex  of  the 
solid  angle  (Fig.  20).  The  projection  of  the  vector  «'  on  a  direction  n 
(which  is  in  general  a  generatrix  of  a  conical  surface)  is  equal  to 

u'n  =  i  ^  cos  0  da  (107) 

where  0  is  the  angle  between  the  vector  da  and  the  direction  n.  For 
an  m-sided  pyramid,  the  projection  of  the  vector  u'  on  a  direction  n 
is  one  half  of  the  sum  of  projections  of  the  vectors  a,  on  this  direction. 
In  other  words, 

m 

i  S  a,-  cos  0i  (107a) 

i-l 

where  0i  is  the  angle  between  the  vector  Oi  and  the  direction  n. 

The  above  transformations  are  of  great  importance  in  theoretical 
photometry  and  they  completely  define  the  computation  of  the  illu¬ 
mination  produced  by  large  uniformly  luminous  surfaces.  The  light 
vector  of  a  luminous  surface  of  brightness  B  is 


(108) 


Introducing  the  luminosity  of  the  surface,  we  obtain  L  =■  vB,  and 


D 


(108a) 
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If  the  luminous  surface  is  an  m-sided  polygon, 

D  -  L  E  (108b)  • 

Thus  the  light  vector  produced  by  a  luminous  polygon  is  determined  by 
constructing  a  pjrramid  with  apex  at  P  and  with  its  base  formed  by  the 
luminous  polygon.  We  determine  in  degrees  the  angles  ai ,  a*  •  •  •  ,a^ 
in  the  sides  of  this  pyramid,  and  consider  vectors  which  are  normal 
to  the  sides  of  the  pyramid  and  whose  lengths  are  equal  to  oi/360, 
ai/360,  •  •  •  ,  a,»/360.  The  sum  of  these  vectors  determines  the  light 
vector. 

The  flux  density  for  any  element  of  the  surface  is  given  by  the  pro¬ 
jection  of  the  light  vector  on  the  normal  n  to  this  element.  Thus  the 
flux  density  may  be  computed  from  the  formula, 

Z),  =  =  L  ^  ^  cos  (108c) 

For  a  polygon, 

Dn~  L'E^cosfii,  (108d) 

•-1  2t 

If  the  tangent  plane  does  not  intersect  the  luminous  polygon,  the 
quantity  B.  represents  the  illumination.  Thus  the  above  formula 
gives  a  general  expression  for  the  illumination  produced  by  an  arbi¬ 
trarily  shaped  luminous  figure.  These  formulas  make  it  unnecessary  to 
perform  an  integration  over  a  surface  when  considering  special  cases. 
Applied  to  the  case  of  a  luminous  polygon,  the  computation  of  the 
illumination  is  reduced  to  the  determination  of  the  angles  Oi  and  /S, . 

Ekj.  (108d)  was  first  derived  by  I.Ambert,  who  proceeded  from  the 
case  of  a  spherical  triangle,  and  was  derived  in  a  simpler  manner  by 
Wiener”  and  shown  in  its  vectorial  form  for  the  first  time  by  Mehmke.*' 
For  surfaces  bounded  by  arbitrary  contours,  Elq.  (I08c)  was  derived  in 
1926  by  Yamauti”  and  independently  by  the  author  of  this  book  in 
collaboration  with  Gurevitch.”  A  somewhat  different  derivation  is 
given  in  the  paper  by  Genkin.**  According  to  the  principle  of  reci- 

**  Z.  Yamauti,  J.  O.  S.  A.,  IS,  1926,  p.  561.  Researches  of  the  Electrotechnical 
Laboratory,  Tokyo,  No.  190  (in  Japanese). 

**  A.  (jershun  and  M.  Gurevitch,  The  Light  Field.  Journal  of  the  Russian 
Physico-Chemical  Society,  60,  1928,  No.  4,  p.  356. 

*'  V.  Genkin,  Calcul  de  I’^lairement  moyen  en  presence  des  surfaces  diffu- 
santes  de  brillance  uniforme.  R.  G.  E.,  29,  1931,  p.  369. 
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procity,  Eq.  (108c)  allows  the  determination  of  the  flux  through  an 
arbitrary  contour,  the  light  being  emitted  according  to  Lambert’s  law 
by  an  element  of  the  surface.  The  flux  through  this  contour  is  equal 
to  the  product  of  the  axial  intensity  of  the  luminous  element  and  the 
projection  of  the  vector  of  the  solid  angle  on  the  axis.  The  computation 
is  reduced  to  the  determination  of  a  contour  integral  or  of  a  sum  along 
the  perimeter  of  a  polygon. 

4.  Example:  Computation  of  Illumination  from  a  Rectangular  Source 
Let  us  determine  the  light  vector  at  P  produced  by  a  uniformly 
luminous,  perfectly  diffusing  rectangular  source  of  brightness  B](Fig.  33). 
A  table  of  cosines  of  the  angles  between  the  vectors  a<  and  the  coordinate 
axes  follows. 


Vector 

X 

Y 

z 

«! 

1 

0 

0 

at 

0 

1 

0 

at 

—  cos  Oi 

0 

sin  at 

04 

0 

—  cos  Oi 

sin  oi 

The  vector 


is  determined  from  the  table: 


_  1  ^ 
2S®‘ 


Vector 

X 

Y 

Z 

ai 

0 

0 

Ol 

0 

at 

0 

«i 

.  —  oa  cos  ot 

0 

Ot  sin  Ot 

04 

0 

—  04  COS  Ol 

04  sin  Ol 

O]  —  Ol  cos  Ol 

Ot  —  04  COS  Ol 

Ot  sin  Ot  +  04  sin  oi 

2 

=  2 

2 

From  the  diagram, 
and 


tan  ai  =  cos  at  tan  ai 
tan  04  =  cos  oi  tan  at 
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Thus, 

D,  =  Bux  =  Tj  {«!  —  C08aitan“‘  (cos  at  tan  ai) ) 

A 

Dy  =  Buy  =  5  {«*  —  cos  ai  tan~^  (cos  oi  tan  at) }  (109) 

A 

D,  =  Bu,  =  -  {8inaitan“*(cosaitanat)  +  sinattan”*  (cosattanai)) 


The  absolute  value  of  the  light  vector  is 

D  =  y/D\  +  D;  +  D\  (110) 

where  D,  is  equal  to  the  illumination  at  the  point  P  in  a  plane  parallel 
to  the  luminous  rectangle,  Z).  is  the  illumination  of  the  plane  YZ,  and 
Dy  is  the  illumination  of  the  plane  XZ.  When  the  illuminated  plane 
is  inclined  but  does  not  intersect  the  rectangle,  its  illumination  is 

E  =  Dx  cos  (n,  x)  +  Dy  cos  (n,  y)  +  Dg  cos  (n,  z).  (Ill) 

If  the  linear  dimensions  of  the  sides  of  the  rectangle  are  h  and  k , 
and  d  is  its  distance  from  P,  we  obtain 


These  formulas,  it  seems,  were  first  derived  by  R.  A.  Herman.”  The 
direction  and  thoabsolute  value  of  the  light  vector  from  a  rectangle 
are  easily  determined  by  graphical  methods.  We  shall  illustrate  this, 
following  the  method  of  Mehmke*‘  for  daylight  illumination  through  a 
window  (Fig.  35).  We  draw  from  P  the  straight  lines  PQi,  PQt,  PQj, 
PQ4 ,  which  enclose  a  region  of  the  sky.  As  a  rule  this  region  will  be 
bounded  on  its  lower  side  by  the  plane  passing  through  the  roof  of  the 
opposite  building.  If  the  brightness  B  of  the  sky  is  assumed  to  be  equal 


**  R.  A.  Herman,  A  Treatise  on  Geometrical  Optics.  Cambridge,  1900.  Also 
see  H.  H.  Higbie,  Prediction  of  Daylight  from  Vertical  Windows,  I.  E.  S.  Trans., 
80, 1926. 

H.  H.  Higbie  and  A.  Levin,  Prediction  of  Daylight  from  Sloping  Windows, 
I.  E.  S.  Trans.,  81,  1926. 
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in  all  directions,  and  if  loss  of  light  in  the  glass  is  neglected,  the  relative 
value  of  the  light  vector  e  at  P  will  be 

(113) 

Dir  i-i 

where 


(114) 


The  summation  is  performed  over  the  four  sides  of  the  light  pyramid 
which  encloses  the  light  rays  arriving  at  P. 


For  direct  reading  of  the  absolute  values  of  the  vectors  e<  from  the 
drawing,  we  may  use  a  protractor  suggested  by  Mehmke.  An  Archi¬ 
medean  spiral,  i.e.  a  curve  for  which  the  radius  vector  is  proportional 
to  the  angle,  is  drawn  on  tracing  cloth.  The  radius  vector  is  made  of 
unit  length  for  the  angle  2x.  To  determine  a  length  equal  to  a/2T  we 
place  the  protractor  on  the  drawing  in  such  a  manner  that  its  center  P 
coincides  with  the  apex  of  the  angle  and  the  line  PQ  coincides  with 
one  of  the  sides  of  the  angle.  The  spiral  will  cut  from  the  other  side 
of  the  angle  the  distance  a/2T,  which  is  equal  to  the  absolute  value  of 
the  vector  ti  corresponding  to  this  angle  a. 
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The  solid  angle  has  in  this  case  the  shaiie  of  a  four-sided  pyramid, 
two  sides  of  which  (1  and  2)  are  horizontal,  while  the  other  two  sides 
(3  and  4)  are  vertical  (Fig.  35).  Thus  the  vectors  Ci  and  ei  may  be 
drawn  and  added  on  the  vertical  projection,  and  the  vector  Cj  and  64 
on  the  horizontal  projection.  To  determine  from  the  drawing  the 
absolute  values  of  these  vectors,  we  imagine  the  planes  of  the  angles 
ai ,  as ,  ai ,  04 ,  to  be  placed  parallel  to  the  planes  of  the  drawing.  The 
angles  ai  and  as  will  be  parallel  to  the  vertical  projection,  and  the 
angles  os  and  04  will  be  parallel  to  the  plane  of  the  horizontal  projec¬ 
tion.  Then  PiQ,  =  PQ,;  PsQ«  =  PQs,'  PiQp  =  PQi,'  P4QP  =  PQ4 
and  ZQsPtQ4  =*  aij  ZQsPsQ4  =  asj  ^QiPsQs  =  ajj  ZQ1P4QS  =  04. 
Using  the  Mehmke  protractor,  we  determine  from  these  angles  the 
absolute  values  of  the  vectors  e, ,  which  are  equal  to  a,/2T.  Adding 
the  vector  Si  -f  es  to  the  component  of  the  vector  es  +  that  is 
parallel  to  the  normal  plane,  and  adding  the  vector  es  +  04  to  the 
horizontal  component  of  the  vector  ej  +  es ,  we  obtain  the  vectors 
Op  and  e«  which  represent  the  projection  of  the  light  vector  e  on  the 
vertical  and  on  the  horizontal  planes. 

The  maximum  illumination  at  P  is  obtained  when  its  normal  coin¬ 
cides  with  the  light  vector.  In  other  words,  the  normal  passes  through 
the  light  center  of  the  window.  The  light  center  is  determined  in  the 
horizontal  and  vertical  projection  by  the  vectors  tp  and  en . 
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Mathematical  Theory 

1.  The  Light  Beam  and  Its  Brightness 
In  geometrical  optics,  the  light  ray  is  considered  as  a  mathematical 
straight  line.  In  photometry  (see  Chapter  II,  Section  2)  the  light 
ray  is  replaced  by  an  elementary  ensemble  of  directions  along  which 
the  transfer  of  radiant  energy  proceeds.  The  geometry  of  the  light 
beam  is  defined  by  two  infinitesimal  apertures  and  dst  which  are  at 
a  finite  distance  from  each  other  (Fig.  3).  It  seems  advisable  to  intro¬ 
duce  a  new,  purely  geometrical  concept — a  measure  o/  the  multitude  of 
directions  composing  the  light  beam.  One  deals,  not  with  the  infinitesimal 
apertures,  but  with  apertures  Si  and  St  of  finite  size  (Fig.  36).  Of  all 
straight  lines  in  space  we  choose  a  definite  set  passing  through  Si  and  St . 
All  these  lines  are  concentrated  in  the  region  t,  whose  boundaries  are 
shown  by  dotted  lines.  To  each  point  P  corresponds  a  definite  conical 
surface,  within  which  are  concentrated  all  the  straight  lines  passing 
through  P  and  belonging  to  the  set  of  lines  within  t.  To  this  conical 
surface,  in  turn,  correspond  definite  values  of  the  solid  angle  u  and  of 
its  vector  These  quantities  may  be  considered  as  point  functions; 
and  outside  of  the  region  r,  u  and  w'  are  zero. 

We  construct  an  arbitrary  surface  S  satisfying  the  condition  that 
each  straight  line  of  t  intersects  it  in  only  one  point.  Consider  the 
quantity 

AT  »  f  u'-dS  (116) 

where  the  integration  is  performed  over  the  entire  surface  8,  and  where 
u'  is  the  vector  of  the  solid  angle  enclosing  all  the  lines  of  r  that  pass 
through  the  element  d<S  of  surface  8. 

The  quantity  N  represents  the  flux  of  w'  through  the  surface  8. 
N  depends  only  on  the  size  and  relative  position  of  the  apertures  and 
is  independent  of  the  choice  of  the  surface  8.  The  flux  of  the  solid 
angle  vector  through  all  surfaces  that  satisfy  the  above  requirement  is 
the  same.  The  proof  of  this  statement  follows  from  the  fact  that  the 
vector  is  solenoidal  (div  «  0). 
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Thus  it  seems  natural  to  take  as  a  measure  of  the  multitude  of  lines 
contained  within  r  the  quantity  N  which  is  an  invariant  with  respect  to 
all  surfaces  intersecting  the  set  of  lines.  In  place  of  S  we  may  choose, 
as  a  special  case,  one  of  the  apertures  Si  and  St .  If  iST  is  determined  by 
two  infinitesimal  apertures,  the  measure  of  the  multitude  of  the  geo¬ 
metric  rays  composing  the  beam  is 

c^N  —  doidui  *  dffidut  (116) 

where  doi  and  dot  are  the  areas  of  the  cross-section  of  the  beam  at  the 
two  apertures  and  dui  and  do>t  are  the  corresponding  values  of  the 
solid  angle  (Fig.  3).  For  other  cross-sections  of  the  light  beam,  we 
cannot  give  a  definite  value  of  the  solid  angle  that  measures  the  di¬ 


vergence  of  the  rays,  because  this  quantity  will  have  different  values 
for  different  points  of  such  a  cross-section,  and  it  will  decrease  as  we 
move  from  the  center  to  the  edge  of  the  cross-section  of  the  beam. 
Thus  the  common  statement  that  “the  product  of  the  cross-sectional 
area  of  the  beam  and  the  solid  angle  determining  divergence  of  the 
rays  is  constant”  is  not  true.  What  is  constant  is  the  flux  of  the  solid 
angle  vector  having  for  all  the  cross-sections  the  value 

^  cos  di  cos  Oidsidsi 

where  I  is  the  distance  between  the  apertures  dsi  and  dsj ,  and  and  9t 
are  the  angles  between  the  normals  to  the  apertures  and  the  direction 
of  the  beam. 

The  new  concept  of  the  solid-angle  vector  not  only  clarifies  the  some¬ 
what  foggy  question  of  the  geometry  of  the  light  beam,  but  may  also 
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be  used  in  building  up  a  system  of  photometric  concepts.  Thus  the 
brightness  B  along  the  light  beam  may  be  defined  as  the  coefficient  of 
proportionality  between  the  light  flux  d'F  and  the  quantity  d^N,  which 
measures  the  multitude  of  the  geometrical  rays  composing  the  light 
beam: 

(FF  =  B<FN.  (118) 

Inasmuch  as  iV  is  an  invariant,  the  brightness  varies  along  the  beam 
in  proportion  to  the  flux.  In  empty  space,  the  flux  is  constant  for  all 
the  cross-sections  of  the  beam  and  the  brightness  is  also  constant.  Let 
us  consider  now  the  question  of  the  change  of  brightness  when  the 
beam  passes  from  one  transparent  medium  into  another.  If  the  light 
beam  passes  from  a  medium  (subscript  k)  in  another  medium  (subscript 


fc  -j-  1,  Fig.  37),  the  indices  of  refraction  of  these  media  being  n*  and 
n*+i ,  and  if  the  boundary  s  of  the  two  media  is  ideally  polished,  the 
change  in  direction  of  the  beam  at  s  is  defined  by  the  following: 

n*  sin  dk  =  n*+i  sin  ®*+i .  (119) 

We  shall  now  prove  that  n*  d*N  is  an  invariant  for  all  the  points  of 
the  beam.  The  invariability  of  this  expression  most  be  considered  as  one 
of  the  fundamental  laws  of  geometrical  optics.  The  validity  of  this  law 
for  the  special  case  of  n  =  const  was  demonstrated  in  the  foregoing 
discussion.  We  denote  the  area  of  the  element  of  the  refracting  surface 
by  ds  and  the  point  corresponding  to  it  by  P.  The  cross-sectional  area 
of  the  light  beam  at  this  ix)int  will  differ,  depending  upon  the  side  from 
which  we  approach  the  refracting  surface.  If  from  the  medium  k,  the 
area  will  be 

doh  =  ds  cos  dk  . 
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If  from  the  medium  k  +  1,  it  will  be 

dffk+i  ^  ds  cos  6k+i . 

Similarly,  the  solid  angles  defining  the  divergence  of  the  light  beam 
at  P  are  denoted  by  dwk  and  by  dut+i .  The  elementary  solid  angle 
duk  includes  the  directions  for  which  the  angle  of  incidence  varies  from 
dk  to  Ok  +  dOk  ,  and  the  position  of  the  plane  of  incidence  varies  by  an 
angle  dyj/k  ■  Then 

duk  *=  sin  Ok  dOk  d\kk  (120) 

and 

dwk+i  =  sin  Ok+idOk+id^k+i .  (121) 

We  must  consider  that  =  d^t+i  because  the  plane  defined  by  the 
rays  and  the  normal  does  not  change  its  position  when  the  rays  are 
refracted.  Differentiating  the  expression, 

nX  sin*  Ok  =  nX+i  sin*  Ok+i  (122) 

we  obtain 

n*  sin  Ok  cos  Ok  dOk  —  nt+i  sin  Ok+i  cos  Ok+i  dOk+i .  (123) 

Multiplying  the  expressions  for  duk  and  duk+i  by  n*  dck  and  by  n*+i  dvk+i 
and  taking  into  account  the  above  relationships,  we  obtain 

n*  d<Tk  duk  =  n*+i  d<Tk+\  duk+i .  (124) 

For  convenience  of  the  proof  we  proceeded  from  the  value  of  the  quan¬ 
tity  d*N  at  the  boundary  point  P.  As  has  been  shown,  this  quantity 
is  the  same  for  all  points  of  the  light  beam  in  a  given  medium.  From 
this  it  follows  that  the  magnitude  n*  d*Nk  is  the  same  for  all  values  of  k. 
Along  the  entire  path  of  the  light  beam,  independent  on  how  many 
times  it  has  been  refracted,  the  product  of  n*  and  the  measure  of  the 
multitude  of  the  rays  remain  constant.  The  invariability  of  the  ex¬ 
pression  n*  da  du  was  first  demonstrated  by  R.  Straubel,  and  represents 
one  of  the  most  important  laws  of  geometrical  optics.  Many  papers 
deal  with  this  question.** 

**  M.  Herzberger,  tlber  Sinusbedingung,  Isoplsnaaie  und  Homdoplanaaie- 
bedingung,  ihren  Zusammengang  mit  energetischen  ttberlegungen  und  ihre 
Ableitung  aua  dem  Fermatschen  Geaetz.  Za.  fUr  Inatrumentenkunde,  48,  1928, 
pp.  313,  465,  524.  (Containa  a  bibliography  up  to  the  year  1928.) 

Andr5  Dargenton,  Th5or4me  aur  la  refraction  dea  pinceaux  de  rayona  lumineux. 
Application  au  calcul  de  la  brillance.  Revue  d’Optique,  8,  1929,  p.  4.  Note 
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Analogous  relationships  may  be  written  for  the  rays  confined  by  the 
diaphragms  si  and  Sj  of  finite  size  (Fig.  36).  If  the  rays  are  refracted, 

the  invariant  is  no  longer  represented  by  iV  =  ^  •  dS,  but  by 

n*  jf  «'  dS 

where  n  is  the  index  of  refraction  of  the  medium  in  which  the  surface  S 
Is  placed.  It  is  better  to  introduce  as  an  invariant  the  quantity 

where  X  is  the  wavelength.  This  invariant  represents  a  pure  number 
which  may  play  an  important  rdle  in  the  study  of  the  phenomena  of 
diffraction. 

We  turn  now  from  the  questions  of  geometrical  optics  to  the  problems 
of  photometry,  and  consider  the  change  of  brightness  of  a  light  beam 
as  it  passes  from  one  medium  to  another.  Denote  the  flux  by  d^Fk 
for  a  point  P*  in  the  medium  k  and  by  d*P*+j  for  a  point  P*4i  in  the 
medium  k  +  1.  In  general, 

d*Pt+,  <  d*P* . 

Denoting  the  values  of  brightness  by  P*  and  Bk+i ,  we  obtain 
d*P*  =  P*d*JV* 
and 

d*P*4i  = 

Since  nl  d*W*  =  nl+i  d*iV*+i ,  we  have 

n*+i  n* 

The  brightness  along  the  light  beam  is  directly  proportional  to  the 
flux  and  to  the  square  of  the  index  of  refraction,  when  passing  from 
one  medium  into  another.  Disregarding  the  question  of  absorption 
of  light,  we  obtain  the  invariability  of  the  ratio  P/n*.  From  this 


8ur  une  propri6t4  de  la  refraction  des  pinceaux  de  rayons  lumineux.  Application 
au  calcul  de  la  brillance.  Revue  d’Optique,  12, 1933,  p.  172. 

Pierre  Copel,  Sur  un  nouvel  invariant  relatif  a  I’ensemble  de  deux  pinceaux 
lumineux  ayant  rndme  rayon  moyen.  Rev.  d’Optique,  IS,  1934,  p.  193. 
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follows  that  the  brightness  of  beams  arriving  at  an  image,  produced  by 
an  ideal  lens  that  does  not  absorb  any  light,  is  equal  to  the  brightness 
of  rays  emitted  by  the  object,  provided  that  the  image  is  in  the  same 
medium  as  the  object. 

The  question  of  the  change  of  brightness  of  a  light  beam  when  it  is 
reflected  from  a  boundary  of  two  regions  does  not  call  for  a  separate 
analysis.  The  quantity  c^N  remains  unchanged  in  the  process  of  reflec¬ 
tion  of  a  given  light  beam,  and  thus  the  ratio  of  the  brightness  of  the 
reflected  beam  to  the  brightness  of  incident  beam  is  equal  to  the  ratio 
of  the  reflected  flux  to  the  incident  flux.  From  this  follows  that  the 
reflection  factor  of  specular  surfaces,  which  is  equal  by  definition  to  the 
ratio  of  reflected  flux  to  incident  flux,  may  also  be  defined  as  the  ratio 
of  the  brightness  of  the  image  to  the  brightness  of  the  object.  All 
these  relationships  are  fundamental  in  the  study  of  photometry  of  the 
optical  image.“ 

2.  Some  Mathematical  Relationships 

Let  us  consider  some  of  the  most  important  theorems  of  the  mathe¬ 
matical  theory  of  the  light  field  in  empty  space.  We  shall  treat  them 
briefly,  inasmuch  as  the  purpose  of  this  text  is  to  present  the  physical 
basis  of  the  theory  of  the  light  field  and  its  application  in  radiation 
engineering.  The  mathematical  theory  of  the  light  field  is  discussed 
in  pMipers  by  Fock,“  Glershun,'*  Gurevitch*  and  others.  A  review  of 
the  literature  appears  in  a  paper  by  Yamauti.^ 

At  first  sight  it  would  seem  that  the  theory  of  the  light  field  in  its 
systematic  treatment  must  be  very  like  the  theory  of  the  electrostatic 
field.  The  light  vector  produced  by  a  point  source  varies  inversely  as 
the  square  of  the  distance,  as  does  the  electric  force  produced  by  a  point 
charge.  With  a  linear  source,  the  light  vector  varies  inversely  as  the 
first  power  of  the  distance,  as  in  the  electric  field  of  a  charged  wire. 
With  an  infinite  plane  source,  the  light  vector  is  constant  in  direction 
and  magnitude  at  any  finite  distance  from  the  plane,  as  in  the  homoge¬ 
neous  field  of  a  charged  plane.  However,  the  light  field  possesses  a 

**  A.  I.  Tudorovsky,  Elementa  of  the  General  Theory  of  Optical  Apparatus. 
Edited  by  “The  Military  Technical  Academy”  PKKA  of  Dserzinsky,  1932. 
M.  M.  Gurevitch,  Light  Measurements.  Edited  by  the  Educational  Dept,  of  the 
Civil  Air  Fleet,  Leningrad,  1934. 

**  V.  A.  Fock,  Illumination  Produced  by  Surfaces  of  Arbitrary  Shape.  Proc. 
of  State  Opt.  Inst.,  8,  No.  28,  1924. 

V.  Fock,  Zur  Berechnung  der  Beleuohtungaat&rke.  Zs.  f.  Phys.,  88,  1924, 
p.  102. 
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number  of  curious  properties,  the  study  of  which  may  be  of  general 
interest  from  the  standpoint  of  field  theory. 

The  electric  charge,  or  the  strength  of  a  magnetic  pole,  does  not 
de|)end  on  the  direction  in  which  its  action  is  considered.  The  value 
of  the  force  vector  is  completely  defined  by  the  distance  from  the 
source.  The  field  produced  by  uniform  pK)int  sources  of  light,  the 
intensity  of  light  of  which  is  the  same  in  all  directions,  is  identical  with 
the  field  produced  by  point  charges.  In  this  special  case,  the  light 
vector  possesses  a  scalar  potential.  It  is  possible  that  the  historical 
error  of  Euler  and  Laplace,  who  assumed  that  the  luminous  intensity 
of  each  element  of  a  luminous  surface  is  the  same  in  all  directions, 
was  caused  by  a  subconscious  desire  to  introduce  an  analogy  to  the 
theory  of  gravitation,  where  the  mass  does  not  depend  on  direction. 
This  error  was  discovered  by  Lambert,  who  assumed  that  the  luminous 
intensity  varies  according  to  the  cosine  law. 

Usually  the  luminous  intensity  of  a  point  source  is  different  in  « 
different  directions,  and  the  value  of  the  light  vector  dep>ends  on  both 
distance  from  the  source  and  direction.  Thus  electrostatic  and  me¬ 
chanical  analogs  cannot  be  used.  The  light  field  usually  has  vortices 
and  the  light  vector  does  not  possess  a  potential.  In  fields  produced 
by  several  sources,  in  general,  a  potential  does  not  exist  and  it  is  im¬ 
possible  to  construct  surface?  orthogonal  to  the  flux  lines. 

Let  us  consider  now  some  vectorial  operations  and  relationships 
characterizing  the  light  field  in  empty  space.  First,  let  us  introduce 
the  concept  of  the  vector  potential.  If  the  light  vector  D  is  solenoidal 
(div  D  =  0),  the  flux  of  this  vector  through  a  surface  s  may  be  expressed, 
according  to  Stokes’  theorem,  as  a  line-integral  of  another  vector  A 
over  a  contour  C  embracing  this  surface,  or 

^  D-ds  =  ^  A  di. 

The  vector  D  is  the  curl  of  the  vector  A,  which  is  called  the  vector 
potential,  or 

D  >  ciurl  A.  (125) 

The  field  of  the  vector  A  defines  the  field  of  the  light  vector  D. 
The  value  of  the  concept  of  vector  potential  in  photometry  resides  in 
the  fact  that  it  allows  a  simplified  computation  of  flux  from  one  surface 
to  another.  The  integral  of  the  light  vector  over  a  surface  is  reduced 
to  the  integral  of  the  vector  potential  along  a  contour.  Let  us  recall. 
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first,  the  well-known  relationships  between  the  components  of  the 
vectors  D  and  A  in  rectangular  system  of  coordinates,  or 

r-  ,  .  dA,  dAy 

Z),  (126) 

.  dAy  dA, 

D,  =  curl,  A  »  * - — 

dx  dy 

These  relationships  determine  the  components  Z), ,  D„ ,  Dg  of  curl  A 
when  the  values  A, ,  Ay ,  A,  are  known  at  all  points  of  the  field. 

We  consider  now  the  inverse  problem  of  finding  the  vector  potential. 
For  a  uniformly  luminous  surface  which  radiates  according  to  Lambert’s 
law,  the  light  vector  is 

D  =  I  ^  do  (127) 

Denoting  by  r  the  distance  from  the  element  dl  to  the  point  P,  and 
introducing  a  unit  vector  rj , 

do  =  X  dl  (128) 

r 

The  components  of  the  vector  along  the  coordinate  axis  may  be 

considered  as  derivatives  of  a  scalar  function  In  r  along  the  corre¬ 
sponding  axis,  or 

-  =  grad  In  r  (129) 

r 

I 

Therefore, 

do  =  grad  In  r  X  dl  =*  curl  (in  r  dl)  (130) 

The  identity  of  the  two  above  expressions  for  do  may  easily  be  verified 
by  substitution. 

Thus  the  solid-angle  vector  is 
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The  light  vector  is 


D  =  Bw'  =  curl  A 


and  its  vector  potential  A  is 

A  =  ^  ^  In  rdl  (132) 

The  luminous  flux  F  from  the  luminous  surface  S  of  brightness  B 
(enclosed  by  the  contour  C)  to  the  illuminated  surface  s  (enclosed  by 
the  contour  c)  is 


F  =  j  D  ds  =  A  di'  =  I  ^  /  In  rdl  dl' 
—  ^  f  ^  In  r  cos  (dl,  dV)  dl  dV 


(133) 


where  r  is  the  distance  between  dl  and  dV.  The  computation  of  the 
flux  is  reduced  to  a  two-fold  integration  in  place  of  a  four-fold  integra¬ 
tion.  From  the  principle  of  reciprocity,  the  expression  for  F  is  sym¬ 
metrical  with  respect  to  the  elements  of  the  contours  of  the  luminous 
as  well  as  of  the  illuminated  surfaces. 

Photometric  computation  using  this  formula  has  been  carried  out. 
V.  Fock“  computed  the  illumination  produced  by  a  luminous  ellipse, 
*  using  the  foregoing  method,  while  V.  Genkin**  considered  the  computa¬ 
tion  of  the  flux  from  one  rectangle  to  another.  The  concept  of  the  vec¬ 
tor  potential  was  introduced  into  photometric  theory  by  R.  Herman.” 

To  conclude,  let  us  consider  in  greater  detail  the  question  of  the 
existence  of  a  scalar  potential.  Each  luminous  body  may  be  subdivided 
into  elements  which  may  be  considered  as  point  sources.  Thus  we 
shall  start  with  a  light  field  produced  by  a  point  source  which  has  an 
arbitrary  intensity  distribution.  Let  us  denote  by  r  the  distance  from 
the  source  to  a  point  of  the  field,  by  ri  a  unit  vector,  and  by  I  the 
intensity  of  the  source  in  the  direction  of  ri .  Theh  the  light  vector  is 


D  » 


The  divergence  is  div  D  = 
to  ri , 


Inasmuch  as  grad  I  is  normal 


div  D  =  0. 


(134) 
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This  relationship  will  be  true  for  the  light  vector  produced  by  any  set 
of  such  sources  and  will  therefore  apply  for  an  arbitrary  luminous  body. 
The  light  vector  is  solenoidal.  This  property  was’also  found  in  Section  6, 
Chapter  IV,  on  the  basis  of  the  law  of  conservation  of  energy. 

The  curl  of  the  light  vector  is 

(135) 

The  curl  is  normal  to  ri  and  to  grad  I.  Inasmuch  as  these  two 

vectors  are  in  their  turn  normal  to  each  other,  the  absolute  value  of 

the  curl  is 

I  curl  D  1  =  (136) 

Curl  D  is  different  from  zero,  and  therefore  the  field  of  a  point  source 
does  not,  in  general,  possess  a  potential.  The  curl  of  the  light  vector 
is  normal  to  that  vector,  so 

D.curlD  =  0.  (137) 

This  relationship  reveals  the  existence  of  surfaces  orthogonal  to  D. 
The  flux  lines  represent  the  geodesics  of  the  function  0  =  1/r  which 
may  be  called  the  quasi-potential,  because 

D=-/grad«^.  (138) 

When  the  light  vector  is  produced  by  a  set  of  non-uniform  point  sources, 

D-curl  D  0 

so  the  light  vector  possesses  neither  a  potential  nor  a  quasi-potential. 
It  is  imixNssible  in  this  case  to  construct  surfaces  orthogonal  to  the  flux 
lines.  The  exceptions  to  this  rule  are  the  two-dimensional  field,  the 
field  possessing  axial  symmetry,  the  field  produced  by  a  luminous 
plane  source  that  is  perfectly  diffusing. 

In  all  these  cases,  the  light  vector  may  be  represented  by  two  variable 
scalar  functions: 

D  =  —  ^grad0  (139) 

and  the  light  lines  may  be  constructed  as  orthogonal  trajectories  to 
surfaces  upon  which  the  values  of  the  quasi-potential  ^  are  constant. 
An  example  is  the  field  produced  by  a  plane,  perfectly  diffusing  source. 
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Then  ^  represents  the  distance  along  the  normal  from  the  luminous 
surface  S  to  an  arbitrary  point  of  the  light  field,  and 


^  2  J.  r* 


(140) 


where  r  is  the  distance  from  the  point  to  the  element  dS  whose  bright¬ 
ness  B  is  equal  in  all  directions  (A.  Gershun.  See  footnote  19).  Of 
unquestionable  interest  from  the  physical  as  well  as  from  the  engineering 
standpoint  is  the  theory  of  the  light  field  in  diffusing,  absorbing,  and 
luminous  media.**  Space  forbids  a  consideration  of  this  question  and  a 
large  number  of  other  photometric  problems. 


*•  N.  Boldyreff,  see  footnote  18. 

A.  Gershun,  On  Photometry  of  Diffusing  Media.  Proc.  of  State  Opt.  Inst., 
1036. 

A.  Gershun,  Photometric  Computation  of  Gas  Discharge  Lamps.  Sveto- 
technika,  1932,  No.  S-9,  p.  10. 

A.  Gershun,  Berechnung  des  Volumleuchtens.  Phys.  Zs.  d.  Sowjetunion,  S, 
No.  2,  1932. 
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A  FUNCTION  RELATED  TO  THE  SERIES  FOR  e” 
Bt  Lbo  F.  Epstvin 


1.  Introduction  and  Definitions.  In  deriving  a  series  expansion  for 
e**,  an  interesting  group  of  integral  constants  is  encountered,  the  coeffi¬ 
cients  in  the  expansion 

(1)  e'-.e[l+jr.^+||x>  +  |;x'+...+fjx-+...] 

The  numerical  values  of  these  constants  can  be  obtained  most  directly 
by  substituting  the  value  a:  =*  0  in  the  derivatives  of  e**,  the  n'th  deriva¬ 
tive  thus  yielding  Kn ,  following  the  rule  for  a  Maclaurin*  series.  In 
this  paper,  we  shall  discuss  a  few  of  the  simpler  properties  of  these 
integers,  and  of  a  function  derived  from  them. 

As  a  study  of  the  derivation  from  the  derivatives  of  e**  will  show, 
the  iC-numbers  (as  we  shall  call  them)  are  given  by  the  following 
iteration  formula 

+  a:,  -h  -  2) 

•  •  •  +  nKn.^  -f  A, 


A,  =  1. 


(3) 


Kn+l  =  14- 


A„ 


where 


is  the  ordinary  binomial  coefficient. 


Thus  A,  can  be  calcu¬ 


lated  at  once  if  the  values  of  Ai  to  A„_i  are  known  following  the  above 
equations.  In  this  respect,  the  A-numbers  resemble  Euler’s  numbers, 
which  are  also  integers  derivable  from  similar  equations  involving 
binomial  coefficients  providing  all  the  values  from  Ei  to  E^-i  are  known. 
Since  the  binomial  coefficients,  which  are  the  multiples  of  the  A’s, 


*  Whittaker  and  Watson  Modern  Analysis  (Cambridge,  1935). 
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are  all  whole  numbers,  and  since  K\  =  1,  /iCn  must  always  he  an  integer. 
It  should  be  observed  that  symbolically,  we  may  write* 

(4)  =  (1  -f  fc)" 

where,  in  the  expanded  series,  we  substitute  Km  for  fc"  in  each  term. 
It  has  further  been  demonstrated  by  various  writers*  that  we  may 
express  Kn  in  the  infinite  series  form 

(5)  K.-iZr'  (n- 1,2,3,  •••) 

e  (-0  (! 


This  equation  is  restricted  to  positive  integral  values  of  n;  we  shall 
now  demonstrate  that  this  restriction  is  unnecessary.  In  fact,  we  shall 
define  the  /C-function 


(6) 


where  z  is  any  number,  real  or  complex.  This  definition  is  quite  valid, 
for  (6)  converges  absolutely  for  all  values  of  z:  applying  the  well-known 
ratio  test,  the  ratio  of  the  (t  ■+■  l)8t  term  to  the  t’ih  term  is 

it  +  D*  t\ 
it  +  1)!’<' 


and  as  t  becomes  infinite,  the  limit  of  this  expression  is  identically  zero 
for  all  finite  values  of  z,  real  or  complex. 

By  simple  algebraic  manipulation  of  the  definition  of  Kx  (Equation  6), 
we  obtain,  w'hen  x  is  a  real  positive  integer. 


9  f 

(x  +  n)! 


the  first  term  of  the  sum  vanishing  for  n  ^  x.  This  equation  is  valid 
for  all  values  of  x  ^  0,  and  is  especially  useful  for  the  calculation  of  K, 
for  very  large  values  of  the  argument. 


*  Equation  (4)  was  known  to  d’Ocagne;  Am.  Jour.  Math.,  9,  370  (1887). 

*  This  equation  (5)  for  positive  integers,  the  coefficients  in  the  series  expansion 
for  e**  was  given  by  Dobiliski:  Grunert’s  Archiv.,  61,  333  (1877),  and  is  said  to 
have  been  known  by  Euler  (cf.  Bell,  footnote  24c).  Another  early  reference  to 
these  numbers,  which  seem  to  have  been  rediscovered  many  times  is  Cesaro: 
Nouvelles  Annales  de  Math.,  4,  39  (1885). 
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For  negative  values  of  z,  equation  (6)  assumes  the  Dirichlet  series 
form 


(7) 


K. 


e  T=i  t’-t\ 


Although  equations  (6)  and  (7)  both  converge  absolutely  for  all  values 
of  z,  it  will  be  observed  that  while  (7)  converges  very  rapidly,  the 


TABLE  I 


K-N umbers  for  Positive  and  Negative  Integers 


n 

Kn 

1  -  1/e 

1  -  1/e  =  0.63212  05588 

1 

.48482  91072 

2 

.42177  34383 

5 

.39340  93945 

15 

.38019  78350 

5 

52 

.37389  58961 

6 

203 

.37084  15557 

7 

877 

.36934  54823 

8 

4,140 

.36860  75427 

.  9 

21,147 

.36824  18738 

10 

115,975 

.36806  01230 

11 

678,570 

.36796  96382 

12 

4,213,597 

.36792  44638 

13 

27,644,437 

.36790  19333 

14 

190,899,322 

.36789  06810 

15 

1,382,958,545 

.36788  50591 

16 

10,480,142,147 

.36788  22496 

17 

82,864,869,804 

.36788  08447 

18 

682,076,806,159 

.36788  01431 

19 

5,832,742,205,057 

.36787  97922 

20 

51,724,158,235,372 

.36787  96167 

00 

00 

1/e  =  .36787  94412 
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successive  terms  continually  becoming  smaller  for  all  positive  values 
of  z,  and  approaching  a  limiting  value  most  rapidly  when  z  is  large, 
the  lower  terms  (small  i)  of  equation  (6)  actually  diverge  at  first  since 
each  term  is  greater  than  the  preceding  one,  but  eventually,  when 
f!  >  <*,  the  terms  become  successively  smaller  and  the  series  converges. 
This  initial  divergence  of  the  terms  of  (6)  becomes  increasingly  apparent 
as  we  attempt  to  calculate  K,  for  large  positive  values  of  x  from  it. 
An  asymptotic  expansion,  valid  for  large  values  of  z  is  consequently 
highly  desirable,  and  we  shall  show  later  how  such  an  expansion  can  he 
obtained.  For  the  exact  computation  of  K»  equation  (3)  is  most 
convenient;  Table  I  has  been  calculated*  using  these  principles. 

We  may  derive  several  interesting  relations  from  equation  (7). 
Thus  when  z  =  1 


Now  since 


If  I  =  1 


K-t 


e 


-  =  -  +  E  — 

X  f!  ’ 

/*•  #•  *"  -r* 

I  -  dx  «  In  X  +  E  .-r, 

Jq  X  t*t\ 

'  -dx  =  In  1  +  Ery,. 

0  X  1*1  t*t\ 


or 

(8)  f'-dx 

e  Jo  X 


*  For  this  tahle>  and  other  numerical  computations,  free  use  was  made  of  the 
following  tables:' 

a.  Fry  Probability  and  iU  Engineering  Ueee.  New  York,  1928,  Appendix  III. 

b.  Hayashi  Sieben-  und  Mekretellige  Tafeln.  Berlin,  1926. 

c.  Barlow’e  Tablet  (ed.  by  Comrie).  London,  1935. 

d.  Oakes  Tablet  of  Reciprocalt.  London,  1865.* 

e.  Davis  Tablet  of  the  Higher  Mathematical  Functione,  v.  I  and  II.  Blooming¬ 
ton,  Ind.,  1933  and  1935. 

f.  Thompson  Logaritmetica  Brittanica.  Cambridge  U.  Press,  1924-1937. 

g.  Smithtonian  Mathematical  Formulae  (Adams,  ed.),  Washington,  1922. 

A  Millionaire  computing  machine  with  a  ten  place  keyboard  was  employed. 
The  values  of  Ku,  Ki%,  and  were  not  computed  independently,  but  were 
taken  from  the  paper  by  Bell  (cf.  footnote  24c). 
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The  exponential  integral  I  -  dx  can  be  found  tabulated  in  various 
Jq  X 

places,*  and  can  be  used  to  calculate  K-i  very  accurately.  Similarly 
we  can  readily  prove 


-  f  -  r  —  dx,dxi 

e  Jo  Xi  Jo  Xt 

e  Jo  Xi  Jo  x%  Jo  x$ 


or  in  general 


(9) 


K_.i/‘iriri 

e  Jo  Xi  '0  Xt  Jo  Xt 


1  /**•“* 

—  /  —  dxn  •••  dxt dxt 

Xn-l  Jo  Xn 


a  continued  integral  form,  made  up  of  n  integrations,  the  final  one  with 
the  limits  zero  to  one.  This  equation  applies,  of  course,  only  to  integral 
values  of  n. 


II.  Properties  of  the  /C-Function.  In  this  section  we  shall  develop 
equations  for  some  of  the  properties  of  the  iC-function.  First,  by 
Taylor’s  expansion 

+  +  ...  +  C  +  ... 

2!  to! 


(10) 

n  (In  0" 

so  that 

(11) 

Z  In  2:^  n 

e  m— 0  TO!  1-1  I! 

This  equation  is  most  useful  for  computing  Ky  for  large  non-integral 
values  of  y,  taking  y  =  x  where  {  is  less  than  one.  The  series 

C  . 

converges  for  all  values  of  x  and  for  the  coefficient  of  — ,  in  each  case  is 

to! 

i.W  -  Zn  (>“<)■ 

<-l 

'  a)  Jahnke-Emde  Funktionentafeln.  Leipzig,  1933. 
b)  British  Assoc.  Adv.  Sci.,  Mathematical  Tables  I.  I..ondon,  1931. 
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The  ratio  of  the  (t  +  l)8t  to  the  t’th  term  of  this  series  is 


~ln  (f  +  1) 
In  t 


1 

t  +  1 


and  as  t  approaches  infinity,  this  approaches 


0,  for  all  values  of  m,  finite  or  infinite. 


The  series  for  L*(x)  thus  converges  to  a  constant  value.  The  ratio 
of  the  (m  +  l)st  to  the  m’th  term  of  equation  (14)  is 

{ _  ^  fnl  ^Lm+l  _  I  ^Lm+l 

(m  4- 1)1  m  +  1  L, 

Then  as  m  — »  »,  this  equation  also  approaches  zero  as  a  limit,  since 
the  ratio  of  the  two  finite  constants  is  always  finite.  Thus  equa- 
tion  (14)  converges  for  all  values  such  that 

—  «  <(<+'»• 


As  a  special  case  of  (14),  we  have  the  Maclaurin  series  expansion  for  A, 


(12) 


e  m-o  ml 


the  coefficients  of  this  series 


have  been  calculated,  and  are  summarized  in  Table  II.  A  check  on 
this  computation  is  obtained  from  the  interesting  relation 


^  P«  _  V  1  (In  0" 
iTim!  t\ 


which  can  be  derived  from  (12).  The  power  series  formulation  is 
limited  in  its  usefulness  for  calculating  Kx  only  by  the  wearily  slow 
convergence  of  the  series  for  large  values  of  x. 
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TABLE  II 

Coefficients  of  the  Power  Series  Expansion  for  Kx 


m 

pm 

Pm/tn  1 

m 

2  Pk/kl 
k-l 

0 

1.71828  18285 

— 

— 

1 

0.60378  28628 

0.60378  28628 

.60378  28628 

2 

.54837  82849 

.27418  91425 

.87797  20053 

3 

.54296  35131 

.09049  39188  7 

.96846  59241 

4 

.58570  49319 

.02440  43721  6 

.99287  02963 

5 

.68236  68995 

.00568  63908  29 

.99855  66871 

6 

.84815  49252 

.00117  79929  52 

.99973  46801 

7 

1.11172  0107 

.00022  05793  851 

.99995  52594 

8 

1.52259  0134 

.00003  77626  5211 

.99999  30221 

9 

2.16436  2125 

.00000  59644  01799 

.99999  89865 

10 

3.17790  0086 

.00000  08757  44071 

.99999  98622 

11 

4.80224  7807 

.00000  01203  06433 

.99999  99826 

12 

7.44736  1338 

.00000  00155  47675 

.99999  99981 

13 

11.82463  354 

.00000  00018  98923 

1.00000  00000 

14 

19.18356  156 

.00000  00002  20050 

1.00000  00002 

15 

31.74519  554 

.00000  00000  24276 

1.00000  00002 

The  last  figure  is  uncertain  in  the  second  and  fourth  columns. 


We  have  already  considered  the  differentiation  of  Kx  in  equation  (10). 
Integration  formulae  may  be  readily  derived  from  our  definition  (6). 
Thus 

(13)  /  K,f(x)  rfi  =  ‘-  g  /  /(*)«' 


A  large  number  of  indefinite  and  definite  integrals  involving  Kx  may 
be  evaluated  using  this  equation. 

So  far,  we  have  discussed  Kx  only  as  a  function  of  a  real  variable; 
if  X  =  iy 


(14) 


1  ^  /’*' 
e  t-o  t! 


1  cos  (In  t)y  ,  .  ^  sin  (In  t)y 

:  ^ M - r  t  2^  - - 

e  L«-o  tl  1-0  tl  J 


that  is,  Kiy  is  a  complex  quantity.  Similarly,  for  a  complex  argument 
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In  this  last  equation,  we  have  terms  of  the  form 


since  neither  sin  x  nor  cos  x  is  greater  than  one 

t\ 


But  ^  is  the  t’th  term  of  the  series  for  K,  which  we  have  already  proven 

absolutely  convergent.  Thus  following  the  comparison  test  for  con¬ 
vergence,*  equation  (15)  is  absolutely  convergent  for  all  values  of  x 
and  y;  and  therefore,  equation  (14)  which  is  a  special  case  of  (15)  is 
also  absolutely  convergent.  Now  since  c*'*'’*'  = 

(16)  ~  K^iy 

where  A;  is  an  integer,  and  it  follows  that  the  X-function  is  periodic 
with  the  imaginary  period  2iri. 

We  shall  conclude  this  section  with  a  number  of  simply  derived  ^ 
summation  formulas,  which  we  write  without  proof : 

(17)  f;  ^  =  I  (e*  -  1)  =  5.2056  •  •  • 
n-a  n!  e 

f;  (_  1)-  ^  =  \  (e‘"  -  1)  =  0.16359  •  •  • 
n-o  n!  e 

I  !(«•  +  «■'• -2) 

(18)  , 

V  -  i.  To*  _ 

,4s(2n-|-  1)1  2e^  ^ 

e**  *  cos  (sin  y)  =  e  -|-  e  S  ^  r"  cos  nd 

n-i  nl 

(19) 

e**  ®“*  *  sin  (sin  y)  =  c  ^  r"  sin  n6 
n-i  nl 

In  these  last  interesting  Fourier  series,  the  symbols  r  and  d  have  their 
usual  polar-coordinate  significance. 


*  Cf.  Whittaker  and  Watson  (1),  1[2.34. 
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III.  An  Asymptotic  Expansion^  for  Kn .  In  this  section,  we  shall 
attempt  to  develop  a  more  convenient  asymptotic  formula  for  the  func¬ 
tion  considered  above.  Briefly,  the  procedure  to  be  followed  consists 
of  two  steps:  (A)  the  convergent  infinite  series  formulation  of  Kn 
(equation  6)  is  converted  into  an  asymptotically  equivalent  infinite 
integral  by  the  use  of  the  Euler-Maclaiirin  sum  formula;  and  (B)  this 
integral  is  then  approximated  asymptotically  using  a  method  developed 
by  Laplace. 

(A)  We  start  then  with  the  Euler-Maclaurin  equation* 

E/w  =  r  f(x)dz  -  -  /(o)i +§[/'(»)  -/(o)i 

*-0  Vo  ^  zl 

(20)  4! 

+  (- 1)‘  -  /^‘’(0)| 

+  ••• 


In  the  case  of  the  /^-function 


(21) 


/(x) 


r(x  +  1) 


where  the  Gamma  function  now  replaces  the  factorial  in  the  denom¬ 
inator  in  order  to  obtain  a  continuous  analytic  function.  Then  we  may 
write 


- }[/(«)  -  /(o)i  +  *[/(»)  -  mi 

-  -rm  +  -rm 

(22) 


—  (-ir^^j[/^"(«>)  -/‘^“(o)i 

+  ••• 

'  The  restriction  to  integral  values  of  the  argument  is  made  here  only  for 
convenience  in  formulation.  Many  of  the  results  finally  obtained,  it  will  subse¬ 
quently  appear,  are  also  valid  for  K, ,  where  z  is  non-integral. 

'  Cf.  Ford  Studie$  on  Divergent  Series,  Macmillan  (1916);  also  Ford  Asymptotic 
Developments  (U.  of  Mich.,  1936). 
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or  since  /( « )  and  /(O)  are  both  zero,  we  may  write 

“  Jo  r(x  +  1)  “ 


where 

(23b)  ..  =  Z  (-!)■  #Vi 

m— 1  {JPlJl 


We  shall  now  evaluate /“’(«)  and /“^(O)  using  Leibnitz’s  theorem* 
in  the  form 


But  since 


^  (i-)  =  n(n  -  l)(n  -  2)  (n  -  »  +  Dx— 


(25) 


{n(n  —  l)(n  —  2)  •  •  •  (n  —  »  +  l)x"~*} 


d*~* 

dx*-^ 


We  shall  first  use  (25)  to  prove  /*’(«>)  =  0;  since  l/r(x)  resembles 
€“*  in  its  behavior  at  x  =  in  that  the  function  and  all  of  its  finite 
derivatives  are  zeros  of  infinite  order,  it  follows  that 


(26) 


/•>(»)  =  1^^ 


=  0 


Again  from  (25),  we  observe  that  is  zero  unless  i  =  n. 

this  is  true 


/“’(O) 


/k\  ,  d*~"  r  1  1 

\n/  ”■  dx*-"  Lr(x  4-  l)Jx-o 


When 


Such  a  term  will  occur  only  when  fc  ^  n;  so  that 


/*^(0)  =  0 


(27)  _  kl  d*-  r  11 

“  (Ifc  -  n)!  dx*-  Lr(x  +  l)J,-o 
*  Cf.  e.g.  Hardy  P^rt  Mathematics,  Cambridge  (1933). 


when  0  <  fc  <  n 
when  k  ^  n 
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Now  Weirstrass  long  ago  demonstrated  that  the  reciprocal  of  the  Gamma 
function  can  be  developed  in  a  convergent  power  series 


or 


1 

r(x) 


1 

r(x  +  1) 


22  <»tx* 

*-i 

t-i 


From  Taylor’s  theorem,  we  observe  that  the  expression  required  for 

(27)  can  be  written  most  simply  as 

^[r(rin)L.  = 

Whence 

(28)  f^*’(0)  =  0  (0  <  ib  <  n) 

=  A:!-o*_+i  {k  ^  n) 


Substituting  the  values  of  the  derivatives  at  infinity  and  at  the  origin 
(equations  26  and  28)  in  (23b),  we  obtain 

(29) 

where 

J(n  +  l)/2  when  n  is  odd 

^  \(^  +  2)/2  when  n  is  even 

A  table  of  the  coefficients  oi  to  au  to  sixteen  places  (the  last  doubtful 
according  to  Jensen“)  is  given  by  Bourguet.“  Schl6milch“  also  studied 
the  properties  of  these  constants  and  obtained  a  recursion  formula 
and  an  infinite  integral  form.  Nevertheless,  the  behavior  of  at  in  the 
limit  of  large  values  of  k  seems  to  be  only  poorly  known;  and  cor¬ 
respondingly,  an  exact  study  of  the  properties  of  our  series  (29)  is  not 
possible  on  the  basis  of  present  knowledge.  Applying  the  ratio  test 


Ann.  of  Math.,  17,  123  (1915).  Translated  by  Gronwall. 

“  ActafMathematica,  2,  261  (1883).  Cf.  also  Bull,  des  Sci.  Math.,  16,  43  (1883), 
Davis  (cf.  4e),  v.  I,  p.  185. 

Z.  fdr  Math,  und  Physik,  XXV,  103  (1880). 


164 


LEO  F.  EPSTEIN 


for  absolute  convergence,  and  using  the  familiar  expression  for  the 
Bernoulli  numbers'  **’  **’** 


(31) 


where  i'(x)  is  the  Riemann  Zeta  function,  we  obtain 
(32) 


2ir* 


m- f(2m)  a,m-H 


Thus,  in  order  to  obtain  absolute  convergence 


Lim 


Otm-n+S 


^hm—n 


2r 


Lim  _  -  , . 

m->»  m(2m  +  1) 


an  extremely  rigorous  requirement,  probably  not  fulfilled  by  a*  .  We 
can  however  prove  that  the  series  is  at  least  asymptotic,  so  that  it  is 
suitable  for  calculation,  using  the  following  theorem,'*  (using  the 
following  theorem,'*)  given  by  Knopp  (Equation  300):  “If  /(x)  is  of 
constant  sign  for  x  >  0,  and,  together  with  all  its  derivatives,  tends 
monotonely  to  zero  as  x  — »  ®,  Euler’s  summation  formula  may  be 
stated  in  the  simplified  form 

Zf(r)  =  r/(x)dx  -  il/(n)  +/(0)]  +  |f[/(n)  - /(O)] 

Jo 

(33)  + - (-!)■  ,^,1/-- >(n)  -  /•■-“(O)! 


!/'*'*■'(»)  -/"■■'“(O)] 


where  0  <  0  <  1.”  Since,  by  equation  (26)  the  required  condition  is 
fulfilled,  we  may  terminate  series  (29)  after  any  number  of  terms,  with 
the  assurance  that  the  error  thus  committed  will  be  less  in  absolute 
magnitude  than  the  next  term  of  the  series. 

(B)  We  now  consider  the  infinite  integral  which  we  have  developed 
above 

(34)  J..  I  tMdx;  »(x)  - 


Theory  and  Application  of  Infinite  Seriee,  translated  by  Young.  Blackie 
(London,  1928). 
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Laplace**  demonstrated  that  a  definite  integral  of  this  type,  taken 
between  the  limits  of  x  which  cause  y(x)  to  vanish,  can  be  developed 
in  an  asymptotic  series  (subject  to  restrictions  that  are  rather  readily 
fulfiUed), 

r  j  V  /-/rr  .  1  1-3  1  d* 

j  ydx=YVi[l+  2-21  TlS?  ^ 

(36) 

,  1-3-5 . (2m  -  1)  d*"  \ 

2-- (2m)!  dx»~  / 

where  Y  is  the  maximum  value  of  y  between  the  assigned  limits  and 


r:  =  \-L.^V 
L  2y  dx*J»_i 


In  the  limit  then,  we  may  use  only  the  first  term  of  this  series. 


f  ydx  o» 

\dx*/^-K’ 


a/^ 

y  dx* 

We  shall  not  attempt  to  justify 


where  is  written  forf^-?^  •  We  shall  not  attempt  to  justify 
dx*  \dx*/,-K 

'this  formula  of  Laplace’s  further  at  this  time,  but  shall  proceed  to 
employ  it  for  the  evaluation  of  Kn  . 

In  this  problem,  y  goes  through  a  maximum  when  ^  0;  but 

dx 


r(x  + 1) 


’Kx  +  1) 


♦(x)  =  3-  In  r(x) 

dx 

so  that  y  is  a  maximum  when  x  =  Un  ,  where  an  is  the  solution  of  the 
transcendental  equation 


**  Oeuvres,  Tome  7,  p.  103. 
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This  equation  can  quite  readily  be  solved  numerically  by  successive 
approximations  using  the  Newton-Raphson  method.  Thus  if  Xk  is  the 
k’th  approximation  to  the  root  of 


Xk+l  =*  X*  + 


=  Xk  — 


x'i'ix  -b  1)  =  n, 

yi  —  Xk^ixk  -b  1) 

XkIf'iXk  +  1)  +  'I'Cx*  +  1) 

+  1)  —  n^ixk  4-  1) 


♦*(x*  +  1)  +  n'if'ixk  +  1) 

These  equations  lead  to  very  rapid  and  convenient  convergence  in 
solving  for  a*  with  tables  of  'If  and  'F'.  Then 

n  jt 

\r  O  y 

“  r(a»+  1)'  ~d?  ^  lr(a,  +  1)J 

Substituting  these  values  in  (37)  and  (23a) 

X*  dx 


.}[”+,V.+  i)] 


(39) 


and 


(40) 


i 


0  r(i  +  i) 


r(«-  +  1)  Vn  +  aX'if'ian  +  1) 


Kn 


_ 1 

e  ’r(an  +  1)  Vn  +  o*  ♦'(a,  +  1) 


+  1 Z 


6  HI* 


Generally  speaking,  the  first  term  of  equation  40,  omitting  the 
summation  term  entirely,  is  quite  a  fair  approximation  for  the  higher 
values  of  /C, .  Thus  while  at  n  =  10,  the  result  is  about  eighteen 
percent  too  high,  at  n  =  16  where 


we  calculate 


ai,  =  7.63200  18618 
Ku  ^  10,481,629,910 


which  is  greater  than  the  true  value  of  Ku  (cf.  Table  I)  by  only  about 
0.014%.  The  first  term  of  the  series,  m  =  mo  =  9,  is  —1.76279;  we 
note  that,  in  this  case  at  least,  the  summation  term  amounts  to  only 
a  negligible  fraction  of  the  net  error;  so  that  the  higher  terms  of  the 
Laplace  expansion  (35)  are  much  more  important  than  the  higher 
terms  of  (40). 
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By  taking  logarithms  of  this  equation,  we  obtain 

(47)  taK.~n[ln(^-^)  +  {l  +  i}] 

which  is  nearly  identical  with  the  asymptotic  expansion  for  In  Kn  given 
by  Knopp“ 

where,  the  author  says  e„  — »  0  as  n  — »  « .  We  observe  that  from  our 
calculations  above  approaches  one  rather  than  zero,  a  difference 
which  is  negligible,  since  the  two  expressions  for  In  Kn  rapidly  approach 
each  other  for  large  values  of  n. 

By  a  direct  comparison  of  the  higher  terms  of  the  infinite  series  for 
Kt ,  x"c*,  and  e**,  we  can  show  that  in  the  limit  of  large  x 

(48a)  x"e*  <  /C,  <  c** 

for  all  finite  values  of  m.  A  much  tighter  inequality  follows  from  (46) : 


Kn  <!o  e 


la  n+n/la  a— a  lada  a) 


SO  that 


(■  In  n)(l— 


<  Kn  <e 


(a  In  a)(l+t.) 


=  Ti— It  =  1—  Hn  (In  n)I 

In  n  Lin  n  J  .  In  n 


Defining  g(n)  as  the  difference  between  tin  and  {n  ,  so  that 


we  note  that 


and  hence 


,  gin)  =  —  - In  (In  n)l 

•  In  n  Lin  n  J 


Lim  gin)  =  —  Lim  =  0 

a-.*  a—  In  n 


Lim  W^a  =  1 


"  Cf.  Knopp  (footnote  13),  example  236. 
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Then  letting  the  limiting  value  of  rin  and  as  n  approaches  infinity 
be  f,  ,  we  have 

^(»  In  ^  ^  g(i»  In  nXl+r,) 


or 

(48b)  <  a:,  < 

where 


In  conclusion,  the  writer  wishes  to  sincerely  thank  Professor  Philip 
Franklin  for  his  inspiration  and  many  helpful  suggestions  in  the  prep¬ 
aration  of  this  paper,  and  Julius  E.  Epstein  for  his  aid  with  the  lengthy 
numerical  calculations. 


Appendix  I 

Subsequent  to  the  preparation  of  the  larger  part  of  this  paper,  several 
references  with  bearing  on  the  problems  herein  considered  came  to  the 
^  attention  of  the  writer.  These  results  are  here  presented  in  brief. 

1.  Schwatt,'*  in  studying  the  properties  of  the  differential  operator 

(4)  ’ 

J  ,  "  §  Tt'  [0  ■■  -  (2)  2-  +  (‘)  3-  -  . . .  +  *•] 

2.  Chiellini"  studies  2  — ,  for  integral  r,  by  expanding  in  the  inverse 

n-o  n!  • 

factorial  series 

nl  *-i  (n  —  k)l 


An  Introduction  to  the  Operations  with  Series.  U.  of  Penn.  Preu,  Phila¬ 
delphia  (1924). 

"Boll.  Un.  Mat.  It.,  X,  134  (1931). 
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where 

1-3 

1-4 

brk  =  kbT-l,k  ■+•  br-l.k-l 

so  that 

bn  =  1^‘ 

bn  4-  bn  =  2'-‘ 

h  4.  ft  4. 

1-5  brr  +  6, 

1  bf.T—t  1  br,r—t  1  1  bn  ^ 

TT  3!  (r-1)!  (r-l)r 

finds 

1-6 

=  e  23  5r*  =  bre  ' 

n-l  n!  t-1 

So  that  his  6,  is  identical  with  our  K, .  He  includes  a  table  of  6,  for 
integral  r’s  from  1  to  10,  with  the  misprints 

4,140  -  bi  4,138 

21,147  =  b,  22,147 

•  n* 

3.  Broggi'*  also  studies  ^—,,h  being  integral  and  positive,  by  using 
>  n-i  n! 

the  classical  Stirling  expansion 

1-7 

n  .  1  „  f;  (  !)•  .^ 

(x  -f-  p)  .ts  ^  X-+* 

where 

-nVS  -^>”*'0- 


>'  Ist.  Lombardo  Rend.  LXVI  (Ila),  196  (1933). 
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80  that  the  C«’s  are  what  Nielsen**  calls  the  Stirling  numbers  of  the 
second  kind,  and  designates  (Sn+i .  Then  from  the  known  properties 
of  these  numbers,  he  demonstrates 


1-8 


K, 


(A  -  1)!  (A  -  2)! 

,  1  -  1/1!  +  1/2! - -f  (-1)*1/(A  -  2)! 

1! 


1-9  /i:*  =  cH -1- ci -I- cL* -h  •••  -h Ct"* 

and  he  proves  that  is  identical  with  Chiellini’s  6,* .  Finally  he 
derives  the  asymptotic  series 

no  + 

€  Jo  X  11*1 

4.  Whitworth**  shows  that  “the  total  number  of  ways  in  which  n 
different  things  can  be  distributed  into  1,  2,  3,  4,  •  •  •  or  n  indifferent 
parcels  is  n!  times  the  coefficient  of  x"  in  the  expansion  of  e^/e,”  i.e.  Kn . 
He  further  proves 

I-ll  =  n!  E  N, 

where  Ni  is  the  number  of  I-partitions  of  n  different  things,  and  shows 
that  iSTj  is  n!  times  the  coefficient  of  x"  in  the  expansion  of 

(e'  -  1)‘ 


Glover**  used  equation  I-ll  above  to  compute  the  first  six  values 
of  Kn/n\ 


"  Handbuch  der  Theorie  der  Gamma  funktion.  Leipzig,  1906.  26,  27,  109. 

••  Choice  and  Chance,  p.  96.  Stechert,  New  York,  1926. 

Tablet  of  Applied  Malhematice,  Ann  Arbor,  1923.  The  writer  is  indebted 
to  Dr.  Glover  for  the  reference  to  Whitworth  above,  and  for  his  method  of  com¬ 
puting  KJnX  (private  communication). 
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6.  Anderegg”  proves 


1 

_/n-  1> 

(n-V 

\  ... 

(n-l\ 

V  0  > 

I 

\n-2) 

1 

1 

/n-2> 

V  0 

)••• 

1  1 

1 

0 

1 

1  1 

1 

0 

0 

1 

G) 

1 

0 

0  •• 

.  0 

1 

and  also  gives  the  values  of  Ki  to  Kw  . 

6.  P.  Epstein,”  Krug,  Tauchard,  and  Aitken  have  studied  the  arith¬ 
metical  properties  of  iC„  .  Tauchard  gives  Ki  to  Xu  . 

7.  Bell”  has  contributed  several  papers  on  the  numbers  we  have 
considered  here.  He  shows”*  that 

1-13  (M  .K..t  [g  (-l)'('  ;*)(.-  r)-] 

(n  >  0) 


and  discusses  some  of  the  arithmetic  properties  of  these  numbers. 
Further  applications  to  the  theory  of  numbers  are  also  treated  in  the 
second”'’  and  third”*  papers.  In  the  second  paper  he  demonstrates 


1-14 


A^Q" 

pi 


where  A'O"  are  the  “differences  of  zero”  discussed  by  various  writers.* 
Equation  1-14  is  used,  with  tables  of  differences  of  zero,  to  find  Ki 


**  Am.  Math.  Monthly,  8,  64  (1901)  and  0,  11  (1901). 

**  a)  P.  Epstein:  Archiv.  der  Math,  und  Physik.,  8,  329  (1904-5). 

b)  Krug:  Ibid.,  9,  189  (1906). 

c)  Aitken:  Math.  Notes  (Edinburgh),  28,  18  (1933). 

d)  Tauchard:  Ann.  Soc.  Sci.  Bruxelles  A,  63,  21  (1933). 

**  a)  Am.  Math.  Monthly,  41,  411  (1934). 

b)  Ann.  of  Math.,  36,  264  (1934). 

c)  Ibid.,  39,  639  (1938). 

**  Cf.  SteiTensen  InUrpolation,  Williams  &  Wilkins,  Baltimore  (1927).  See 
also  Davis,  v.  II  (footnote  4e),  p.  210. 
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to  K» .  The  last  three  values  in  our  Table  I  are  taken  from  this  paper 
—the  rest  were  computed  independently  as  indicated.  The  latest 
paper  contains  some  interesting  generalizations  of  the  X-numbers, 
and  discusses  applications  to  computation;  also  an  interesting  inter- 
l^tation  of  the  significance  of  Kn  in  combinatory  analysis:  X«  “is  the 
total  munber  of  possible  rhyme  schemes  for  a  stanza  of  n  verses.” 
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THE  MUTUAL  INTERACTION  OF  PLASMA  ELECTRONS 


Bt  W.  R.  Hassltinb* 


Abstract 


This  paper  considers  some  of  the  processes  taking  place  in  a  simplified 
model  of  the  plasma  or  positive  column  region  of  an  electrical  discharge 
through  gas  at  low  pressure.  Particular  attention  is  given  the  direct 
mutual  interaction  of  the  electrons,  and  the  effect  of  this  on  the  distri¬ 
bution  of  velocities. 

The  first  part  deals  with  the  question  in  a  general  way.  To  determine 
the  velocity  distribution  function,  two  balance  equations  are  set  up. 
One  expresses  the  conservation  of  energy,  and  the  second  the  conserva¬ 
tion  of  momentum  parallel  to  the  field.  From  these  is  derived  one 
non-linear  integral  equation. 

The  geometry  of  the  mutual  scattering  process  is  examined,  and  the 
necessary  integrations  are  performed  insofar  as  these  depend  only  on 
this  geometry.  As  an  example  the  case  of  elastic  sphere  collisions  is 
carried  through  to  a  point  where  integrations  over  the  distribution 
function,  /,  become  necessary. 

In  the  second  part  the  cross  section  function  a  is  derived  for  electron- 

electron  scattering.  As  an  interaction  potential,  the  shielded  Coulomb 

s 

value  V  =  —  e~^'"  was  used. 
r 

In  the  third  part  an  attempt  is  made  to  find  functions  which  are  solu¬ 
tions  of  the  problem.  Under  the  assumptions  used,  it  is  found  that  the 
function 


/o  = 


A  — 9 — r — (1 — 9) — I 

e  »,  •» 


2irtro 


is  a  fairly  good  approximate  solution. 

It  is  found  that  experimental  conditions  can  exist  for  which  the  theory 
predicts  a  value  of  the  parameter  g  nearly  unity.  This  corresponds 
to  a  nearly  maxwellian  distribution. 


*  This  paper  was  submitted  in  partial  fulfillment  of  the  requirements  for  the 
degree  of  doctor  of  philosophy  from  the  Massachusetts  Institute  of  Technology. 
The  author  is  at  present  a  research  fellow  at  the  University  of  California. 
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I.  Introduction.  Many  measurements  made  with  probes  in  gas 
discharges  have  shown  the  existence  of  electronic  velocity  distributions 
of  Maxwell-Boltzmann  form,  with  very  high  average  energies.  Such 
results  are,  in  particular,  found  when  the  electron  density  is  high, 
and  the  net  space  charge  (electrons  plus  positive  ions)  is  low,  as  in  the 
plasma  of  a  low  pressure  arc.  This  form  of  distribution  requires  a  very 
high  rate  of  exchange  of  energy  among  the  electrons. 

In  theoretical  studies,  this  electronic  interaction  has  been  considered 
only  by  Langmuir  (14)  and  Gabor  (9).  Of  the  two,  Gabor’s  account 
is  the  more  complete.  It  is  now,  however,  satisfactory.  He  takes  into 
account  only  the  electrostatic  phenomena,  and  is  thus  unable  to  com¬ 
pare  their  relative  importance  with  that  of  collision  processes  and  the 
macroscopic  field.  In  his  calculations,  Gabor  considers  the  electrons 
to  be  scattered  by  the  fields  of  partially  shielded,  stationary  positive 
ions.  Because  of  the  great  mass  of  the  positive  ions,  this  cannot  lead 
to  as  rapid  a  change  in  the  velocity  distribution  as  will  the  scattering 
of  electrons  by  electrons.  Furthermore,  his  methods  of  averaging  are 
somewhat  obscure. 

At  low  electron  densities,  the  electronic  interactions  can  be  neglected, 
as  is  shown  by  the  quite  good  agreement  of  theory  with  experimental 
data  (7,  21).  Since  these  interactions  increase  with  the  square  of  the 
density,  while  the  number  of  collisions  with  atoms  increases  with  the 
fiiBt  power,  at  some  density  the  two  effects  will  be  equally  important. 

The  object  of  this  work  is  first,  to  find  a  means  of  calculating  the 
mutual  interactions  of  the  electrons;  second,  to  discover  the  exact  con¬ 
ditions  under  which  they  become  important;  third,  to  find  approxi¬ 
mately  the  form  of  the  velocity  distribution  in  the  cases  in  which 
neither  process  can  be  neglected. 

The  discussion  will  be  limited  to  discharges  between  large,  plane- 
parallel  electrodes,  so  that  only  one  direction  in  space  can  be  singled 
out.  It  will  be  assumed  that  the  positive  ion  and  electron  densities  are 
equal,  and  that  the  drift  current  is  small  compared  to  the  random 
electron  current.  It  will  be  assumed  further  that  the  discharge  is 
homogeneous  in  space,  so  that  diffusion  can  be  neglected. 

The  simplest  mode  of  exchange  of  energy  among  the  electrons  is  that 
between  individual  pairs,  or  by  “collisions.”  Among  more  compli¬ 
cated  processes  is  that  suggested  by  Langmuir  of  “plasma  oscillations.” 
It  is  the  mutual  collisions  which  will  be  investigated  in  this  paper. 
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For  the  sake  of  simplicity,  attention  will  be  confined  to  the  following 
processes: 

a,  acceleration  by  the  field; 

h,  elastic  collisions  with  atoms; 

c,  mutual  collision. 

Collisions  between  electrons  will  be  infrequent  compared  to  collisions 
with  atoms,  but  they  are  important.  When  two  electrons  collide,  each 
is  likely  to  suffer  a  considerable  change  in  energy,  while  when  one 
collides  with  an  atom  elastically,  it  loses  on  the  average,  only  a  fraction 
of  the  order  2mlM  of  its  energy.  Collisions  with  ions  will  be  as  infre¬ 
quent  as  those  with  other  electrons,  and  will  result  in  as  little  an  energy 
change  as  a  collision  with  an  atom.  Accordingly,  electron-ion  colli¬ 
sions  will  be  neglected. 

Let  91  be  the  electron  density,  and  91/d7  the  number  of  electrons  per 
cm*  in  an  element  dy  of  velocity  space.  /  will  depend  on  only  the 
absolute  velocity  u,  and  the  angle  w  that  this  velocity  makes  with  the 
field. 

/  =  /(w,  cos  ti»). 

As  /  is  nearly  spherically  symmetrical,  it  can  be  developed  in  terms  of 
spherical  harmonics,  the  first  two  terms  giving: 

/  =  /o(m*)  +  /i(u*)  cos  O) 

• 

and  /i  will  be  much  smaller  than  /o . 

Following  Boltzmann  and  Lorentz,  the  usual  procedure  to  determine 
the  distribution  function  would  be  to  find  the  number  of  electrons 
entering  and  leaving  each  small  element  of  velocity  space  per  second 
on  account  of  each  tyjie  of  process,  and  to  set  the  sum  equal  to  zero. 
In  our  problem,  this  involves  too  many  successive  integrations  of  the 
unknown  function  /,  and  is  unmanageable. 

Two  equations  are  necessary  to  determine  /o  and  /i .  These  will  be 
an  energy  balance  and  a  momentum  balance  equation.  The  first  can 
be  obtained  by  requiring  the  net  number  of  electrons  leaving  each 
central  sphere  of  velocity  space  to  be  zero.  The  second  is  found  by 
placing  a  similar  requirement  on  the  number  leaving  a  region  on  one 
side  of  each  plane  perpendicular  to  the  direction  of  the  field.  The 
first  will  mean  that  there  will  be  just  as  many  electrons  having  an 
initial  velocity  m,  less  than  any  given  value  tn,  which  acquire  in  unit 
time  a  velocity  greater  than  tn,  as  there  are  having  initial  velocity 
greater  than  w  and  final  velocity  less  than  w.  The  second  equation 


% 


r 
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expresses  a  similar  balance  of  the  changes  in  velocity  component  u, 
parallel  to  the  field. 

II.  The  General  Equations.  Consider  the  energy  balance  equation, 
involving  processes  a,  b,  and  c. 

a.  Electric  field  E.  In  time  dt,  an  electron  moving  in  a  field  E 

tE 

increases  its  velocity  by  an  amount . —  dt  cos  u.  The  number  per  sec. 

that  leave  the  central  sphere  of  radius  w  will  be: 

2rtSflE  f’  i/f  ,  f  \  j 

-  /  tn  (/o  +  /i  cos  w)  cos  CO  sin  w  etw 

m  Jo 


4rtEyi 


h.  Elastic  Collisions.  An  electron  of  velocity  u,  colliding  elastically 

with  an  atom  at  rest,  loses  speed  in  amount  ^  m(1  —  cos  d), 

M 

where  $  is  the  angle  between  the  initial  and  final  velocity  directions. 
Let: 

N  =  atomic  density 
'co  =  angle  u  makes  with  field  E 
it  =  corresponding  azimuthal  angle 

ffa(u,  0)  =  atomic  cross  section  for  elastic  scattering  at  angle  6. 

Then  the  number  per  sec.  of  electrons  originally  having  a  vectorial 
velocity  in  the  element  tt*  sin  cod  cod  ^  which  are  scattered  by  angles 
between  6  and  d  dd  will  be: 

N^u*f  sin  CO  dco  dif2xau{u,  0)  sin  $  dd. 

The  only  electrons  able  to  cross  the  sphere  w  due  to  elastic  collisions 
will  be  those  for  which  w  <  u  <  w  +  iu.  The  number  per  sec.  entering 
such  a  sphere  will  be: 

2tJV91  f  w*f  sin  CO  dco  *  2t  f  duva  sin  0  d0 
Jo  Jo 


Q  ~  2ir  f  cra(l  —  COS  0)  si 
Jo 


sin  0  d0 
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this  is 


Or,  finally. 


2rN<!flm 

M 


v)*Q  I  i/o  +  A  cos  w)  sin  (t)  da 
Jo 


4irAr91m 

M 


w*Qfo 


c.  Mutual  Collisions.  The  mutual  collisions  of  electrons  are  much 
more  complicated. 

Let: 

u  =  initial  velocity  of  electron  considered, 

V  =  “  “  “  scattering  electron, 

U  =  velocity  of  center  of  gravity, 

u  —  velocity  of  first  electron  relative  to  C.  G. 
u',  a',  v'  =  corresponding  quantities  after  collision, 

9  =  scattering  angle  referred  to  C.  G. 

=  corresponding  azimuthal  angle, 

<r(u,  6)  =  mutual  scattering  across  section  for  angle  6, 

X  =  angle  between  directions  of  u  and  v, 
fj  =  corresponding  azimuthal  angle, 

5  =  angle  between  directions  of  U  and  u, 

X  =  “  “  “  “  U  and  u\  . 

ju  =  corresponding  azimuthal  angle, 

V  =  angle  v  makes  with  the  field  E. 


Fig.  1  shows  the  geometry  of  a  collision  of  an  electron  of  velocity  u 
with  one  of  velocity  v.  Their  relative  velocity  is  2m.  Vectorially: 

U  =  i(M  +  v),  M  =  J(m  —  v),  u  =  u  +  U. 
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Algebraically: 


4a*  =  a*  +  w*  —  2uv  cos  x 
4t/*  =  a*  +  »*  +  2uv  cos  x- 


After  collision  the  velocity  of  the  first  particle  is:  a'  =  U  +  u'. 
u  =  a',  or  a,  a',  v,  v'  all  lie  on  the  same  sphere  of  radius  a.  6  and  ip 
are  the  polar  angles  of  a'  about  ti  as  an  axis,  and  X  and  a  are  the  polar 
angles  of  the  same  velocity  about  the  axis  U.  The  polar  angles  of  t; 
about  the  axis  a  are  x  And  i;.  a  depends  on  the  relative  velocity. 

If  a  lies  in  the  element  of  velocity  space  dyu  ,  and  v  in  the  element 
dy, ,  the  number  of  such  collisions  per  sec.  is: 

2tZ(r(t2,  d)  sin  6  dQ  dtp  9l*/(a,  cos  w)/(t>,  cos  v)  dyu  dy, . 

To  find  the  rate  at  which  electrons  of  velocity  u  <  w  are  given  a 
velocity  a'  >  a>  by  mutual  collision,  this  expression  must  be  integrated: 
first,  over  ail  values  of  9  and  tp  on  that  portion  of  the  sphere  of  radius  a 
which  lies  outside  the  sphere  of  radius  w;  second,  over  a  domain  of  y, 
(velocity  space  of  second  electron)  such  that  the  sphere  a  cuts  the 
sphere  w\  third,  over  a  domain  of  7„  with  u  <  w.  The  rate  at  which 
the  reverse  process  takes  place  is  found  by  integrating  over  9  and  ip  on 
that  part  of  the  sphere  a  inside  the  sphere  u>;  over  a  part  of  the  7,; 
and  over  a  part  of  7«  with  u  >  w. 

Because  of  symmetry,  it  is  more  convenient  to  use  X  and  a  than 
9  and  tp. 

3  cos  9  =  cos  5  cos  X  —  sin  5  sin  X  cos  a- 

For  the  purposes  of  integration,  sin  9d9dip  can  be  replaced  by 
sin  X  dX  da-  Then  a  will  run  from  —  x  to  w,  and  X  from  0  to  Xo  ,  where 
X|  is  the  value  of  X  on  the  circle  of  intersection  of  the  spheres  a  and  w. 
On  this  circle,  vectorially:  a  +  (/  =  a>,  or  a*  +  f/*  +  2uU  cos  Xo  =  u>* 


cos  Xo  = 


2a>*  —  a*  —  V* 


whence, 


a*  -b  f/*  +  2at^  cos  6  = 


cos  5  = 


1 
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In  the  integration  over  7, ,  v,  x,  and  can  be  used  as  variables,  if 
cos  V  in  /(»,  cos  v)  is  replaced  by  cos  01  cos  x  +  sin  w  sin  x  cos  v- 
Since  —  1  <  cos  Xo  <  1,  and  since,  through  U  and  tZ,  cos  Xo  depends 
on  X,  X  must  be  restricted.  Expanding  expression  4  for  cos  Xo , 


6 


cos*  X 


^  io*(w*  4-  V*  —  to*) 
^  uV 


Because  u*  -f  w*  >  to*,  cos*  x  >  0.  When  u  and  0  are  on  the  same 
side  of  sphere  to,  (that  is,  when  u  and  v  are  both  greater  or  both  less 
than  to)  the  fraction  is  less  than  one,  and  it  follows  that  xo  <  x  < 
IT  “  Xo .  When  u  and  0  are  on  opposite  sides  of  sphere  to,  there  is  no 
restriction  on  x,  as  the  fraction  is  greater  than  one.  In  this  case  it  is 
possible  to  let  xo  =  0.  Then  the  limits  are  always  xo  and  t  —  xo . 

The  number  of  electrons  leaving  the  sphere  because  of  mutual  colli¬ 
sions  is: 


/i  =  91*  y*  u*du  J  f{u,  cos  u)  sin  coda*  y  d}l/  j  v*dv  J  sin  xdx 

/w 

/(u,  COB  y)drf  I  2u  sinXdX  I  $)dfi 
-w  Jo  # 

9 

Bi  =  y  sin  \d\J  alu,  6(6, 


Let 

7 


The  order  of  integration  can  be  changed: 


/i  =  291* y  M* dw y  V* do y  tZi Bi  sin  xdx  J  /(w,  cos  w)  sin  u du 

t 

•  y  /(*'»  cos  >')  di?  y 


Expanding  /  and  substituting  for  cos  v: 

.iw  .u 

/  /(o,  cos  k)  dij  =  /  1/0(0*) -f/i(o*)  (cos  X  cos  w  -}-  sin  X  sin o)  cos  ij)l di; 


“  2t[/o(o*  4-  /i(o*)  cos  X  cos  u] 
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Taking  the  product  of  this  result  with  f(u,  cos  <a), 

I  [/.(u*)  +A(u*)  cos  b)]  •  [/o(w*)  +  cos  X  cos  «]  sin  «  d« 

fi  is  much  smaller  than/o ,  so  the  product /i/i  is  negligible.  Then: 

8  h  =  16x*9l*  J  fo{u*)u*du  j  foiv*)v*dv  j  uBisinxdx 

Turning  to  the  electrons  entering  the  sphere  due  to  mutual  colli¬ 
sions,  let: 

»  "  I  sinXdX  j  <r(iZ,  0)  dn 

The  number  entering  is: 

10  It  =  j  fo(u*)u^du  j  foiv*)v*dv  j  uBtainxdx 

The  three  processes  a,  b,  and  c  have  now  been  calculated,  and  the 
energy  equation  can  be  written  symbolically: 


11 


o  —  6  +  c  =  0,  or: 

4ire.K91  I .  irml^NQ  if  .  /j  t\  « 
— ^ —  w  fi - wfo+  (/i  -  /f)  =  0 


This  must  be  true  for  all  values  of  w. 

If  the  mutual  scattering  terms  are  omitted,  one  can  derive  from  this 
equation,  by  one  differentiation,  Eq.  8  of  Morse,  Allis  and  Lamar  (with 
diffusion  left  out). 


(E  d  ,  m' ZN  d  f 


The  mutual  collisions  of  electrons  will  not  be  as  important  in  the 
momentum  balance  equation  as  in  the  energy  relation.  In  collisions 
with  atoms  electrons  of  energy  H  undergo  a  change  of  energy  of  the 

order  ^H.  In  corresponding  encounters  with  other  electrons,  the 
M 

change  is  of  the  order  H/2.  On  the  other  hand,  this  is  not  true  of  the 
changes  in  momentum.  Electrons  are  scattered  by  atoms  nearly  iso¬ 
tropically,  and  lose  almost  all  of  their  directed  momentum.  The  pair 
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interactions  of  electrons  will  be  negligible  for  the  purposes  of  this  equa¬ 
tion,  because  they  are  so  much  less  frequent  than  collisions  with  atoms. 

An  equation  corresponding  to  Eq.  11  can  be  set  up  for  momentum 
balance.  This  leads  to: 


which  is  Eq.  7  of  Morse,  Allis,  and  Lamar. 

So  far,  those  integrations  have  been  p)erformed  which  involve  only 
the  geometry  of  the  mutual  scattering  process.  It  is  now  necessary  to 
consider  the  cross-section  function  a.  The  true  form  of  this  is  difficult 
to  handle;  so  it  is  worthwhile  to  postpone  its  treatment,  and  to  con¬ 
sider  first  the  assumption  that  <r  is  constant.  This  would  be  true  if  the 
electrons  behaved  like  hard  spheres.  The  difficulties  arising  from  the 
form  of  a  will  be  avoided,  and  it  will  be  possible  to  show  clearly  the 
peculiarities  of  mutual  collisions,  as  well  as  the  method  of  handling  them. 

First,  the  energy  and  momentum  equations  can  be  combined  to 
eliminate  /i . 


13 


■4xJVQm91  4,  4x91 /EA*  d 

-ns - “Si 


/o  +  Ui  —  It)  =0 


The  four  terms  come  from  the  elastic  collisions,  the  field,  and  mutual* 
collisions  respectively.  * 


III.  Constant  Cross  Section.  It  is  convenient  to  represent  mutual 
collisions  on  a  diagram  of  the  v',  u*  plane.  (Fig.  2)  Each  point  stands 
for  the  velocities  of  a  pair  of  particles.  Because  of  the  conservation  of 
energy,  every  point  P',  representing  the  result  of  a  collision  between  a 
pair  P,  will  lie  on  a  45°  diagonal  line  through  P.  Points  in  the  shaded 
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region,  for  which  u*  +  »*  <  u’*,  cannot  lead  to  collisions  in  which  a 
particle  crosses  the  sphere  w.  The  lines  u  ^  w,  and  v  —  w  divide  the 
plane  into  four  quadrants,  each  of  which  must  be  treated  separately. 
In  2(u  <  w,  V  >  w)  and  4(u  >  w  and  v  <  w),  the  angle  xo  =  0,  because 
u  and  V  lie  on  opposite  sides  of  sphere  w.  In  l(u  <  in,  v  <  in)  and 
3(u  >  in,  n  >  in),  0  <  xo  <  ir/2. 

Integration  over  quadrants  1  and  2  gives  the  electron  flux  across  the 
line  u  B  in  in  an  increasing  direction;  over  3  and  4,  the  flux  in  a  de¬ 
creasing  direction. 

Let: 

/  uBi  sin  X  dx 

»  ira 


14 


B[ 

Bx 

B^ 

B\ 


f  uBi  sin  X  dx 
Jo 

f^-X» 

/  uBt  sin  X  dx 
Jx» 

/  uBt  sin  X  dx 
Jo 


Quad.  1 
2 


From  Eqs.  7  and  9, 


B\  =  j  sinXdX  j  <rdn  =  2ira{l  —  cos  Xo) 
sin  XdX  j  adn  =  2ir(r(l  -1-  cos  Xo) 


Repeating  Eqs.  1  and  2, 

4lZ*  =  ii*  -f-  n*  —  2uv  cos  x 
4L'*  =  u*  -j-  n*  +  2uv  cos  x- 
Eliminating  cos  x  ' 

15  4('*  »  2u*  +  2n*  -  4u*. 

When  u  and  v  are  held  constant, 

4u  du  =  uv  sin  x  dx 
\udH 


sinxdx  = 


uv 


L 


184 


W.  R.  HA8ELTINE 


Substituting  for  cos  Xo  from  Eq.  4, 
ft  . 

Bt  -=  2Tff|^l  +  ~ 

Thus  the  integration  over  x  can  be  replaced  by  one  over  tJ,  if  the  proper 
limits  are  found.  Let  the  limits  on  u  be  i2i  and  tZ* ,  ui  <  iZs ,  so  that 
when, 

X  =  Xo  ,  M  =  Ul 

X“V  —  Xo,  u  =  Ht. 


For  Quads.  2  and  4,  xo  =  0,  and  thus: 

4uJ  *=  (u  —  v)',  4«5  =  (m  +  v)*. 

Since  u  is  essentially  positive, 

Quad.  2  4 

ui  =  (v  —  u)l/2,  (m  —  p)l/2 

M»  =  (w  +  u)l/2,  (u  +  r)l/2. 

For  quads.  1  and  3,  from  inequality  6, 

w\u*  +  v*  -w*) 


cos  xo  = 


wV 


0 


Using  this  value  for  cos  xo , 

4uJ  =  M*  +  v*  +  2«>v^ w*  -{-  w*  —  ic* 

4uJ  =  tt*  +  »*  +  2w\/ u*  +  »*  —  to* 

Let  s*  =  u*  +'v*  —  to*.  l/2m«*  is  the  energy  of  the  two  particles  in 
excess  of  that  necessary  to  produce  a  collision  in  which  one  electron 
crosses  the  level  to.  In  terms  of  a, 

4uJ  =  (to  —  «)* 

4uJ  =  (to  +  «)*. 

This  gives: 

Quad.  1  3 

tZi  =  (to  —  s)l/2  («  —  to)l/2 

tZj  =  (to  -f  s)l/2  («  +  to)l/2. 
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The  integrals  of  Equs.  14  (over  x)  can  now  be  thrown  into  the  forms: 
*  uv  J(w-4)/t  2m\/2u*  +  2w*  —  4ii*J  ^  ^ 

Sraftl*  ,  (w*  -  «*)\/2u*  -i-2v*- 


„/  »»-<f  I 

Dl  *  - -  8 

3uv 


Similarly: 


_8Ta  1-.- 

*  “  3ut>  “L^  2ii\/2«*  +  2r*  -  4Ti»J“‘^“ 


16b  «,* 

3uv 


„/  8x<r  r,  I... 

*  uv  Ji9-u)n  ^  _  2tZv^2u*  +  2v^  —  4tt*.  ^  ^ 


16c'  Bt^  ^  u(3t>*  -  3u;*  +  2m*) 
3tit; 


'  3Mt;  “l  ^  2tZV2M*  +  2«;2  _ 

16d'  ^  ty(3uj*  -  V*) 

Zuv 

Bt  and  B4  can  be  simplified  by  taking  advantage  of  the  symmetry 
in  M  and  v.  They  appear  Eq.  13  as  terms  of  Ii  —  It,  say  16t*91*7', 
where 

=  f  Mu*)u*du  f  fo{v*)v*dv'Bi 
Jo  Jw 

—  j  fo(u*)u'du  j  foiv*)v*  dv*  Bt 

Substituting  Bt  and  B4  from  Eqs.  16', 

/'  ■=  f  foiu*)udu  f  fo{v*)vdvui3v*  —  3m?*  +  2u*) 

O  Jo  Jw 

—  j  foiu*)udu  j  foiv*)v  dw{3w*  —  »*) 
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Because  of  the  83rmmetry  of  I'  in  u  and  v,  2u*  can  be  subtracted  from 
the  bracket  in  the  first  integrand,  if  2v*  is  subtracted  from  that  in 
the  second. 

V  *=  4T<r  r  U{u*)u'du  r  MvWdv  ~ 

Jo  Jm  V 

—  4xa  f  foiu*)u*  du  f  fo{v*)v*dv  - — 

J»  Jo  u 

But  this  is  equivalent  to  taking: 

16c  Bi  =  —  iv'  -  w*) 

V 

16d  b;  =  —  (p*  -  w*) 

u 

The  functions  By  derived  here  are  much  simpler  than  the  ones  to  be 
calculated  later  for  the  shielded  Coulomb  field.  They  do  show,  how¬ 
ever,  the  same  symmetry  properties  in  u  and  v. 

If  all  processes  except  the  mutual  interactions  are  neglected,  the 
solution  of  the  balance  equations  will  be  a  maxwellian  distribution. 

/o  = 

This  fact  can  be  used  to  check  the  calculations.  The  u*,  p*  plane  can 
be  divided  into  strips  between  the  diagonal  lines  u*  -j-  p*  =  c*  and 
u*  +  p*  =  c*  +  Ac*.  The  first  integration  may  be  carried  out  along 
the  length  of  these  strips,  instead  of  along  lines  parallel  to  the  m*  or  p* 
axis.  The  maxwellian  distribution  function  has  the  unique  property 
of  being  constant  along  such  a  diagonal  line.  In  other  words,  for  this 
function  and  this  path  of  integration,  the  fs  disappear  from  the  inner 
integral.  It  turns  out  that  the  By  functions  can  then  be  integrated. 
The  result  is  zero  for  every  value  of  c*,  showing  that  the  mutual  colli¬ 
sions  do  not  change  this  distribution. 

IV.  Calculation  of  Cross-Section.  The  force  between  two  electrons 
I* 

in  the  plasma  is  —  when  they  are  very  close,  where  r  is  their  distance 
r* 

of  .separation.  When  r  is  larger,  this  force  is  reduced.  Because  the 
space  is  macroscopically  neutral,  at  very  large  distances  r  the  force 
between  electrons  will  be  zero.  There  is  a  space  charge  of  positive 
ions,  which,  as  far  as  the  faster  moving  electrons  are  concerned,  is 
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nearly  uniformly  distributed.  Near  each  electron  there  will  be,  on 
average,  a  deficiency  of  other  electrons,  leaving  an  average  net  positive 
density  which  “shields”  the  electrons  from  each  other. 

A  suitable  approximation  to  the  interaction  potential  is: 

V  =  - 
r 

This  defines  a  potential  “hill”  whose  radius  is  measured  by  a.  The 
value  to  be  assigned  to  a  is  uncertain.  A  lower  limit  is  the  mean  dis¬ 
tance  of  separation  of  the  particles,  This  may  be  of  the  order 
10“*  cm.  An  obvious,  but  certainly  excessive  upper  limit  is  the  size 
of  the  apparatus,  say  1  cm.  It  turns  out  that  this  enormous  range 
for  a  is  reflected  in  the  results  by  an  altogether  smaller  effect,  a  cannot, 
however,  be  infinite,  for  this  would  give  the  Coulomb  potential,  and 
with  it,  an  infinite  collision  cross  section.  No  value  will  be  specified 
for  this  parameter  at  present. 

The  cross  section  <t(u,  6)  for  this  potential  hill  is  found  with  the  aid 
of  quantum  mechanics.  The  Born  approximation  can  be  used  (29). 

Let  the  wave  function  ^  of  the  two  electrons  be  a  product  of  two 
functions,  one  representing  the  motion  of  the  center  of  gravity,  and 
the  other,  representing  relative  motion.  If  ^  be  approximated  by 
the  sum  of  a  plane  wave,  ,  and  a  spherically  scattered  wave,  ,  then 


Let:  ^0  =  '***,  where  xi  and  Zj  are  the  distances  of  the  two  elec¬ 

trons  from  the  center  of  gravity,  and 

,  2irmiZ 


Then  the  first  approximation  to  the  solution  of  Schrodinger’s  equation. 


with  V  =  —  e  gives: 
r 


ii  — 


4ir*me* 

A* 


4*:*  sin*  ^-1-4 

2  a* 


Or  since  1  1*  =  1 


-m 


i 
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This  can  be  written: 


17 


where, 

18 


9) 


16m*  fi‘ 


+ 


\t 


h* 


(4ira)*m*tl* 


l/$  measures  the  size  of  the  hill  a  in  terms  of  X,  the  wave-length 
corresponding  to  the  relative  velocity  2H. 

3*  is  a  very  small  number.  Measured  in  volts, 


a,  .95  10"“ 

^  “  t>rO* 


If  the  electronic  density  is  lO”  per  cc.,  and  a  is  set  equal  to  91  * 

lO’* 

- 

Vr 


and  if  a  is  larger,  ^  is  by  so  much  the  smaller. 

It  is  this  term  ^  in  the  denominator  of  a,  that  prevents  the  cross 
section  from  becoming  infinite  at  small  angles,  as  it  would  for  a  Coulomb 
field.  It  will  be  the  controlling  part  for  distant  encounters.  Since  it 
is  so  small,  it  will  scarcely  affect  o  for  large  angles.  These  correspond 
to  close  encounters,  and  scattering  by  a  nearly  pure  Coulomb  field. 


V(a).  Integration  over  the  Angles.  In  this  section,  the  functions  B 
and  B'  are  calculated.  Equation  17  can  also  be  written: 

>  _  ^ _ 1 _ 

^  “  4mV(l  -f  23*  -  coaOy 


By  equation  3  for  cos  9,  this  becomes 

_ 1 _ 

^  4m*  ti*  (1  -|-  23*  —  cos  S  cos  X  +  sin  4  sin  X  cos  m)* 

When  this  is  integrated  over  n  and  X,  we  obtain  the  functions  Bi  and 
Bt  which  follow. 
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‘  lftmV(^  +  3*) 

fj _ (23*  +  1)C08  Xq  —  COB  g _ 1 

1  {43*  +  43*  -  2(2^  -I-  Dcosa  cos  Xo  +  cos* «  +  cos*  Xo}*J 

B 

*  16m*iJ*(3*  +  3*) 

r  ^ _ (23*  -f  1)  COB  Xo  -  cos  j _ 1 

L  {43*  +  43*  —  2(23^  +  1)  COB  6  COB  Xo  +  cos*  i  +  cos*  Xo}*J 

Bi  is  zero  at  u  »  0,  and  =  0  along  the  line  m*  +  v*  =  w'. 

These  functions  B  are  to  be  integrated  over  x,  the  results  are  the 
Bj  functions.  Exactly  as  was  done  in  the  case  of  constant  cross  section, 
an  integration  over  u  is  substituted  for  that  over  x- 

.  4tZ  da 

sinxax  » 

uv 

A  new  symbol  “3”  is  defined, 

B  =  2n  ^  ^  ^  X,, 

4iram«J  w  2ira 


where  X.  is  the  wave  length  corresponding  to  the  velocity  w.  Since  3 
is  extremely  small,  “3”  also  is  very  small. 

It  is  found  upon  evaluating  the  integrals  over  ti,  that: 


2"*'  fs- 

u>*  -  u*  4-  w*3* 

m^v^^uv  L 

2w3  ' 

2Te*  r 

1  li 

m*tr*3*at;  L 

2w0 

2t€*  r 

1  10  - 

u*-«;*  +  u;*3*^  -1 

m*w*0*uv  L 

2Tr3  ^ 

2x6*  r 

1 

u'  -w'  -  w'^  1 

2tr3  1 

These  may  be  compared  with  eq’s.  16,  which  list  the  corresponding 
quantities  for  a  =  constant. 
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The  functions  B]  are  large  near  the  line  u  =‘  w,  and  decrease  rapidly 
away  from  it.  In  quadrants  2  and  3,  they  are  independent  of  v.  In 
quadrants  3  and  4,  they  are  asymptotic  to  zero  as  u  becomes  large, 
and  B4  is  zero  when  t>  =  0. 

These  functions  are  plotted  in  Fig.  3.  In  this  figure,  the  value  0.1 
was  used  for  “/3,”  so  that  the  peaks  are  not  so  sharp. 


Fio.  3 


V(b).  Integration  over  the  Angles.  The  B,-  functions  would,  when 
multiplied  by  the  distribution  function,  be  very  difficult  to  integrate. 
Therefore  approximations  are  made.  Over  most  of  the  plane,  it  is 
satisfactory  to  expand  the  arc-tangent  functions,  retaining  only  terms  * 
through  the  order  But  this  expansion  breaks  down  for  j  u*  —  to*  ]  < 
ic*/3.  Hence,  in  a  narrow  strip  about  the  u  —  w  line,  some  other 
method  must  be  used.  Over  the  width  of  this  strip,  the  product 
/(u*)/(r*)  does  not  change  an3rwhere  nearly  as  rapidly  as  By .  So  the 
distribution  product  is  expanded,  and  the  exact  form  of  By  is  retained. 

When  u)*  —  u*  <  u)*/3, 


20a 


20c 

20b 


‘  ^  m^uv  3(ic*  —  u*)* 

2^  /  4m* _ 2u  \ 

*  ^  m^uv  \3(tc*  —  u*)*  ic*  —  li*/ 

«'  4w* 

*  ^  m^uv  3(u*  —  tc*)* 

,  _  2ir(*  (  4r*  2v  \ 

m^uv  \3(u*  -  u»  -  v^) 


20d 
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These  expressions  no  longer  contain  which  is  associated  with 
small  angle  scattering.  They  represent  that  part  of  the  flux  across  the 
level  u  =  tp,  which  is  caused  by  collisions  in  which  there  is  a  com¬ 
paratively  large  exchange  of  energy.  They  become  infinite  at  u  =  tp, 
while  the  more  exact  expressions  do  not.  Outside  of  a  strip  2tw* 
(fig.  2)  on  each  side  of  this  line,  they  are  very  good  approximations, 
(I  >>  /3).  Inside  this  strip  the  other  approximation  is  used.  The 
number  “i"  must  be  so  chosen  that  on  the  one  hand,  I  >>  /3,  and  on 
the  other,  so  that  the  expansion  of  fiu*)f{v*)  is  sufficiently  precise  inside 
the  strip.  It  is  shown  later  that  this  choice  is  not  critical. 

In  the  strip,  instead  of  using  the  expansion, 

/(u*)/(f*)  +/'(u’W)(«*  -  tP*) 


it  is  advantageous  to  use  one  slightly  different. 

/(U*)/(P*)  ^/(tP*)/(*P*)  +  [/'(iP*)/(*p*)  - /(tp*)/(*p*)l(u*  -  tp*). 

Here  the  pwin^  (tp*,  *p*)  is  the  intersection  of  the  line  u*  =  ip*  and  a 
line  of  the  family  m*  -|-  p*  =  constant.  These  latter  might  be  termed 
“lines  of  electron  interaction,”  for  any  two  pointa  representing  the 
velocities  of  a  pair  of  electrons  before  and  after  collision  respectively 
must  lie  on  such  a  line.  By  using  this  expansion,  a  convenient  can¬ 
cellation  of  terms  results. 

Let  S  represent  the  integrals  over  the  strip,  and  R  those  over  the 
rest  of  the  plane.  Then 

25  /i  -  /,  =  S  +  ft. 

To  the  order  of  approximation  considered  (terms  in  : 

« -  *4-  {['  C" 

+ £>•(»■)  C"'  "“■> 
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and 

^  |2/,(«;*)  ^u>  J  ^  /,(»*)  dt>*  -  ^  vMv*)  dw*  j 

+  +  In  ijr-yiCw-)  j'^dv’  +/(«.*) 

+  1  f^'  [l  +  In  ^]l-/J(«>’)/.(»‘)  +M«^Aii^)h’dv’ 


It  is  to  be  noticed  that  both  t  and  /9  appear  only  in  the  logarithm. 

It  can  easily  be  shown  that  both  the  exact  values  of  listed  in 
E>)’s  19  and  the  approximate  forms  for  S  and  R  permit  an  equilibrium 
solution  of  maxwellian  form. 

Let 


/. -/« 


8t*<*91* 


K 


where  K  ia  a,  dimensionless  factor,  representing  the  integrals  of  eq.  25. 
The  balance  equation  13  is  then: 


Letting 


-NQm 

M 


tD*fo  - 


1 

3NQ 


2ir\*yi 

m*ic* 


I 

K  - 


*  “  m*ArQ’ 


(S 


Et 

mNQ 


this  becomes 

26  + 


0 


(5  corresponds  to  the  parameter  E/p  of  the  Townsend  theory,  "t”  is 
a  measure  of  the  intensity  of  ionization. 

The  function  K  can  be  separated  into  two  parts:  those  terms  con¬ 
taining  the  factor  In  and  the  remainder.  The  former  come  from 

2p 

the  narrow  strip,  and  correspond  roughly  to  small  angle  collisions,  in 
which  little  energy  is  transferred.  The  latter  come  mostly  from  the 
regions  of  the  u*,  v*  plane  outside  of  the  strip  of  width  <u>*,  and  repre¬ 
sent  close  collisions  with  large  energy  exchanges. 

K  contains  a  number  of  rather  complicated  integrals,  and  a  solution 
of  equation  26  cannot  be  found  directly.  It  is  necessary  to  select  a 
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function  having  the  properties  to  be  expected  in  a  solution,  and  to  test 
it  by  substituting  it  in  the  equation.  For  most  choices,  the  integrals 
will  have  to  be  evaluated  by  numerical  quadrature. 


VI.  A  Trial  Function.  It  is  known  that  if  the  mutual  interaction  is 
neglected,  the  distribution  function  has  the  form: 

/o  = 

When  only  the  pair  collisions  are  considered,  the  distribution  is  max- 
wellian: 

/o  - 

The  function  chosen  as  a  trial  solution  is: 


27 


with 


2wvi 

-  A.e-. 

2iru;o 

0  <  II  <  1. 


At  0  1  or  0,  this  reduces  to  one  or  the  other  of  those  above,  g  and  Wo 

are  parameters  which  are  fo  be  determined  so  as  to  give  the  best 
approximation  to  a  solution  of  eq.  26.  d  is  a  measure  of  the  relative 
importance  of  electron-electron  and  electron-atom  collisions.  The  num¬ 
ber  of  electrons  having  speeds  between  w  and  tc  -|-  du>  is:  4ir9lir*/o(tP*)  dw. 
Taking  the  derivative, 


dw 


w'ftiw*) 


^0  ^0. 


The  derivative  is  zero  at 


.  ^  /I  \  ^ 

I  -  ff-i  -  (1  -  ff)  — 
tce  Wo 


or  when  w*  ^  wl .  u?o  is  therefore  the  most  probable  velocity.  “A" 
is  a  normalization  constant  such  that 
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letting 

z  -  ^^^,then:  1  -  A  rz‘e"'‘‘ dz 

W'o  '^0 

And  A  is  a  function  of  g  alone. 

Define: 


,  <  ,  f  ,  ,  te  -  2h  Xo 

In  —  =  In  —  +  In  -  or  /So  »  i ^ 

2/3  2/3o  Wo  4iramwo  2ra 

^  2  -.975  10"* 

- 

Vo  is  the  energy  l/2-mwl  expressed  in  electron  volts.  If  a  is  of  the 
order  10”^,  and  Vo  is  a  few  volts,  /So  is  of  the  order  1  •  10~^.  /3b  is  intro¬ 
duced  to  separate  the  dependence  of  K  on  the  parameters  a,  g,  and  tPo 
from  that  on  w. 

Define: 

j,,  At* Wo  K 


K'  is  a  dimensionless  function  of  only  In  — ,  and  w/wo 

2ao 

Substituting  in  equation  26,  and  dividing  by 

A«~' 

tco  2irtro 


mwo  ,  2  gj 

M  u'J  3'^ 


/7  +  (1  -  (7)  ^1  +  AiK' 

Wo- 


Rearranging: 


28 


•  Av/  2  ,  te*  r  4  »i  \  2 

lAK  »=  —  s  C  fif  +  u)o  Tj  —  (1  —  g)  »  6 

o  tCo  L  ^  - 


Because  a  and  t  only  appear  in  the  equation  through  their  logarithms, 
the  results  are  not  critically  dependent  on  the  exact  values  given  them. 
In  the  numerical  calculations,  t  was  chosen  equal  to  1/25.  This  is 
safely  larger  than  /3  and  is  small  enough  so  that  the  error  in  the  expan¬ 
sion  of  /(u*)/(t>*)  will  be  small. 

Equation  28  expresses  a  relation  that  would  be  true  if  the  trial 
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function  chosen  were  a  solution  of  the  problem.  It  should  be  nearly 
true  if  this  function  is  a  good  approximation.  From  the  form  of  28, 
it  is  seen  that  AK'  should  be  nearly  linear  in  w'/wl: 

AK*  “  fci  -f-  ktw'/w\  . 

In  Fig.  4  values  of  K'  as  calculated  numerically  for  9  »  0  and  g  =  .732 
are  plotted  against  w'/w\  .  These  curves  are  seen  to  be  nearly  straight 
over  the  range  containing  most  of  the  electrons  (tc*  <  4i»J).  The 
agreement  is  best  for  the  larger  values  of  g. 


From  curves  of  this  nature,  one  can  find  the  values  of  g  and  u>o 
which  give  functions  most  nearly  correct  for  chosen  values  of  i,  (5, 
and  ^  .  From  eq.  28,  follows  eqs.  29  and  29' 

29  t*, 

29'  iifc,  -  -  g)  +  ^^'o 

Here  ki  and  kt  are  functions  of  g,  Wo  and  ln/3o  being  calculated  by 
numerical  quadrature. 

These  equations  can  be  solved  for  g  and  Wo  in  terms  of  the  parameters 
t,  (S,  and  In  /So.  In  particular,  g  and  are  functions  of  log  do  and 

the  ratio  (5*/*  only.  This  is  shown  in  Fig.  5,  where  lines  of  constant  g 
and  constant  wt/Q^  are  plotted  on  the  log  do ,  e*/*  plane. 
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Empirical  equations  for  g  and  wo  are: 

on  0.26  +  2.46  log /3o 

30  g - 

0.26  +  2.46  logA.-^ 

on/  w*o  _M[  -2.92  -  2.39  log  /So  21  „ 

(5*  mL  evt  " 

It  has  been  mentioned  that  K'  consists  of  two  parts.  One  does  not 
contain  the  parameter  /So .  That  is,  it  is  independent  of  the  size  of  the 
potential  hill.  It  corresponds  mainly  to  collisions  involving  a  large 


change  of  energy.  The  second  part,  that  contains  the  factor  In  t/2fio, 
corresponds  to  glancing  collisions  with  small  energy  exchange.  These 
glancing  collisions  are  much  more  numerous  than  the  first  kind,  and 
it  is  interesting  to  see  which  type  is  the  more  important.  Table  I 
gives  data  for  two^  values  of  /So  that  fall  in  the  experimental  range. 
Column  2  gives  that  part  of  the  function  w*/wlK'e~*,  which  is  inde¬ 
pendent  of  In  </2/So .  Columns  3  and  5  list  that  part  of  the  same  func¬ 
tion  containing  the  factor.  Columns  4  and  6  give  the  sums  of  2  with 
3  and  5  respectively.  It  is  seen  that  the  larger  part  is  that  containing 
In  /So ,  or  that  representing  small  angle  collisions. 

Vn.  It  is  interesting  to  see  if  conditions  can  exist  for  which  this 
theory  would  predict  a  large  value  of  g. 

A  search  through  the  literature  shows  that  there  are  very  few  papers 
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on  the  subject  of  gaseous  conduction  which  present  enough  data  to 
determine  all  three  parameters.  The  required  data  are: 

a,  the  gas  used 

h,  the  atomic  density 

c,  the  field  strength 

d,  the  electronic  density 

e,  an  estimate  of  the  average  energy. 

Among  the  few  papers  giving  all  this  data  are,  one  by  T.  J.  Killian 
(11),  and  one  by  A.  H.  van  Gorcum  (8).  In  Killian’s  work,  the  gas 
pressure  was  so  low  (a  few  bars)  that  the  mean  free  path  of  the  electrons 

TABLE  I 


A,  -  l&-‘ 

A)  -  10-‘ 

1 

2 

3  4 

5  6 

0.342 

-0.266 

-0.373  -0.628 

-0.630  -  0.785 

0.683 

-0.281 

-0.461  -0.742 

-0.856  -  0.937 

1.366 

-0.0091 

-0.0695  -  0.0786 

-0.0989  -  0.1080 

2.732 

+0.102 

+0.222  +0.324 

+0.316  +0.418 

5.464 

i  +0.00261 

+0.00613  +0.00774 

+0.00729  +0.00990 

TABLE  II 

N 

E  V„ 

1.67-10*'  cm' 


9.5- 10*“  cm' 


0.93  volts/cm  2.7  e.v. 


was  comparable  to  the  tube  diameter  or  larger.  Plainly,  this  theory  is 
inapplicable  to  such  a  case. 

Van  Gorcum  reports  work  done  on  neon  at  a  pressure  of  4.7  mm.  Hg. 
at  0®C.  In  the  well  developed  plasma,  he  found  by  probe  measure¬ 
ments  that  the  electrons  seemed  to  have  very  nearly  a  Maxwell  distri¬ 
bution.  The  values  found  for  the  quantities  listed  above  clustered 
about  those  in  table  II. 

For  neon,  Q  0.28  cm*.  10““. 

If  =  J  nwl ,  then  for  a  maxwellian  distribution, 

uOU 


F.  .  I  V., 
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For  this  case,  taking  a  =  9?  *  =  2.19- 10“^  we  have; 

2(5*  K 

^  =  1.93,  /3o  -  6.6- 10'*,  log/3o  =  -4.18 

dt 

then  from  equation  30,  g  =  0.84. 

This  is  quite  a  large  value  for  g,  and  hence  the  mutual  collisions  are 
very  important.  If  rvo  is  calculated  from  eq.  30',  and  =  i  ”**’**.io' 

Fo..,.  -1.39e.v. 

From  the  experiment, 

Fo  =  1.8  e.v. 

These  values  are  in  fairly  good  agreement,  considering  the  roughness 
of  the  approximations,  and  the  fact  that  ionization  has  been  neglected 
in  the  computations. 

If  a  is  chosen  to  equal  1  cm.  it  is  found  that: 

g  =  0.91,  and  Fo^,,  ?=  1.45  e.v. 

The  agreement  between  these  two  theoretical  results  is  astonishing  in 
view  of  the  violently  differing  values  of  a  that  were  used. 

In  discussing  measurements  made  with  probes  in  a  plasma,  it  is  usual 
to  plot  the  logarithm  of  the  electron  current  to  the  probe  against  the 
retarding  voltage.  For  a  maxwellian  distribution,  the  resulting  curve 
is  a  straight  line: 

log  tp  =  c  +  F/Fo . 

In  the  general  case, 
the  equation: 

I 

ip  = 

It  may  be  mentioned  here  that  probe  measurements  are  notoriously 
treacherous. 

In  Fig.  6,  log  tp  is  plotted  against  F  for  the  functions  obtained  by 
setting  g  equal  to  0.5,  0.8,  1.0.  The  corresponding  curves  given  by  van 
Gorcum  are  quite  a  bit  straighter  than  the  one  given  here  for  g  =  0.8. 
This  would  indicate  that  the  mutual  interactions  are  of  even  greater 
importance  than  is  predicted  by  this  theory.  On  the  other  hand,  the 


the  current  to  the  probe  can  be  calculated  from 

f  /(«>*)  (w*  —  XV  dw 
’^y/UVlm  I  ^  J 


MUTUAL  INTERACTION  OF  PLASMA  ELECTRONS 


199 


conditions  in  his  tube  were  much  more  complicated  than  those  assumed 
here.  This  fact  may  account  for  part  of  the  divergence. 


Vni.  Since  the  terms  in  In  /So  in  the  mutual  interaction  are  so  impor¬ 
tant,  it  is  interesting  to  see  what  is  obtained  when  they  alone  are 
retained.  The  balance  equation  then  takes  the  form: 

m  1  _j  d  , 


—  w*f{w*)  f  f(,v*)dv^-\-w*fiw*)  f  f'(v*)dv* 
wVCv*)  /(«?*)  v*f{v*)dv* 


or,  setting  x  = 


Cx'fix)  +  Fxfix)  +  2« 


x*f{x)  j  f{y)  dy  -|-  /(x)  ^  y*/(l/)  dy 

+  i/(af)  f  1/ V(y)  dy 
Jo 
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At  large  values  of  x,  the  first  integral  is  very  small,  and  the  second  and 
third  are  nearly  constant.  The  equation  is  then  nearly: 

Cx's  +  Fxf  +  mw  +  6/)  =  0. 

This  has  the  solution 


.  2«a1 


'  C_..C^a 

ra)  -»r* 


T-  +  il 
Lwo  J 


SRo/CTOox  6*\  C  CSW 


If  2)?  =  0,  this  gives  the  Druyvesteyn  distribution,  and  if  2)?  0, 

Q 

F  — »  0,  p  »  0  this  approaches 
t 

f  -  A'e'i' 


or  the  maxwellian  form. 


IX.  Conclusions.  The  scattering  of  electrons  by  the  fields  of  other 
electrons  in  a  plasma  has  been  investigated,  and  a  means  devised  for 
handling  it.  A  trial  distribution  function  inserted  in  the  balance  equa¬ 
tion  shows  that  this  process  has  an  important  effect  on  the  velocity 
distribution  under  certain  conditions,  namely;  when  E/NQ  is  small 
and  ^/NQ  is  large.  Such  conditions  actually  occur  exiierimentally, 
and  for  them  this  theory  predicts  that  the  distribution  will  be  nearly 
maxwellian. 

Thb  trial  function  was  not  expected  to  be  exact,  but  served  to  test 
the  assumptions,  and  to  indicate  the  relative  importance  of  the  various 
processes.  > 

The  scattering  at  small  angles  is  more  important  than  that  at  large 
angles.  Or  the  velocity  distribution  is  maintained  principally  by  many 
small  changes  in  energy  rather  than  by  less  frequent  large  changes. 
The  exact  size  a,  chosen  for  the  ixitential  hill  used  in  computing  the 
scattering  cross  section  is  of  relatively  small  importance. 

The  author  wishes  to  express  his  gratitude  for  the  unfailing  encourage¬ 
ment,  advice,  and  cooperation  given  him  by  Prof.  William  P.  Allis. 

Massachusetts  Institute  or  Technoloot,  Cambridge,  Mass.,  and 
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ALGEBRAIC  EQUATIONS  WITH  COMPLEX  COEFFICIENTS 

Bt  Frank  L.  Hitchcock 


Equations  with  complex  coefficients  arise  in  electrical  problems, 
for  example  in  finding  the  transient  currents  generated  when  a  poly¬ 
phase  induction  motor  is  suddenly  short-circuited  through  static 
condensers. 

The  following  method  is  similar  to  that  recently  given  for  finding 
complex  roots  of  equations  with  real  coefficients.*  For  simplicity  I 
shall  first  state  the  method  for  the  cubic 


X*  +  (oj  +  btf)x*  -I-  (oi  +  hjj)x  +  oo  -f-  hij  =  0 


(1) 


where  the  a’s  and  b’s  are  real  and  j  *  y/—!.  If  this  equation  happens 
to  have  a  pure  imaginary  root  we  can  divide  through  by  an  imaginary 
factor  X  —  y\j  where  yi  is  real.  If  not,  and  if  we  call  the  real  part  of 
one  of  the  roots  fi ,  we  can  suppose  that  by  Homer’s  method  all  the 
roots  have  their  real  parts  reduced  by  the  amount  ri .  We  require  a 
test  to  know  when  this  has  been  accomplished. 

Suppose  the  left  member  of  the  equation  actually  has  a  factor  x  —  yj. 
Dividing  through  by  this  factor  we  find  the  remainder  to  be 

Oo  —  biy  —  a,y*  +  (6o  +  Oiy  -  lny*  —  y*)j. 


If  this  remainder  is  zero  we  have  simultaneously 
y*  4-  bty*  -  aiy  -  bo  =  0 

and 

0*1/*  +  6iy  -  Oo  =  0. 


(2) 


(3) 


(4) 


Hence  the  equations  (3)  and  (4)  must  have  a  common  solution  y  =  yi. 
This  is  the  same  as  saying  that  the  left  members  of  these  two  equations 
■have  a  common  factor  y  —  yi ,  in  which  case  the  left  side  of  (1)  will 
have  a  factor  x  —  yJ.  We  can  find  the  common  factor  y  —  j/i ,  if  it 
exists,  by  the  usual  process  of  finding  the  greatest  common  divisor  of 
two  polynomials. 

If,  as  of  course  will  usually  happen,  there  is  no  common  factor,  the 
process  of  finding  the  greatest  common  divisor  will  yield  a  remainder 

‘  This  Journal,  Vol.  XVII,  No.  2,  June  1938,  p.  55. 
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which  is  a  real  number^  !. This  remainder  will,  in  general,  have  opposite 
signs  according  to  whether,  by  Homer’s  method,  we  have  reduced  !tfae 
real  parts  of  the  roots  not  quite  enough  or  a  little  too  much. 

As  an  example  take  the  cubic 

**  +  (4  -  j)j*  +  (3  +  2j)x  -  3  +  4j  =  0.  (5) 

Here  we  have 

Oo  —  — 3  fli  =  3  4 

bo  ~  4  6i  =  2  6j=— 1 

so  that  the  test  equations  (3)  and  (4)  become 

4y*  +  2i/  +  3  =  0,  y*  -  y*  -  3y  -  4  =  0. 

For  convenience  we  divide  the  first  of  these  equations  through  by  +4 
giving  y*  +  0.5y  +  0.75  =  0,  and  then  find  the  G.C.D.  of  the  left  sides. 

y’  +  0.5y  +  0.75)  y*  -  y*  -3.  y  -  4.  (y  -  1.5 
y*  -f  0.5y^  -f  0.75y 

-  1.5y*  -3.75y  -  4. 

-  1.5ir  -0.75y  -  1.125 

— 3.00y  —  2.875  =  first  remainder. 

For  convenience  we  divide  this  first  remainder  through  by  +3  giving 
— y  —  0.958  for  a  new  divisor.  (We  must  not  divide  through  by  a 
negative  number  since  this  might  alter  the  sign  of  the  final  remainder.) 
The  work  continues: 

-y  -  0.958)  y*  +  0.5  y  +  0.75  (-y  +  0.458 

y*  +  0.958y _ 

-  0.458y  +  0.75 

-  0.458y  -  .439 

+  1.189  =  final  remainder. 

We  now  merely  note  that  the  final  remainder  is  positive.  Returning 
to  the  original  equation  (5)  we  may  try  reducing  the  real  parts  of  the 
roots  by  the  amount  +1.  With  complex  coefficients  there  is  no  differ¬ 
ence  in  principle  when  appljdng  Horner’s  method;  we  merely  keep  a 
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kind  of  double  entry  in  the  computation,  the  columns  of  imaginary 
values  being  headed  by  ‘f,  if  we  wish. 


3 

3 

3 

4.  -1. 

3.  2. 

-3.  4.  (+1. 

1. 

5.  -1. 

8.  1. 

5.  -1. 

8.  1. 

5.  5. 

1. 

6.  -1. 

6.  -1. 

14.  0. 

1. 

‘ 

7.  -1. 

Thus  the  new  equation,  whose  roots  all  have  their  real  parts  less  by  -fl 
than  those  of  the  original  equation,  is 

X*  +  (7  -  j)x*  +  14x  +  (5  +  5j)  -  0  (6) 

For  this  new  equation  we  have 

Oo  =  6  oi  =  14  Oj  =  7 

6o*5  0  6|““1 

so  that  the  new  test  equations  (3)  and  (4)  are 

7y*  -  5  =  0,  y*  -  y*  -  14i/  -  5  -  0. 

We  divide  the  quadratic  through  by  +7,  giving  y*  —  0.714  =  0,  and 
then  find  the  G.C.D.  of  the  left  sides. 

y*  -  0.714)  y*-y*-14.  y  -  5.  (y  -  1 

y*  -  0.714y 

-  y*  -13.286y  -  5. 

-y'  +  .714 

'  -13.286y  -  5.714 

Divide  this  first  remainder  through  by  +13.286  giving  —  y 
which  is  to  be  divided  into  the  previous  divisor, 

-y  -  0.430)  y*  -  0.714  (-y  +  0.430 

y*  +0.430y 

-0.430y  -  0.714 
-0.430y  -  0.185 
-  0.529. 
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The  final  remainder  is  now  negative,  whereas  before  it  was  positive. 
This  proves  that  the  original  equation  (5)  has  a  root  whose  real  part 
is  between  zero  and  +1. 

Returning  to  the  original  equation  it  is  natural  next  to  try  reduction 
of  the  real  parts  of  the  roots  by  the  amount  4-0.5.  The  sequel  will 
then  show  whether  the  real  part  of  the  root  in  question  is  greater  or 
less  than  p.5. 


4. 

.5 

-1. 

1  3. 

2.25 

2.  -3. 

-  .5  2.625 

4. 

.75 

(0.5 

4.5 

-1. 

5.25 

1.5  -0.375 

4.75 

.5 

2.50 

-  .5 

5.0 

-1. 

7.75 

4-1.0 

.5 

5.5  -1 

Thus  the  new  equation,  whose  roots  all  have  their  real  parts  less  by 
0.5  than  those  of  the  original  equation  is 

X*  4-  (5.5  -  j)x'  4-  (7.75  +  j)x  -  0.375  +  4.75;  =  0.  (7) 

Here  we  have 

oo  =  —0.375  oi  =  7.75  Oj  =  5.5 

6o  =  4.75  6i  =  1.  6j  =  -1. 

so  that  the  test  equations  (3)  and  (4)  now  become 

5.5y*  +  y  +  0.375  =  0,  y  -  y"  -  7.75y  -  4.75  =  0. 

We  divide  the  quadratic  through  by  5.5,  giving  y*  +  0.182y  4-  0.068 
and  then  find  the  G.C.D.  of  the  left  sides. 

y’  4-  0.182y  4-  0.068)  y  -  y*  -  7.75  y  -  4.75  (y  -  1.182 
y*  +  0.182y^  4-  ^y _ _ 

-  1.182y*  -  7.818y  -  4.75 

-  1.182y*  -  .215y  -  .080 

-  7.603y  -  4.67 
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r-t 


j 


Divide  this  first  remainder  through  by  +7.603  giving  —y  —  0.614, 
which  is  to  be  divided  into  the  previous  divisor, 

-y  -  0.614)  y*  +  0.182y  +  0.068  (-y  +  0.432 
y*  +  .614y _ 

-  .432y  +  .068 

-  .432y  -  .265 

+  .333 

a  positive  final  remainder.  This  proves  that  the  original  equation  has 
a  root  whose  real  part  is  between  +0.5  and  +1.0. 

We  may  now  return  to  the  original  equation  and  reduce  the  roots 
by  0.7. 
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-  .7 
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6.1 

-1 

Thus  the  equation  whose  roots  all  have  their  real  parts  less  by  0.7  than 
those  of  the  original  equation  (5)  is 

X*  +  (6.1  -  ;>*  +  (10.07  +  0.6i)x  +  1.403  +  4.91;  =  0.  (8) 

Here  we  have 

do  =  1.403  Cl  =  10.07  Oi  =  6.1 

bo  =  4.91  6,  =  0.6  bt=  -1, 

so  that  the  test  equations  (3)  and  (4)  now  are 

6.1y*  +  0.6y'-  1.403  =  0,  y*  -  y*  -  10.07y  -  4.91  =*  0. 

We  divide  the  quadratic  through  by  6.1  giving  y*  +  .0983606y  — 

0.23  =  0,  and  then  find  the  G.C.D.  of  the  left  sides, 

y*  +  .0984y  -  .23)  y*  -  y*  -  10.07  y  -  4.91  (y  -  1.0984 

y*  +  .0984y^  -  _  .23  y  __ 

-  1.0984y*  -  9.84  y  -  4.91 

-  1.0984y*  -  .1081y  +  .2526 

-  9.7319y  -  5T1T26 


! 
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Divide  this  first  remainder  through  by  +9.7319  giving  —y  —  0.5305, 
which  is  to  be  divided  into  the  previous  divisor, 

-y  -  0.5305)  y'  +  .0984i/  -  0.23  (-y  +  .4321 

y*  +  .5305y 

-  .4321y  -  0.23 

-  .4321y  -  .2292 

-  .0008 

a  small  negative  remainder.  This  proves  that  the  original  equation  (5) 
has  a  root  with  real  part  a  little  less  than  0.7,  but  probably  only  a  little 
less,  because  the  remainder  is  so  small. 

We  could  continue  in  this  way,  testing,  perhaps,  0.69,  which  would 
be  done  most  easily  by  taking  (8)  and  increasing  its  roots  by  0.01.  It  is 
more  rapid,  however,  to  procede  as  follows.  If  the  remainder  in  the 
last  division  had  been  exactly  zero  this  would  have  meant  that  the 
equation  (8)  had  a  factor  precisely  y  +  0.5305j  and  hence  the  original 
equation  a  root  precisely  0.7  —  0.5305j.  We  can  conclude  that  this 
value  is  a  fair  approximation  to  a  root. 

Equation  (8)  has  thus  one  root  whose  real  part  is  nearly  zero.  Let 
any  cubic  known  to  have  one  root  with  real  part  near  zero  be 

X*  +  (+j  +  Btj)x*  +  (+1  +  ’Bij)x  +  .do  +  Bo  =  0.  (9) 

Suppose  the  imaginary  part  of  the  root  in  question  is  known  to  be 
approximately  kj.  If  we  move  the  origin  parallel  to  the  imaginary  axis 
by  an  amount  kj  the  resulting  equation  will  have  a  root  nearly  zero. 
This  is  the  same  as  subtracting  the  amount  kj  from  all  the  roots  by 
Horner’s  method.  The  first  remainder  is  found  to  be  «  +  tj  where 

8  =  Ao-  Bik  -  djjfc*  (10) 

t  =  Bo-\-  Aik  -  Btk'  -  k'  (11) 

which  are,  in  form,  like  the  real  and  imaginary  parts  of  (2).  The 
second  remainder  is  m  +  ty  where 

u  =  d,  -  2Btk  -  3ifc*  (12) 

t>  =  Bi  +  2d,jfc.  (13) 

These  formulas  may  be  obtained  in  another  way.  Call  the  left  side 
of  (9)  fix)  and  write  x'  +  kj  for  x.  Expanding  by  Taylor’s  theorem 
we  have 

fix'  +  kjO  =  fikj)  +  x'f'ikj)  =  8  +  I;  +  x'iu  +  vj)  =  0  (14) 
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if  we  suppose  the  new  origin  is  so  near  the  actual  root  that  x'*  may  be 
neglected.  It  is  easy  to  check  that  u,  v,  s,  and  t  obtained  by  this  method 
agree  with  Horner’s  method.  Solving  for  x'  we  have 

_  8U  +  tv  +  {tu  -  8v)j  .jgv 

u*  +  V* 

which  is  the  amount  to  be  added  to  the  approximate  root  to  obtain  a 
better  root.  This  is  “Newton’s  method’’. 

Returning  to  (8)  we  have 

Ao  =  1.403,  Ai  =  10.07,  X,  =  6.1 

Bo  =  4.91  ,  B,  -  0.6  ,  B,  =  -1. 

which  are,  of  course,  the  same  as  Oo ,  6o ,  etc.  already  set  down  for 
equation  (8).  (The  only  object  in  using  Ao ,  Bo ,  etc.  in  (9)  is  to  em¬ 
phasize  the  important  point  that  the  use  of  8,  t,  u,  and  v  to  obtain  x' 
has  no  meaning  except  when  we  start  with  an  equation  having  the  real 
part  of  one  root  very  small.)  Finding  s,  t,  u,  and  v  and  then  x',  by 
aid  of  a  computing  machine,  it  was  found  that 

x'  =  -0.0004  5098  -  0.0001  5214;.  (16) 

This  proves  that  the  approximate  root  0.7  —  0.5305;  was  correct  to 
three  decimal  places.  If  greater  accuracy  is  not  wanted  nothing  more 
needs  to  be  done  on  this  root.  If  we  want  more  places  we  may  suppose  * 
that  x'  has  significance  to  three  more  places,  which  is  probable  but  not 
certain.  Adding  to  the  value  0.7  —  0.5305;  the  correction  —0.000451 
—  0.000152;  we  have 

-f  0.699549  -  0.530652;  (17) 

as  a  better  value  of  this  root. 

An  easy  check  is  to  return  to  (8)  and  increase  the  real  parts  of  the 
roots  by  the  amount  of  the  correction  0.000451  (using  a  machine). 
Then  carrying  out  the  G.C.D.  process  we  should  find,  first,  that  the 
final  remainder  is  very  small,  and,  second,  that  the  last  divisor  is 
±  (y  +  0.530652)  rather  closely.  (Actually  we  get  —  y  —  0.5306  5223 
and  remainder  —  .0000  0012.) 

If  complete  rigor  in  estimating  the  error  is  needed,  we  can  attain 
this  by  examining  the  change  of  sign  in  the  final  remainder. 

Considering  now  the  general  case  of  an  equation  of  any  degree  n, 

x"  -|-  (o„_i  +  5*_i;")x"  ’  -f-  •  •  •  +00  +  boj  =  0.  (18) 
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The  remainder  on  dividing  the  left  side  by  x  —  yj  is  found  by  sub¬ 
stituting  yj  in  place  of  x  and  so  is 

(l/i)"  +  (®»-i  +  '  +  •  •  •  +  Go  +  boj.  (19) 

Hence  the  test  equations  are 

do  —  biy  -  <hy*  +  bty*  +  ony*  -  b%y'  -  a^y*  +  •  •  •  =0  (20) 

and 

ho  +  Oil/  —  bty*  —  aty*  +  bty*  -b  o»y‘  -  hej/*  —  •  •  •  =  0.  (21) 

If  n  is  odd  (20)  will  terminate  with  a  term  in  j/n-i  and  (21)  will  ter¬ 
minate  with  a  term  in  y"  and  coefficient  ±1.  If  n  is  even  (20)  will 
terminate  with  a  term  in  y"  and  coefficient  ±1  while  (21)  will  tenninate 
with  a  term  in  y"'*.  In  each  case  the  coefficients  are  alternately  an 
‘o’  and  a  ‘6’  (with  proper  sign)  except  for  the  term  in  y".  The  signs 
begin  as  indicated  and  continue  alternately  two  plus  signs  and  then 
two  minus  signs. 

The  general  formulas  for  s  and  v  are  of  the  same  form  as  (20)  and  (21), 
8^  Ao-  Bik  -  Aik*  +  Bik*  -|-  A^k*  -  -  Atk*  +  -  ■  (22) 

Bo  +  Aik  -  Btk*  -  A,k*  +  B^k*  -b  Aok*  -  B,k*  -  •  •  •  (23) 

We  find  u  -b  tg  by  putting  kj-for  x  in  fix),  giving 

u  =  Ai-  2B,k  -  3A,k*  -b  •  •  •  (24) 

t>  =  .81  +  2Aik  -  38, fc*  -  . . .  (25) 

where,  if  n  is  odd,  the  series  for  u  terminates  in  a  term  -bnA:"”'  and  t; 
in  a  term  in  but  if  n  is  even  the  situation  is  reversed.  The  signs 
fall  as  in  «  and  t. 

In  case  the  given  equation  has  two  or  more  roots  having  their  real 
parts  nearly  equal,  the  foregoing  use  of  the  G.C.D.  would  not  readily 
separate  these  roots.  Actually  this  is  the  situation  likely  to  arise  in  a 
practical  case,  where  all  the  real  parts  may  be  quite  small,  the  principle 
problem  being  to  find  their  magnitude,  particularly  such  real  parts  as 
are  positive.  The  imaginary  parts  are  likely  to  be  far  from  equal. 
In  such  a  situation  the  remedy  is  simple.  If  we  put  —jx'  in  place  of 
X  in  the  given  equation  we  induce  a  rotation  of  the  complex  plane  so 
that  we  interchange  real  and  imaginary  parts  of  all  roots.  We  now 
have  two  or  more  imaginary  parts  nearly  equal,  which  does  no  harm, 
while  the  real  parts  of  the  new  equation  are  far  from  equal.  Then  we 
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proceed  by  the  G.C.D.  method,  or  with  «,  t,  u,  v,  just  as  in  the  example 
worked  out  above. 

As  an  illustration,  the  following  equation,  submitted  through  the 
kindness  of  Professor  W.  V.  Lyon,  occurred  in  an  actual  problem, 

X*  +  (0.4  -  j)x*  +  (6.67  -  0.2j)x  +  0.0667  -  6.67;  -  0.  (26) 

It  is  known  from  the  nature  of  the  problem,  and  can  be  easily  verified, 
that  the  real  parts  of  all  the  roots  are  numerically  small.  If  we  put 
— ;x'  in  place  of  x  the  equation  becomes 

x'*  +  (1  +  0.4;>'*  +  (-6.67  +  0.2;)x'  -  6.67  -  0.0667;  -  0  (27) 

which  may  be  solved  by  the  method  of  the  foregoing  pages,  for  the 
small  real  parts  have  now  been  replaced  by  small  imaginary  parts,  so 
that  the  new  real  parts  may  be  readily  separated  by  the  G.C.D.  method. 

When  the  values  of  x'  have  been  found  the  values  of  x,  viz.  the  roots 
of  the  original  equation,  are  of  course  found  from  x  =  — ;x'.  The 
results  were  found  to  be 

-0.246  +  2.608;,  -0.177  -  2.606;,  and  +0.0233  +  0.9975;  (28) 

In  conclusion  it  may  be  remarked  that  the  foregoing  method  still 
holds  for  equations  with  real  coefficients,  so  far  as  the  problem  of  finding 
complex  roots  is  concerned.  We  merely  have  all  the  6’s  zero.  In  fact  ' 
if  we  take  an  equation  of  even  degree  with  real  coefficients,  the  test 
equations  of  the  present  paper  reduce  to  those  of  the  former  paper. 

Massachusetts  Institute  of  Technology. 
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ON  ASYMPTOTIC  ORBITS  IN  THE  THEORY  OF  PRIMARY 
COSMIC  RADIATION 

Bt  Alfrcdo  BaRos,  Jr.* 

1.  Introduction.  The  investigations  reported  here  deal  with  certain 
theoretical  aspects  of  the  problem  of  the  motion  of  charged  particles 
in  the  field  of  a  magnetic  dipole  which  concern  directly  the  Lemaltre- 
Vallarta  theory  of  the  charged  component  of  cosmic  radiation.  Briefly 
stated,  then,  the  problem  discussed  here  refers  to  the  calculation,  for 
a  given  value  of  Stormer’s  parameter  71 ,  of  a  family  of  trajectories 
whose  members  are  asymptotic  to  a  given  symmetric,  unstable,  peri¬ 
odic  orbit. 

The  theory  of  the  charged  component  of  cosmic  radiation  is  based 
on  the  hypothesis  of  the  existence,  at  large  distances  from  the  earth, 
of  a  homogeneous  and  isotropic  distribution  of  charged  particles. 
Lemaltre  and  iVallarta*  have  shown  that,  by  virtue  of  the  earth’s  mag¬ 
netic  field,  cosmic  rays  of  a  given  energy  do  not  reach  all  points  on  the 
surface  of  the  earth.  In  general,  at  a  given  magnetic  latitude,  charged 
particles  of  a  given  energy  are  capable  of  reaching  the  earth  only  along 
certain  allowed  directions,  the  integrated  totality  of  which  fills  a  cone 
of  somewhat  complex  and  irregular  shape.*'*  Furthermore,  as  a  corol¬ 
lary  to  Liouville’s  theorem,  it  follows  that  the  intensity  of  the  charged 
component  of  cosmic  radiation  per  unit  solid  angle  within  the  cone  of 
allowed  directions,  for  a  given  energy,  is  the  same  as  the  intensity  at 
large  distances  from  the  earth.*  In  the  theory  of  cosmic  radiation, 
therefore,  the  fundamental  problem  consists  of  the  determination,  for 
every  latitude  and  for  every  energy,  of  the  shape  of  the  cone  of  allowed 
directions  whose  generators  are  formed  by  trajectories  separating  orbits 
coming  from  infinity  from  orbits  which  originate  at  some  other  point 
of  the  earth.  An  important  class  of  such  generators  is  constituted  by 

*  Fellow  of  the  John  Simon  Guggenheim  Memorial  Foundation,  now  Director 
of  the  Institute  of  Physics  of  the  National  University  of  Mexico,  Mexico  City. 

‘  G.  Lemaltre  and  M.  8.  Vallarta,  Phys.  Rev.,  43,  88  (1033);  G.  Lemaltre, 
Ann.  de  la  Soc.  Sci.  de  Bruxelles,  A54,  162  (1935). 

*  G.  Lemaltre  and  M.  S.  Vallarta,  Phys.  Rev.,  49,  720  (1936). 

*  G.  Lemaltre  and  M.  S.  Vallarta,  Phys.  Rev.,  50,  500  (1936). 
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orbits  which  are  asymptotic  to  certain  unstable  periodic  orbits  origi¬ 
nally  discovered  by  Stormer.* 

In  a  recent  paper  by  Lemaltre  and  Vallarta,*  to  which  reference 
should  be  made  for  a  complete  statement  of  the  problem  treated  and 
of  their  method  of  attack,  results  were  presented  from  the  analysis  of 
some  three  hundred  trajectories,  asymptotic  to  a  known  family  of 
unstable  periodic  orbits,  as  obtained  by  means  of  Bush’s  differential 
analy*er,‘  These  results  were  submitted  then  with  reservations  pend¬ 
ing  a  critical  examination  of  the  precision  associated  with  machine 
trajectories.  In  a  later  article,’  Lemaltre  and  Vallarta  presented  a  full 
discussion  of  their  method  for  the  determination  of  asymptotic  trajec¬ 
tories  by  means  of  the  differential  analyzer  together  with  a  brief  out¬ 
line  of  the  method  of  calculation  of  asymptotic  trajectories  which  they 
developed,  using  a  generalized  method  of  numerical  integration,  to 
afford  a  comparison  between  machine  trajectories  and  computed 
trajectories. 

To  ascertain  the  magnitude  of  possible  systematic  errors  in  the 
mechanical  determination  of  asymptotic  trajectories  Lemaltre  and 
Vallarta  computed,  for  71  =  0.93,  the  complete  inner  faipily  of  asymp¬ 
totic  orbits,  which  they  represented  by  means  of  two  trigonometric 
series  whose  amplitudes,  as  functions  of  o,  they  determined  by  numer¬ 
ical  integration.'  The  purpose  of  the  present  investigations,  then,  was 
two-fold:  to  carry  out,  under  more  adverse  conditions,  the  Lemaltre- 
Vallarta  method  of  numerical  integration,  bisecting  the  interval  of 
integration  as  many  times  as  might  be  required  to  exhaust  fully  the 
practical  possibilities  of  the  method;  and,  by  carefully  drawing  the 
complete  family  of  asymptotic  orbits  for  71  =  0.85,  to  afford  a  closer 
and  more  critical  analysis  of  the  precision  associated  with  machine 
trajectories  than  had  been  possible  heretofore. 

2.  FormulatioA  of  the  Problem.  The  complete  formulation  of  the 
problem  involved  in  the  present  discussion  must  necessarily  be  pre- 

*  As  early  as  1907  and  later  in  1918,  Stdrmer  was  able  to  show  that  orbits  of  a 
charged  particle  in  the  field  of  a  magnetic  dipole  admit  most  remarkable  periodic 
orbits.  In  a  more  recent  publication,  Zeits.  f.  Astrophys.,  1,  247  (1930),  StOrmer 
describes  two  methods  for  the  determination  of  periodic  orbits^  one  of  which  led 
to  the  discovery  of  the  family  of  unstable  symmetric  periodic  orbits  which  forms 
part  of  this  discussion  (Cf.  post  section  3). 

*  V.  Bush,  J.  Frank.  Inst.,  212,  447  (1931). 

*  G.  I./emattre  and  M.  S.  Vallarta,  Ann.  de  la  Soc.  Sci.  de  Bruxelles,  A56, 
102-103  (1936). 
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ceded  by  a  brief  summary  of  the  properties  of  the  differential  equations 
governing  the  motion  of  charged  particles  in  the  field  of  a  magnetic 
dipole,  which  were  first  set  up  and  studied  by  Carl  Stormer,'^  as  early 
as  1904,  and  which  have  since  been  made  generally  well  known  through 
his  numerous  contributions.” 

In  terms  of  an  independent  variable  <r  and  of  the  two  dependent 
variables  x,  X  the  differential  equations  of  motion  in  the  conformal 
transformation  of  the  meridian  plane  take  the  form 

■  0  -  X(x,  X),  (1) 

0-A(*.X);  (2) 

where  X  and  A,  hereafter  to  be  referred  to  as  the  x  and  X  components 
of  acceleration,  are  the  functions  of  the  coordinates  x  and  X  specified 
below: 

X{x,  X)  -  -L^e*’-e-’  +  e"*’  cos*  X,  (3) 

1671 

A(x,  X)  »  «“**  sin  X  cos  X  — 

cos*  X 

The  present  discussion  refers  to  the  study  of  orbits  which  originate 
asymptotically  from  a  given  periodic  orbit  and  which  form  part  of  the 
boundary  .of  the  main  cone,  in  the  terminology  adopted  by  Lemaltre 
and  Vallarta.*  The  computation  of  a  family  of  asymptotic  orbits  for 
7i  0.85  comprises  essentially  these  points:  the  calculation  of  the 
periodic  orbit  to  which  the  required  family  of  orbits  is  asymptotic;  the 
determination  of  an  asymptotic  expansion  representing  accurately  the 
desired  family  of  orbits  in  the  close  neighborhood  of  the  periodic  orbit; 
and,  finally,  the  numerical  integration  of  the  whole  family  of  asymptotic 

’  Carl  Stdrmer,  “Sur  le  raouvement  d’un  point  materiel  portant  une  charge 
d’eiectricite  soua  Taction  d’un  aimant  eiementaire,”  Vid.  Selsk.  Skr.,  Oslo 
(1904).  For  a  more  recent  account  of  the  equations  of  motion  and  of  the  Slirmer 
unit  of  length,  as  regards  the  theory  of  cosmic  radiation,  see:  Alfredo  Bafios, 
Jr.,  “Las  ecuaciones  del  movimiento  en  la  teorfa  de  la  radiacidn  cdsmica,’’ 
IngenierUt,  Vol.  XI,  No.  4  (1937). 

*  Carl  Stdrmer,  Zeits.  f.  Astrophys.,  1,  237-214  (1930);  references  to  his  earlier 
work  are  given  at  the  end  of  this  paper.  See  also  University  Observatory,  Oslo, 
Pub.  No.  10  (1934). 

*  G.  Lemaltre  and  M.  S.  Vallarta,  Phys.  Rev.,  50,  499  (1936). 
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orbits,  by  means  of  the  methods  developed  recently  by  Lemaltre  and 
Vallarta  and  extended  by  the  author  in  an  effort  to  carry  out  the 
method  as  far  away  from  the  periodic  orbit  as  seemed  practicable. 

3.  Calculation  of  the  Periodic  Orbit.  The  calculation  of  the  periodic 
orbit  for  yi  =  0.86  was  effected  by  applying  Lemaltre’s  method.*® 
This  is  an  analytical  extension  of  Stormer’s  empirical  method,  based 
on  a  complete  analysis  of  all  symmetric  orbits  cutting  the  x-axis  (X  =  0) 
orthogonally,  and  affording  a  rapid,  convenient  and  elegant  way  of 
determining,  for  a  given  value  of  yi ,  the  outer  member  of  the  corre¬ 
sponding  pair  of  symmetric  periodic  orbits.  From  the  numerical 
verification  of  the  periodic  orbit,  for  yi  =  0.85,  it  is  concluded  that 
Lemattre’s  method  yields  an  orbit  which  satisfies  the  differential  equa¬ 
tions  of  motion  (1)  and  (2)  correctly  to  four  decimals.  The  principal 
limitation  of  the  method  arises  from  the  use  of  Kepler’s  equation"  to 
define  the  variation  of  sin  X  as  function  of  a  and  which,  being  only  an 
approximation,  leads  to  a  value  of  the  period  reliable  only  to  four 
significant  figures.  For  a  complete  account  of  Ijcmaltre’s  method  the 
reader  is  referred  to  the  original  article'®  and  for  its  numerical  appli¬ 
cation  to  7i  =  0.93  to  a  more  recent  paper  by  Lemaltre  and  Vallarta." 

Lemattre’s  method  giving  the  period  2t/w,  permits  the  computation 
of  the  X  and  X  coordinates  of  the  periodic  orbit  for  given  values  of  ua, 
say  by  increments  of  t/12  radians.  From  such  a  tabulated  set  of 
values  it  is  then  possible  to  compute,  by  applying  well  known  methods 
of  harmonic  analysis,'®  the  Fourier  coefficients  which  exhibit,  the  outer 
symmetric  periodic  orbit,  in  parametric  representation,  by  means  of 
the  Fourier  series: 

X  =  Zo  +  z*  cos  2{wa  +  ^)  +  Z4  cos  4(aKr  +  ^)  +  •  •  •  ,  (5) 

X  =  Ml  sin  (wff  -j-  <p)  nt  sin  3(wa  +  ^)  +  •  •  •  •  (6) 

To  verify  the  precision  with  which  (5)  and  (6)  satisfy  the  differential 
equations  of  motion  (1)  and  (2)  it  is  then  sufficient  to  compute  directly 
from  (6)  and  (6)  the  second  order  derivatives  with  respect  to  <t,  and 
to  equate  the  resulting  Fourier  series  to  the  corresponding  series  for 

1*  G.  Lemaltre,  Ann.  de  la  Soc.  Sci.  de  Bruxelles,  A54,  194-207  (1935). 

»  Ibid.,  p.  202. 

Loc.  cit.  ref.  6. 

E.  T.  Whittaker  and  G.  Robinson,  “The  Calculus  of  Observations’’  (2nd  ed. ; 
London:  Blackie  and  Son,  1932),  p.  273. 
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the  X  and  X  components  of  acceleration,  obtained  after  replacing  in  (3) 
and  (4),  for  x  and  X,  their  corresponding  Fourier  series.  To  carry  out 
rapidly  the  computation  of  the  Fourier  coefficients  of  the  functions 
X  and  A,  when  x  and  X  are  given  by  the  Fourier  series  (5)  and  (6), 
as  well  as  the  Fourier  coefficients  corresponding  to  the  higher  order 
partial  derivatives  of  X  and  A,  the  author  devised  schedules  of  com¬ 
putation  following  general  prescriptions  originally  established  by  Le- 
maltre  and  Vallarta.**  A  condensed  description  of  the  construction 
and  application  of  these  schedules  of  computation  is  given  in  the 
next  section. 

Such  a  comparison,  as  pointed  out  above,  shows  immediately  the 
precision  associated  with  the  original  periodic  orbit  as  computed  by 
means  of  Lemaltre’s  method.  To  bring  about  improved  agreement 
with  the  differential  equations  of  motion  corrections  must  be  applied 
to  the  Fourier  coefficients  in  (5)  and  (6)  as  well  as  to  the  parameter  w. 
These  corrections  are  most  conveniently  obtained  by  making  use  of 
the  variational  equations,'*  which  permit  the  study  of  periodic  orbits 
in  the  infinitesimal  neighborhood  of  the  original  uncorrected  periodic 
orbit.  To  the  final  corrected  periodic  orbit  for  71  =  0.85,  in  units  of 
the  6th  decimal,  correspond  the  following  values: 


zo  =  393,834.3  mi  =  452,751.1 

z,  =  -12,011.8  Ml  =  -7,462.5 

24  =  3.3  Ml  =  204.7 

«  =  916,331.7  M7  =  -8.1 

Mt  =  0.4 


4.  Harmonic  Analysis  of  Fundamental  Functions.  As  stated  in  the 
preceding  section,  the  verification  of  the  precision  associated  with  the 
periodic  orbit,  as  computed  by  means  of  Lemattre’s  method,  calls  for 
the  knowledge  of  the  Fourier  coefficients  of  the  acceleration  components 
X  and  A,  as  given  in  (3)  and  (4),  when  the  dependent  variables  x  and  X 

Op.  cit.,  pp.  113-4. 

'*  G.  Lemsttre  and  M.  S.  Vallarta,  Ann.  de  la  Soc.  Sci.  de  Bruxellea,  A56,  114 
(1936).  See  also  O.  Godart,  Ann.  de  la  Soc.  Sci.  de  Bruxelles,  I,  68,  30  p938). 
For  a  complete  account  of  the  derivation  of  the  variational  equations,  as  applied 
to  the  problem  at  hand,  see  Alfredo  Baftos,  Jr.,  "C41culo  de  las  drbitas  peri<klicas 
en  la  teorla  de  la  radiacidn  c6smica,”  forthcoming  publication  through  Ingenierta, 
Mexico  City  (1939). 
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are  here  replaced  by  their  known  Fourier  expansions  (5)  and  (6). 
This  problem  has  already  been  treated  by  Lemaltre  and  V'allarta  who 
devised  a  method  of  harmonic  analysis  furnishing  algebraic  expressions 
for  the  required  Fourier  coefficients  in  terms  of  the  known  coefficients 
of  the  displacement  comjwnents  x  and  X. 

The  method  originally  introduced  by  Lemaltre  and  Vallarta**  refers 
exclusively  to  the  harmonic  analysis  of  the  functions  X  and  A.  In 
this  work  the  author  extended  these  new  methods  to  the  determination 
of  the  Fourier  coefficients,  not  only  of  X  and  A,  but  also  of  the  kinetic 
energy  function  F  and  its  higher  order  partial  derivatives  up  to  the 
fourth  order,  as  tabulated  in  TahU  I.  Furthermore,  to  attain  the 
desired  accuracy  in  the  computations  corresponding  to  71  =  0.85,  to 
which  the  present  discu.ssion  refers  exclusively,  the  writer  found  it 
necessary  to  include,  in  each  displacement  component  x  and  X,  two 
more  harmonics  than  were  employed  by  Lemaltre  and  Vallarta  in  their 
computations  for  71  =  0.93,  and  to  retain,  in  the  various  expansions 
involved,  higher  order  terms  that  had  been  originally  neglected  by 
Lemaltre  and  Vallarta. 

Table  I  gives  a  complete  summary  of  the  various  functions  studied 
together  with  the  notation  adopted  to  express  their  Fourier  coeffi¬ 
cients.  Thus,  for  example,  if  the  displacement  components  x  and  X 
are  known  periodic  functions  of  a,  as  given  in  (5)  and  (6),  then  the 
kinetic  energy  function  P(x,  X),  given  in  Table  /,  may  be  regarded  as  a 
periodic  function  of  <r: 

P{o)  =  Po  ■)“  Pi  cos  2(fa>o’  “1“  ^)  ■}“  P4  cos  4(w<r  (p)  -I-  •  •  • 

and  the  problem  reduces  to  the  computation  of  the  P’s  from  a  previous 
knowledge  of  the  z’s  and  /i’s.  Evidently,  it  should  always  be  possible 
to  compute  P  for  various  values  of  a  and,  hence,  by  well  known  methods 
of  harmonic  analysis,  to  compute  the  corresponding  Fourier  coeffi¬ 
cients,  This  procedure,  however,  is  extremely  laborious  and  must  be 
started  anew  whenever  changes  in  the  values  of  the  z’s  and  n’s  are 
introduced. ,  It  was  to  obviate  these  shortcomings  that  Lemaltre  and 
Vallarta  developed  a  direct  method  of  harmonic  analysis  based  on  the 
fact  that  the  functions  involved  possess  known  analytical  expressions 
in  terms  of  x  and  X  and  that,  consequently,  it  becomes  {x>ssible  to 
furnish  approximately  sufficiently  accurate  algebraic  expressions  for 
the  required  Fourier  coefficients. 

*•  G.  Lemaltre  and  M.  S.  Vallarta,  Ann.  de  la  Soc.  Sci.  de  Bruxelles,  A56, 
10^114  (1936). 
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To  extend  the  method  of  Lemaltre  and  Vallarta  to  the  harmonic 
analysis  of  the  function  P  and  its  partial  derivatives,  as  classified  in 
four  groups  in  Table  I,  it  is  first  necessary  to  compute  the  Fourier 
coefficients  of  the  individual  functions  of  x  and  X  entering  into  the 
analytical  expressions  for  P  and  its  partial  derivatives.  These  func¬ 
tions,  as  shown  in  column  (3)  of  Table  /,  fall  into  three  categories; 
1)  the  exponentials  e“*,  and  e*';  2)  the  trigonometric  functions 
cos*  X,  sec*  X  and  their  successive  derivatives;  3)  the  product  e”**  cos*  X 
and  its  derivatives. 

To  simplify  the  discussion  it  will  be  convenient  to  introduce  the 
symbolic  notation : 

Sk  =  sin  k{<ji<T  -|-  tf>),  Ck  =  cos  fc(w<r  -j-  v>);  (7) 

from  which,  after  putting  in  evidence  the  fact  that,  in  actual  practice, 
the  Fourier  coefficients  of  (5)  and  (6)  alternate  in  sign,  these  equations 
become: 

X  =  Zo  —  ZiCt  +  ZkCi  -  •  •  •  =  (8) 

V 

_ 

X  =  /kiSi  —  niSt  -I"  nkSi  —  •  •  •  =  ^  (—1)  *  Mfl'Sj;  (9) 

« 

where  p  =  2k  and  q  =  2k  I,  with  fc  =  0,  1,  •  •  •  and  where  the  z’s 
and  fi’s  are  now  all  positive  numbers. 

A  few  examples  will  now  be  given.  If  we  write 

X  =  Zo  +  Ax;  Ax  =  — 2iCj  +  ZkCk  —  •  •  •  ,  (10) 

then,  the  problem  at  hand  requires  the  computation  of  the  Fourier 
coefficients  in,  say,  the  expansion  of 

e  **  =  Ao  +  AjCj  -H  A4C4  +  •  •  •  (11) 

from  a  knowledge  of  the  z’a,  assuming  that 

e"**  =  -  2Ax  +  2(Ax)*  -  KAx)‘|  ;  (12) 

that  is,  assuming  that  (Ax)*  is  negligible.  Following  the  method  of 
I..emattre  and  Vallarta,  it  suffices  to  expand  (Ax)*  and  (Ax)*,  as  given 
in  (10),  reducing  afterwards  in  the  resulting  expressions  the  products 
of  sines  and  cosines,  by  means  of  well  known  trigonometric  formulas, 
to  the  sum  of  harmonic  components,  which  are  finally  collected  to  give 
the  respective  A’s.  The  results  are  most  conveniently  arranged  for 
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numerical  work,  as  pointed  out  by  Ijemaltre  and  Vallarta,  in  the  form 
of  schedules  of  computation,  as  shown  below: 


e  **  =  i4o  4*  4iCj  +  A.\Ca  +  •  •  ■ 


Factors 

B 

Co 

■I 

B 

2» 

^ic-*** 

2* 

wSk 

B 

—  224 

1/2 

2* 

-24 

Ao 

Aj 

A4 

Ao 

Check: 

«“**•  =  Ao 

At  A 

Xo  =  Zo  -  Zi  Zi  -  •  •  • 

Here,  the  various  coefficients  Ao ,  At ,  -  •  ‘  are  obtained  by  taking 
the  sum  of  the  terms  in  the  corresponding  column,  multiplied  by  the 
factors  written  in  the  first  column;  thus,  for  example: 

Ao  =  e^*(l  +  2^), 

At  =  e~*’*i2zt  -  2ztZi  +  z\). 

As  before,  in  the  actual  development  (6),  of  X  as  a  periodic  function 
of  <r,  it  is  found  that  the  coeflScient  mi  of  the  fundamental  is  very  much 
larger  than  the  coefficients  mi  >  Mi  i  "  of  the  higher  harmonics,  and 
that  harmonics  higher  than  the  ninth  are  again  negligible  in  compu¬ 
tations  involving  the  seventh  decimal  place.  Writing 


X  =  Xo  +  AX,  Xo  =  MiSi;  (13) 

AX  =  —  Mi<Si  -|-  inSt  —  mtSt  -|-  m»^'»  >  (14) 

the  problem  at  hand  requires  first  the  construction,  for  the  functions 
cos*  X  and  sec*  X,  of  expansions  similar  to  the  exponential  development 
(11),  and  then,  from  such  expansions,  the  computation  of  the  corre¬ 
sponding  Fourier  coefficients.  The  details  of  these  algebraic  manipu¬ 
lations  have  already  been  given  by  Lemaltre  and  Vallarta  and  are. 
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therefore,  omitted  here.  As  an  example,  the  schedule  of  computation 
for  the  function  W  =  sec*  X  follows: 


W  Wo  -  WiCt  +  WoCi-  ... 


Faetoni 

c. 

c, 

c, 

Co 

Cio 

Wo 

! 

Ml 

2fio 

Ml 

2no 

Wi 

Mi 

Ml 

iMi  +  Mi 

Mi 

iMi 

Mi 

9 

Wi 

Jmi 

Ml 

iMi 

Ml 

Wi 

Ml 

Ml  +  Mi 

Mi  +  M7 

M7  +  M» 

M< 

Wi 

Ml 

_  _  1 

Mi 

M7 

Ml 

Mi 

1 

M7 

u>» 

Mi 

Ml 

Ml 

Mi 

Wi 

Ml 

1 

Ml 

1 

1 

tcn 

Wi 

U>4 

Wt 

Wo 

--I 

W’lO 

it 

;  Wo 

Wi 

w. 

Wo  I 

1 

Wo  \ 

Wxo 

Check:  1  =  +  •  •  • 


As  indicated  above,  once  in  possession  of  the  coefficients  in  the  har¬ 
monic  analysis  of  the  elements  entering  into  the  fundamental  function  P, 
and  its  higher  order  partial  derivatives  with  respect  to  x  and  X,  as 
given  in  Table  /,  Ithe  required  Fourier  coefficients,  defined  in  the  last 
column  of  this  table,  are  simply  constructed  by  forming  the  corre¬ 
sponding  linear  combinations  specified  in  the  preceding  column.  In 
this  manner  it  was  possible  to  effect  the  harmonic  analysis  of  the  funda¬ 
mental  functions  required  in  these  calculations.  Thus,  the  knowledge 
of  the  Fourier  coefficients  corresponding  to  the  functions  P,  X,  and  A 
permitted  the  correction  of  the  periodic  orbit  to  the  desired  precision, 
as  pointed  out  in  the  preceding  section.  Likewise,  the  knowledge  of 
the  Fourier  components  of  the  higher  order  partial  derivatives  in 
Groups  III  and  IV  (Table  I)  served,  respectively,  for  the  computation 
of  the  first  and  second  order  variations  of  the  periodic  orbit,  which  are 
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essential  to  the  computation  of  the  characteristic  exponent  and  of  the 
asymptotic  expansions  giving  the  amplitudes  of  the  pair  of  trigo¬ 
nometric  series  representing  the  x  and  X  coordinates  of  the  asymptotic 
family  of  orbits  in  the  immediate  neighborhood  of  the  periodic  orbit.” 

As  explained  in  a  later  section,  the  coordinates  of  the  asymptotic 
family  of  orbits  may  be  expressed  by  means  of  the  pair  of  trigonometric 
series: 

X  =  zo  —  52  (-l)*(y,S,  -  ZpCf),  (15) 

P 

X  =  Z  (16) 

where  the  coefficients  yp ,  Zp  ,  Hq  and  Vq  are  to  be  regarded  now  as  func¬ 
tions  of  the  independent  variable  <r.  When  this  is  the  case,  the  corre¬ 
sponding  acceleration  components  assume  the  form  of  trigonometric 
series: 


A  =  Zo  +  Z  (YpSp  +  ZpCp), 

P 

(17) 

A  =  Z  (MqSq  +  NqCq), 

(18) 

9 


and  the  problem  at  hand  now  requires  the  computation  of  the  Fourier 
coefficients  Yp,  Zp,  Mq  and  Nq ,  from  a  knowledge  of  the  Fourier 
expansions  for  the  displacement  components  x  and  X,  as  defined  in 
equations  (15)  and  (16). 

To  extend  the  methods  sketched  in  the  preceding  paragraphs  to  the 
computation  of  the  Fourier  coefficients  of  the  functions  in  Group  II 
(Table  I),  when  the  displacement  components  are  given  by  (15)  and 
(16),  where  the  coefficient  vi  need  not  be  small,  it  proves  convenient 
to  make  an  adequate  change  of  phase,  first  introduced  by  Lemaltre 
and  Vallarta,  which  makes  this  coefficient  vi  disappoar. 

Thus,  if  ^  =  (u<r  <p)  denotes  the  phase  associated  with  the  trigo¬ 
nometric  series  (15)  and  (16);  then,  writing 

^  ^  +  ^0 ,  (19) 

and  adopting  the  notation: 

5*  =  sin 
5?  =  sin  , 

G.  Lemattre  and  M.  S.  Vallarta,  loc.  cit.,  115-120;  see  also  Phys.  Rev.,  50, 
497  (1936). 


Ck  =  COS  1^’, 
Ck  =  cos 


(20) 
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it  may  be  readily  verified  that  the  expressions 
Vp  ~  “b  Vp^p  » 

M*  —  T  I 

Pq  =  t^q^q 

represent,  in  terms  of  ^  =  (ua  +  <p  —  \po),  the  new  amplitudes  for  x 
and  X  in  the  expansions 

X  =  2o  -  (-l)*(ypSp  -  ipCp),  (22) 

P 

X  =  Z  i-lY*  ifJiqS,  +  p,Cq),  (23) 

which  now  replace  (15)  and  (16).  In  particular,  to  make  h  vanish 
in  (23)  it  suffices  to  determine  adequately;  for  the  purpose,  putting 
9=1  and  Pi  =  0  in  the  last  equation  (21),  it  follows  that 

tan  ^0  =  — ,  (24) 

Ml 

from  which  S*  ,  C*(A:  =  1,  2,  •  •  •  )  are  readily  computed. 

The  trigonometric  series  of  the  acceleration  components  X  and  A, 
when  expressed  in  terms  of  the  modified  phase  iff  =  (w<r  +  <p  —  ffo) 
and  corresponding  to  the  displacement  components  x  and  X  given  in 
(22)  and  (23),  may  be  written: 

X  =  Zo  +  tf  (YpSp  +  2pCp),  (25) 

P— * 

A  =  tf(M,Sq-\-  N.CqY,  (26) 

,  «— 1 

where  the  amplitudes  Yp ,  2p,  M,,  and  ffq  are  computed,  from  a 
knowledge  of  the  amplitudes  in  the  trigonometric  series  (22)  and  (23), 
by  applying  the  scheme  of  computation  given  in  Schedule  (Si),  repro¬ 
duced  here  in  Fig.  1.  This  schedule,  designed  to  furnish  the  most 
compact  arrangement  for  the  sake  of  convenient  calculations,  was 
constructed  by  following  the  same  principles  outlined  already  and  by 
following  the  prescriptions  originally  established  by  Lemaitre  and 
Vallarta;  the  details  of  this  laborious  piece  of  algebraic  manipulation 
are,  therefore,  omitted.  The  reader  is  reminded  to  compare  Schedule 
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{22)  with  the  corresponding  pair  of  schedules  given  by  Lemaltre  and 
Vallarta**  observing  that  the  requisite  of  higher  precision  and  the 
necessity  of  including  two  more  harmonics  in  the  x  and  X  displacement 
components  resulted  in  considerable  more  complication  which,  how¬ 
ever,  had  to  be  endured  in  order  to  carry  out  successfully  the  method 
of  numerical  integration. 

5.  Determination  of  the  Asymptotic  Expansion.  Once  in  possession 
of  the  periodic  orbit,  the  study  of  the  asymptotic  family  of  orbits  in 
its  immediate  vicinity  is  best  carried  out  by  integrating  the  variational 
equations  derived  from  the  differential  equations  of  motion  (1)  and  (2), 
using  classical  methods  of  integration  develop)ed  by  Poincar6  and 
dep)ending  on  the  determination  of  the  so-called  characteristic  exponent 
of  the  periodic  orbit.” 

This  computation  is  most  readily  effected  by  pxwstulating  that  a 
family  of  orbits  asymptotic  to  a  given  p)eriodic  orbit,  as  given  in  para¬ 
metric  representation  in  (5)  and  (6),  may  be  represented  again  in 
parametric  form,  by  means  of  the  two  trigonometric  series: 

X  =  Zo(<r)  +  {j/pW  sin  pioxr  +  ^)  +  2p(ff)  cos  p(«<T  +  ^<>)},  (27) 

P 

X  =  sin  q{ua  +  ^)  +  v,{(t)  cos  q{wa  +  v>)l»  (28) 

« 

where  p  =  2k  and  g  =  2fc  +  1,  (/c  =  0,  1,  •  •  •  );  and  where  the  ampli¬ 
tudes  yp{a),  2p(ff),  ftq{a),  and  Vf,{a)  are  now  functions  of  <r,  which,  as  <r 
approaches  —  oo ,  must  neces-sarily  tend  a.symptotically  to  the  corre¬ 
sponding  amplitudes  of  the  periodic  orbit;  that  is,  Zp(<r)  and  /i«(<r)  tend 
to  the  corresponding  Fourier  coefficients  Zp  and  ng  of  (5)  and  (6),  and 
j/p(<r),  Vgia)  vanish  a.symptotically  as  a  goes  to  —  «  since  these  coeffi¬ 
cients  are  absent  from  the  original  representation  of  the  periodic  orbit. 
In  equations  (27)  and  (28)  the  arbitrary  constant  <p  serves  to  distinguish 
individual  members  of  the  asymptotic  family,  thus  permitting  the 
computation  of  individual  trajectories  once  the  variation  of  the  ampli¬ 
tudes  as  functions  of  a  is  obtained  for  a  given  case. 

To  compute  the  variation  of  the  amplitudes  in  the  trigonometric 
series  (27)  and  (28),  in  the  immediate  vicinity  of  the  periodic  orbit, 
recourse  must  be  had  to  the  cla.ssical  method  of  characteristic  expe- 

“  Op.  cit.,  pp.  113-114. 

H.  Poincard,  “Les  M^thudes  Nuuvelles  de  la  M^canique  Celeste”  (Paris: 
Gauthier-Villars,  1892),  Vol.  I,  Ch.  IV;  see  also  ref.  (16),  pp.  115-117,  and  ref. 
(3),  p.  497. 
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nents  developed  by  Poincar^,  and  recently  applied  to  the  problem  at 

hand  by  Lemaltre  and  Vallarta*  These  computations  furnish,  in 

terms  oi  E  —  c°',  where  Q  is  the  characteristic  exponent  of  the  periodic 
orbit,  the  asymptotic  power  series: 

VpW)  =  1/p  +  VpE  +  VpE*  +  •  •  •  ,  (29) 

*p(®^)  —  +  ZpE  +  ZpE^  +  •  •  •  ;  (30) 

and  similar  expressions  for  M«(<r)  and  Vq(a),  where  the  terms  independent 
of  a  correspond  to  the  Fourier  amplitudes  of  the  periodic  orbit  as 
given  in  (5)  and  (6),  and  where  the  coeflBcients  of  E  and  E^  represent, 
respectively,  the  first  and  second  order  terms  obtained  from  the  first 
and  second  variational  equations  of  the  periodic  orbit.  It  will  be 
recalled  that  the  first  variational  equations  furnish  a  simultaneous  set 
of  homogeneous  equations  in  the  first  order  coefficients  y'p,  Zp,  Hq, 
and  Vq ,  whose  determinant  must  vanish  thus  yielding  the  “secular 
determinant,”  out  of  which  it  is  possible  to  compute  the  smallest  real 
positive  root  Q;  that  is,  the  characteristic  exponent  of  the  periodic  orbit. 

The  results  of  these  computations,  for  71  =  0.85,  expressed  in  units 
of  the  sixth  decimal,  are  summarized  in  the  following  table: 


Q  = 

624,985 

/ 

Zo 

= 

-500,000 

/ 

Ml  = 

38,503 

99 

Ml 

= 

159,451 

Z% 

= 

16,447 

9 

V\  = 

-120,521 

99 

n 

= 

-49,882 

9 

yt 

= 

4,287 

9 

Ml  = 

-5,535 

99 

Ms 

= 

-346 

99 

Zii 

= 

494,215 

9 

v%  = 

2,8^ 

99 

vz 

= 

-6,965 

99 

Z\ 

= 

81,362 

9 

Ml  = 

214 

99 

Ml 

= 

2,121 

99 

yt 

= 

15,472 

9 

»'!  = 

-164 

99 

H 

= 

79 

6.  The  Lemaitre-Vallarta  Method  of  Ntunerical  Integration.  The 
knowledge  of  Q  and  of  the  first  and  second  order  coefficients  appearing 
in  (29)  and  (30)  allows  the  computation  of  the  asymptotic  variation 
of  the  amplitudes  in  the  trigonometric  series  (27)  and  (28)  in  the 
immediate  neighborhood  of  the  periodic  orbit.  To  investigate  further 
this  variation  recourse  must  be  had  to  a  method  of  numerical  integra¬ 
tion  devised  by  Lemaltre  and  Vallarta.**  For  the  purpose,  it  is  first 

*•  Loc.  cit. 

G.  Lemaltre  and  M.  S.  Vallarta,,AnD.  de  la  Soc.  Sci.  de  Bruxelles,  A56, 
120-130  (1936);  see  also  Phys.  Rev.,  60,  497-499  (1936). 


226 


ALFREDO  BA^OS,  JR. 


necessary  to  establish  the  differential  equations  governing  the  varia¬ 
tion  with  9  of  the  amplitudes  in  the  trigonometric  series  (27)  and  (28). 
This  is  readily  attained  from  (1)  and  (2)  by  substituting,  on  the  left 
hand  side,  the  second  order  derivatives  with  respect  to  o’  of  the  trigono¬ 
metric  series  (27)  and  (28)  and  writing,  for  the  right  hand  side  func¬ 
tions  of  X  and  X,  the  trigonometric  series  which  are  obtained  by  direct 
computation  from  (3)  and  (4),  by  replacing  x  and  X  in  these  functions 
by  their  corresponding  trigonometric  series  (27)  and  (28)  and  then 
using  the  methods  originally  developed  by  Lemattre  and  Vallarta  as 
extended  by  the  author  to  take  care  of  the  higher  harmonics.  The 
resulting  set  of  simultaneous  differential  equations  are  finally  obtained 
by  equating  the  coefficients  of  corresponding  harmonics  in  the  phase 
(uff  -f  ^).  If  we  now  represent  the  trigonometric  series  thus  corre¬ 
sponding  to  (3)  and  (4)  by  means  of  the  expressions 

X  =  Zo  -h  ^  { VpM  sin  p(u<r  -|-  ^)  -f-  Z,(ff)  cos  p(u<r  +  ^) } ,  (31) 

p 

A  =  23  sin  qiua  +  ^)  +  Nq{<r)  cos  qiwa  +  ^)} ,  (32) 

* 

then,  as  shown  by  Lemaltre  and  Vallarta,  the  resulting  set  of  differ¬ 
ential  equations  may  be  written: 

-  2pu,  =  Y„  (33) 

^’  +  2p»  -  pWz.  -  Z.-,  (34) 

where  p  =  0,  2,  •  •  •  ,  with  a:  similar  set  for  fiq  ,  (q  =  1,  3,  •  •  •  ). 

It  will  now  be  recalled  that,  for  a  given  value  of  <r,  the  right  hand 
terms  Yp,  Zp,  M, ,  and  AT,  may  be  evaluated,  using  the  methods 
outlined  in  Sectioq  4,  directly  in  terms  of  the  corresponding  values  of 
l/p  >  >  M«  >  And  Vq  and  that,  accordingly,  this  lends  itself  readily  to  the 

point  by  point  computation  characteristic  of  all  methods  of  numerical 
integration.  The  method  originally  employed  by  Lemaltre  and  Val¬ 
larta  has  been  extended  by  the  author  to  include  the  use  of  higher 
harmonics  through  the  computation  of  the  additional  coefficients  of 
integration  and  the  construction  of  a  chart  giving  the  scheme  of  com¬ 
putation  to  evaluate,  for  a  given  value  of  <r,  the  acceleration  amplitudes 
Yp,  Zp,  Mq ,  and  Nq  in  terms  of  the  values  for  the  corresponding 
displacement  amplitudes  (see  Schedule  {it)  given  in  Fig.  1);  and 
finally,  its  range  of  application  has  been  considerably  enlarged,  to  the 
full  extent  of  the  practical  possibilities  of  the  method,  through  the 
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derivation  and  application  by  the  author  of  the  formulas  of  numerical 
integration  to  effect  the  doubling  and  bisecting  of  the  interval  of 
integration.  A  thorough  description  of  these  details,  together  with  a 
complete  analysis  of  the  Lemattre-Vallarta  method  of  numerical  inte¬ 
gration  is  reserved,  by  the  writer,  for  a  forthcoming  publication.” 

7.  Results  of  the  Numerical  Integration.  The  asymptotic  power 
series  (29)  and  (30)  in  the  displacement  amplitudes  of  the  trigonometric 
series  (27)  and  (28)  allow  the  computation  of  the  necessary  steps  to 
construct  the  table  of  successive  differences  required  to  initiate  the 
method  of  numerical  integration.  Since  the  independent  variable  o 
appears  in  the  phase  (wa  +  <p)  multiplied  by  the  factor  w,  it  proved 
convenient  to  choose  for  the  interval  of  integration  Aa  the  value  de¬ 
fined  thus:  _ 

a,A(r  =  =  0.261,799;  Aa  =  0.285,704 

which  represents  an  interval  of  integration  considerably  larger  than 
the  one  usually  employed  by  Stormer.” 

The  method  employed  to  establish  the  initial  system  of  successive 
differences  has  already  been  described  by  Lemaitre  and  Vallarta.”  It 
will  only  be  mentioned  here  that  the  precision  of  tabulated  values  in 
the  acceleration  amplitudes 'Tp ,  Zp,  Af, ,  and  iV, ,  in  so  far  as  the 
equations  of  motion  are  concerned,  indicates  the  fact  that  the  initial 
system  of  successive  differences  in  this  case,  for  =  0.85,  is  correct 
in  the  sixth  decimal.  The  high  precision  thus  attained  may  be  regarded 
as  an  independent  check  on  the  computations  of  the  characteristic 
exponent  and  of  the  coeflficients  pf  the  first  and  second  order  terms  in 
the  asymptotic  expansions  (29)  and  (30). 

The  actual  process  of  numerical  integration  turned  out  to  be  in  this 
case  an  extremely  laborious  piece  of  work,  comprising  in  all  54  steps, 
and  requiring  a  total  of  approximately  500  computing  hours,  carried 
out  according  to  the  following  program:  ' 

a)  From  n  —  — 12  to  n  =  12,  by  double  steps;  ' 

b)  From  n  =  12  to  n  =  26,  by  single  steps; 

c)  From  n  =  26  to  n  =  35,  by  half  steps; 

d)  From  n  =  35  to  n  =  37,  by  extrapolation  in  half  steps. 

**  Paper  entitled:  “On  the  Lemattre-Vallarta  Method  of  Numerical  Inte¬ 
gration.” 

**  Carl  Sthrmer,  Astrophysica  Norvegica,  1,  No.  4,  p.  163  (1935).  The  interval 
of  integration  used  by  Stormer  in  this  example  is  Av  —  0.015,625. 

Op.  cit.,  p.  120. 
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In  carrying  out  the  process  of  numerical  integration  it  became  neces¬ 
sary  to  consider  additional  higher  harmonics  in  the  displacement  ampli¬ 
tudes  in  order  to  retain  throughout  the  necessary  accuracy.  Further¬ 
more,  in  an  effort  to  extend  the  usefulness  of  the  formulas  of  numerical 
integration  it  proved  convenient  to  use  fifth  order  differences.  By 
watching  the  behavior  of  the  last  set  of  non-vanishing  differences,  in 
displacement  and  acceleration,  the  writer  was  able  to  estimate  the 
accuracy  of  the  method  of  numerical  integration  as  it  progressed  and, 
in  fact,  this  behavior  served  as  a  criterion  for  bisecting  the  double 
interval  at  n  =  12  and  the  single  interval  at  n  ^  26,  for  in  the  previous 
vicinity  of  these  points  the  higher  order  differences  began  to  grow 
rapidly.  It  may  be  affirmed,  then,  that  sixth  place  accuracy  was 
attained  in  the  displacement  amplitudes  ypW),  Zp(<r),  and  Vq(a) 

from  n  =  — 12  to  n  =  34,  except  in  the  immediate  vicinity  preceding 
the  bisecting  of  the  interval  at  points  12,  26,  and  also  34,  where  the 
sixth  decimal  may  be  in  error  by  two  or  three  units. 

The  results  of  the  numerical  integration  are  summarized  graphically 
in  Fig.  2  which  gives  the  variation,  as  functions  of  n  (the  ordinal  number 
corresponding  to  each  step  in  the  process  of  numerical  integration),** 
of  the  displacement  and  acceleration  amplitudes  appearing  in  the 
trigonometric  series  (27),  (28),  (31),  and  (32).  The  similarity  of  the 
general  behavior  for  the  2nd,  4th  and  6th  harmonics  corresponding  to 
the  i-components  of  displacement  (full  lines)  and  acceleration  (dotted 
lines)  is  quite  apparent  in  Fig.  2.  Likewise,  in  the  remaining  group 
of  figures,  corresponding  to  the  X-components,  the  similarity  in  the 
general  behavior  of  the  3rd,  5th,  7th,  and  9th  harmonics  is  evidently 
more  striking,  even  to  the  extent  of  allowing  the  prediction  that,  for 
example,  if  the  method  of  numerical  integration  had  been  continued 
further,  the  curves  corresponding  to  the  3rd  harmonic  would  eventually 
pass  through  the  same  maxima  and  minima  which  are  already  in  evi¬ 
dence  in  the  last*  set  of  curves  corresponding  to  the  9th  harmonic. 
The  curves  in  Fig.  2  corresponding  respectively  to  p  =  0  and  9  =  1 
and  representing,  therefore,  the  behavior  of  the  most  important  terms 
in  the  trigonometric  series  for  the  x  and  X  components  of  displacement 
and  acceleration,  exhibit  a  variation  not  quite  of  identical  fashion  as 
their  corresponding  higher  harmonics.  The  behavior  of  all  curves, 
however,  may  be  described  in  general  by  saying  that  the  various 

**  The  independent  variable  is  of  course  a,  but  it  proved  more  convenient  to 
retain  n  as  abscissa,  n  being  the  number  of  the  step  in  the  process  of  numerical 
integration  corresponding  to  increments  of  ir/12  radians  in  uo. 
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Fio.  2.  Results  or  the  Numebical  Integration  fob  yi  ~  0.85  Showing  the 
Displaceuent  and  Acceleration  Amplitudes  as  Functions  or  the 
Independent  Variable. 
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Fiq.  3.  Calculated  Family  or  Asymptotic  Obbits  fob  71  »  0.85 

placement,  shown  graphically  in  Fig.  2,  now  permit  the  computation  of 
the  coordinates  of  individual  trajectories  belonging  to  the  family  of 
asymptotic  orbits  for  71  =  0.85,  using  for  the  purpose  the  trigono¬ 
metric  series  (27)  and  (28)  and  selecting  the  required  orbits  by  assigning, 
in  each  case,  suitable  values  of  tp  in  the  total  phase  ^  (wa  -f-  v>)> 
To  single  out  24  individual  trajectories  evenly  spaced  it  is  necessary 
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to  assign  to  tp,  in  units  of  ir/12  radians,  the  values  ip  0,  1,  •  •  •  ,  23. 
It  is  observed,  however,  from  the  trigonometric  series  (27)  and  (28) 
that  a  change  of  t  radians  in  ^  «  {wo  +  ^)>  arising  exclusively  from  a 
change  in  p,  leaves  the  x-coordinate  intact  and  changes  the  sign  of 
the  X-codrdinate.  Therefore,  of  the  24  orbits  thus  selected,  12  of  them 
are  the  synunetric  counterpart  of  the  other  12.  In  the  actual  compu¬ 
tation  of  the  ephemeris  of  24  asymptotic  orbits  it  was  foimd  more 
convenient  tp  compute  first  the  coordinates  of  the  equiphase  lines 
^  =  constant,  by  assigning  to  ^  in  succession  the  values  0,  1,  •  •  •  ,  11, 
in  units  of  ir/12  radians,  and  using  the  trigonometric  series  (27)  and 
(28)  to  compute  the  coordinates  corresponding  to  each  equiphase  line, 
for  values  of  n  ranging  from  n  =  0  to  n  =  37. 

Fig.  3  shows  the  outer  periodic  orbit  for  yi  =  0.85  and  the  24  com¬ 
puted  orbits  belonging  to  the  asymptotic  family.  To  construct  the 
figure  it  was  first  necessary  to  draw  the  12  equiphase  lines  and  their 
symmetric  counterparts,  obtained  by  plotting  for  every  x  the  corre¬ 
sponding  positive  and  negative  X’s.  Care  was  taken  to  identify  each 
point  with  two  numbers:  the  value  of  ^  in  the  equiphase  p>assing 
through  the  point  and  the  corresponding  value  of  n.  In  this  manner 
the  task  of  drawing  a  given  orbit  was  materially  simplified,  for  it  is 
now  clear  that  individual  orbits  are  readily  obtained  by  going  pro¬ 
gressively  from  one  equiphase  to  the  next,  joining  with  a  smooth  curve 
those  points  for  which  the  value  of  n  increases  by  one  unit  every  time  a 
new  equiphase  is  reached.  Fig.  3  does  not  show  these  equiphase  lines, 
but  their  general  character  is  clearly  discernible  at  least  in  the  region 
between  x  =  0  and  the  periodic  orbit.  The  values  of  p,  in  units  of  t/12 
radians,  given  in  Fig.  3  serve  to  identify  the  individual  orbits. 

8.  The  Symmetric  and  Self-Reversing  Doubly  As]rmptotic  Orbits. 
The  general  character  of  the  individual  trajectories  belonging  to  the 
family  of  asymptotic  orbits  depicted  in  Fig.  3  may  be  described  by 
saying  that,  in  breaking  away  from  the  periodic  orbit,  the  individual 
trajectories  at  first  execute  an  infinite  number  of  oscillations  in  the 
close  neighborhood  of  the  periodic  orbit  and  later  begin  to  depart 
rapidly  away  from  the  periodic  orbit  and  from  each  other  until,  finally, 
the  various  orbits  no  longer  partake  of  common  characteristics,  but 
have  rather  acquired  their  individual  behavior  associated  with  the 
particular  value  of  p  which  serves  to  identify  each  member  of  the 
family  of  asymptotic  orbits. 

The  existence  of  the  simplest,  symmetric,  doubly  asymptotic  orbit. 
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known  as  the  Queen  orbit,  which  lies  in  Fig.  3  in  the  close  neighborhood 
of  the  orbit  ^  =  8  and  its  symmetric  companion  ^  =  20,  may  be  pre¬ 
dicted  from  general  considerations  on  the  theory  of  orbits.  In  fact, 
it  may  be  shown  in  general  that  any  orbit  cutting  the  axis  X  =  0  or¬ 
thogonally  must  be  symmetric  with  respect  to  the  equator  since  the 
force  components  X  and  A  appearing  in  the  equations  of  motion  (1) 
and  (2)  are  respectively  even  and  odd  functions  of  X.  These  con¬ 
siderations  are  sufficient  to  establish  the  existence  of  the  symmetric, 
doubly  asymptotic  Queen  orbit  which  occurs  in  Fig.  3  for  a  value  of  ^ 
between  8  and  9,  as  may  be  readily  ascertained  by  observing  that 
orbit  ^  =  8  has  a  point  with  vertical  tangent  just  above  the  line  X  —  0 
and  <f>  —  9  just  below. 

The  problem  of  actually  computing  the  coordinates  of  the  Queen 
orbit  was,  however,  much  more  involved,  since  the  value  of  ^  ^ , 

which  characterized  the  Queen  orbit,  had  to  be  computed  by  inter¬ 
polation.  The  method  adopted  by  the  writer  to  carry  out  this  inter¬ 
polation  consisted  essentially  of  determining  the  value  of  dx/da  at 
the  equator,  X  **  0,  for  a  number  of  orbits  corresponding  to  known 
values  of  ^  in  the  neighborhood  of  the  Queen  orbit;  and  then  deter¬ 
mining,  by  inverse  interpolation,  the  value  of  ^  =  VJo  which  would 
make  dx/da  =  0  at  X  =  0.  As  a  result  of  these  computations  the 
value  of  <p  characterizing  the  Queen  orbit  turned  out  to  be  ^  = 
8.073,430  in  units  of  t/12  radians  or  ^  *  121“  8'  47";  that  is,  only  1“ 
8'  47"  removed  from  its  nearest  neighbor  ^  =  9.  From  the  nature 
of  the  interpolation  involved  in  this  case  the  value  of  ^  thus  obtained 
is  not  reliable  beyond  the  fourth  decimal. 

Once  in  possession  of  the  value  ipo  the  coordinates  of  the  Queen  orbit 
were  immediately  computed  from  the  respective  trigonometric  series 
for  values  of  n  ranging  from  n  =  0  to  n  =  36.  The  results  of  these 
computations  are  shown  graphically  in  Fig.  4.  Here,  the  symmetric 
character  and  the  property  of  being  doubly  asymptotic;  that  is,  asymp¬ 
totic  in  the  past  as  well  as  in  the  future,  are  strikingly  brought  out  by 
the  exactness  with  which  the  Queen  orbit  and  its  symmetric  companion 
(shown  in  black  dots  and  corresponding  to  ifi  =  (po  +  r)  coincide  with 
each  other  in  the  range  from  n  =  24  to  n  =  36  where  they  overlap. 
To  the  accuracy  of  plotting  in  the  drawing,  which  was  somewhat 
better  than  the  third  decimal,  the  agreement  is  perfect  throughout  the 
overlapping  portions. 

General  considerations  on  the  theory  of  asymptotic  orbits  applied  to 
the  problem  at  hand  indicate  that,  except  for  a  denumerable  set  of 
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measure  zero,  which  in  this  case  includes  the  Queen  orbit  and  the 
seif-reversing,  doubly  asymptotic  orbits  discussed  below,  all  orbits 
belonging  to  a  given  asymptotic  family  eventually  cross  the  periodic 
orbit  and  go  to  infinity  ”  Therefore,  it  is  concluded  that,  of  the 


-0.4  -OJ  -0.2  -ai  0  0.1  0.2  0.3  0.4 

Fio.  4.  The  Qcben  Orbit,  the  Self-reversing  Docblt  Ahyiiptotic  Orbits, 
AND  THE  System  or  Envelopes  for  yi  —  0.85. 

trigonometric  series  (27)  and  (28),  the  one  corresponding  to  the  x-com- 
ponent  of  displacement  yields  a  value  of  x  which  grows  without  limit 
as  a  increases  indefinitely,  except  for  a  denumerable  set  of  measure 
zero  in  the  assigned  values  of  <p  which  serve  to  single  out  individual 

*•  E.  J.  Schremp,  Phys.  Rev.,  64,  153-167  (1938), 
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orbits  and  of  which  the  particular  value  ^  ^  ,  corresponding  to  the 

simplest,  s}rmmetric,  doubly  asymptotic  Queen  orbit,  represents  its  most 
interesting  example.  This  conclusion  raises  many  difiEicult  questions 
which  arise  when  an  attempt  is  made  to  examine  the  convergence  of  the 
trigonometric  series  (27)  for  particular  values  of  ^  as  a  grows  indefi¬ 
nitely.  Since  all  hopes  of  solving  this  problem  by  numerical  methods 
such  as  were  employed  in  this  investigation  are  quickly  discarded,  it 
must  remain  unsolved  until  more  powerful  methods  of  a  more  general 
character  are  developed. 

As  in  the  case  of  the  Qtteen  orbit,  the  existence  of  the  self-reversing, 
doubly  asymptotic  orbits,  may  be  readily  established  from  general 
considerations.  Thus,  for  example,  it  is  observed  in  Fig.  3  that  some¬ 
where  between  orbits  2  and  3  there  exists  a  self-reversing,  doubly 
asymptotic  orbit  as  sketched  by  graphical  interpolation  for  a  short 
portion,  in  Fig.  4.  This  figure  shows  also  the  system  of  envelopes, 
labelled  in  accordance  with  the  nomenclature  devised  by  Lemaltre  and 
Vallarta,”  and  the  three  branches  of  the  locus  P  =  0,  which  serve  as  a 
boundary  between  the  allowed  and  forbidden  regions  of  the  meridian 
plane.”  It  is  then  observed  from  Fig.  4  that  orbits  2  and  3,  after 
reaching  the  envelope  Fi ,  turn  away  from  each  other;  and,  conse¬ 
quently,  for  reasons  of  continuity  there  exists  an  intermediate  orbit 
exactly  self-reversing  and,  hence,  doubly  asymptotic,  which  meets  the 
line  P  =  0  orthogonally  at  the  reversal  point  Ti ,  where  the  x  and  X 
components  of  velocity  both  vanish  simultaneously.  At  this  point, 
the  Pi  envelopo  and  the  line  P  —  0  are,  of  course,  tangent  to  each 
other.  Similarly,  Fig.  4  shows  a  short  portion  of  the  self-reversing 
orbit  l3dng  between  orbits  21  and  22,  and  meeting  the  line  P  =  0  and 
the  El  envelopo  at  the  reversal  point  labelled  Si . 

9.  The  Zenith  Angle  in  the  Meridian  Plane  as  Function  of  Latitude. 
In  the  conformal  representation  adopted  throughout  this  discussion 
the  zenith  angle  in  the  meridian  plane  %  belonging  to  a  given  space 
trajectory,  corresponds  to  the  actual  slopo  of  the  trajectory  in  the 
meridian  plane  as  it  crosses  the  locus  sin  0  =  0  (Fig.  4),  where  6  denotes 
the  angle  between  the  progressive  tangent  to  the  sprnce  trajectory  and 
the  meridian  plane.”  To  investigate  the  variation  of  the  zenith  angle 

G.  Lemaltre  and  M.  8.  Vallarta,  Phya.  Rev.,  49,  722-5  (1936). 

**  See,  for  example,  Carl  Stormer,  University  Observatory,  Oslo,  Pub.  No.  10 
(1934)  and  reference  (7). 

**  For  a  thorough  description  of  the  angles  0  and  s,  first  introduced  by 
Stormer,  see  article  by  the  author  mentioned  in  reference  (7),  or  loc.  cit.  ref.  2. 
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in  the  meridian  plane  as  a  function  of  latitude  it  is  required  to  measure, 
for  each  asymptotic  trajectory  intersecting  the  line  6  =  0,  the  angle  ir 
and  the  corresponding  latitude  X.  This  was  actually  done  for  all 
trajectories  intersecting  the  line  9  =  0  in  the  upper  left  hand  quarter 


Fio.  5.  Tbc  Zbnith  Anqls  in  thb  Mbridian  Plane  as  a  Function  or 
Latitude. 

of  Fig.  3,  which  was  redrawn  for  the  purpose  to  a  sufficiently  large 
scale  to  guarantee  the  fourth  decimal  in  the  numerical  results. 

Fig.  5  gives  the  curves  showing  the  variation,  as  functions  of  the 
latitude  X,  of  the  angles  n  and  i;i ,  corresponding  to  those  sections  of 
asymptotic  orbits  which  intersect  the  line  0  =  0  comins  respectively 
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from  the  envelopes  Eo  and  Ei  (Fig.  4).  As  shown  in  Fig.  6,  the  curves 
corresponding  to  i;  and  rii  are  actually  sections  of  a  single  smooth 
curve  meeting  at  the  point  of  maximum  latitude  X  =  29“  4'  for  which 
=  m  =  35“,  The  i?  —  X  diagram  of  Fig.  5  is  estimated  to  be  correct 
to. the  nearest  5  minutes;  hence,  it  constitutes  a  suitable  basis  of  com- 

TABLE  II 


Comparison  of  Values  of  and  iji  Alorig  Line  d  =  0  for  yi  =  0.86 


X 

H  —  T 

n 

V 

>» 

’ll 

0“ 

72“  04' 

71“  50' 

0 

74“  20' 

2“ 

69“  56' 

69“  30' 

3“ 

68“  51' 

68“  30' 

5“ 

66“  35' 

66“  30' 

65“  19' 

71“  30' 

70 

64“  12' 

65“  0' 

8“ 

63“  0' 

63“  30' 

9“ 

61“  35' 

62“  30' 

10“ 

60“  32' 

60“  50' 

59“  18' 

67“  30' 

11“ 

59“  17' 

60“  0' 

12“ 

58“  0' 

58“  50' 

13“ 

56“  40' 

56“  50' 

14“ 

55“  16' 

55“  30' 

15“ 

53“  48' 

52“  25' 

60“  50' 

20“ 

44“  50' 

45“  30' 

50“  40' 

25“ 

35“  02' 

34“  33' 

35“  40' 

57“  0' 

55“  52' 

55“  45' 

26“ 

33“  25' 

32“  12' 

33“  30' 

53“  0' 

52“  26' 

52“  20' 

27“ 

32“  0' 

29“  58' 

31“  20' 

48“  20' 

47“  33' 

48“  35' 

28“ 

31“  10' 

29“  31' 

29“  50' 

43“  30' 

42“  58' 

43“  50' 

29“ 

33“  40' 

31“  40' 

33“  30' 

34“  23' 

36“  40' 

Note: 

A 

'  B 

C 

D 

D 

C 

A 

Note  A: — Author’s  values  read  off  the  t;  —  X  curve,  Fig.  5. 

Note  B; — Albagli’s  values  from  her  doctor’s  dissertation.  (See  Phys. 
Rev.  55,  15,  1939) 

Note  C. — Lemaitre-Vallarta’s  critical  angles  for  fundamental  points 
as  published  in  Phys.  Rev.,  50,  p.  496,  Table  IV. 

Note  D: — Lemaitre-Vallarta’s  values  read  off  the  corresponding 
curve  for  71  =  0.85  in  the  —  X  diagram,  published  in  Phys.  Rev.  49, 
p.  725,  Fig.  5. 
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parison,  for  this  particular  value  of  yi ,  with  the  values  of  ri,  rii  obtained 
by  means  of  the  differential  analyzer.  To  facilitate  this  comparison 
corresponding  values  of  ij,  have  been  tabulated,  at  properly  chosen 
values  of  X,  in  the  columns  labelled  A  of  Table  II.  These  values  are 
to  be  compared  with  the  corresponding  entries  given  in  columns  B, 
C,  and  D,  as  obtained  by  means  of  the  differential  analyzer.  In 
particular,  the  columns  labelled  D  represent  the  values  read  off  the 
corresponding  curve  for  71  =  0.85  in  the  17  —  X  diagram  published 
recently  by  Lemaltre  and  Vallarta.*®  It  is  observed  that  the  agreement 
is  much  better  for  higher  latitudes  in  both  the  17  and  171  portions  of  the 
curve  than  it  is  at  lower  latitudes  where  the  discrepancy  may  be  as 
large  as  7®.  Since  the  author’s  values  are  estimated  to  be  correct  to 
the  nearest  5  minutes  of  arc,  these  large  discrepancies  are  attributed  to 
the  work  of  the  differential  analyzer  which  arise  from  systematic  errors 
that  are  fully  accounted  for  by  the  length  of  the  runs  involved,  starting 
at  the  equator  and  reaching  the  line  0  =  0  after  3  or  4  units  of  a. 
Table  II  and  Fig.  5  also  afford  a  comparison  between  the  writer’s 
values  and  the  values  found  by  means  of  the  differential  analyzer  by 
Albagli’*  (column  B)  and  by  Lemaltre  and  Vallarta”  (column  C),  in 
both  cases  involving  materially  shorter  runs  and,  therefore,  3rielding 
considerably  better  agreement.  The  results  of  these  comparisons  per¬ 
mit  to  affirm  that  the  work  of  the  differential  analyzer  yields  asymptotic 
trajectories  whose  tangents  are  correct  to  1“  for  runs  not  exceeding 
3  to  4  units  of  a,  the  error  then  increasing  more  rapidly  to  about  7“ 
for  runs  longer  than  10  units  of  a. 

10.  Conclusions.  1.  The  outstanding  result  of  these  computations, 
already  apparent  in  the  complete  drawing  of  the  family  of  asymptotic 
orbits,  is  the  proof  of  the  existence  of  the  symmetric,  doubly  asymptotic 
Queen  orbit  now  unequivocally  established  to  the  extent  to  which 
numerical  computations,  correct  to  four  decimals,  constitute  sufficient 
evidence.  Without  attempting  at  present  to  give  a  rigorous  proof,  the 
existence  of  the  symmetric  and  self-reversing  doubly  asymptotic  orbits 
leads  to  an  important  theorem,  which  may  be  regarded  as  the  most 
important  single  result  of  the  present  investigations  and  which  may  be 
tentatively  phrased  as  follows: 

Theorem :  The  x-component  of  displacement  described  by  the  respec- 

*•  PhyB.  Rev.,  49,  p.  725,  Fig.  5. 

Reina  Albagli,  Ph.D.  Thesis,  Massachusetts  Institute  of  Technology, 
December,  1937.  See  also  Phys.  Rev.,  55,  15,  1939. 

•*  G.  Lemaltre  and  M.  S.  Vallarta,  Phys.  Rev.,  50,  p.  496  (1936),  Table  IV. 
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tive  trigonometric  series,  corresponding  to  a  given  family  of  asymptotic 
orbits,  is  unbounded  as  a  increases  without  limit,  except  for  a  de¬ 
numerable  set  of  measure  zero  in  the  values  of  <(>  which  appear  in  the 
total  phase  ^  =  («<r  +  ip). 

2.  The  complete  family  of  asymptotic  orbits  for  71  =  0.86,  as  drawn 
from  the  results  of  the  numerical  integration,  permit  a  closer  and  more 
critical  examination  of  the  precision  associated  with  the  asymptotic 
trajectories  drawn  by  means  of  the  differential  analyzer  that  had  been 
possible  heretofore.  By  comparing  at  a  given  latitude  the  zenith  angles 
in  the  meridian  plane  for  trajectories  drawn  by  means  of  the  differential 
analyzer  with  the  corresponding  zenith  angles  for  the  computed  trajec¬ 
tories,  it  is  concluded  that  the  differential  analyzer  yields  for  short 
runs,  not  exceeding  3  to  4  units  of  <r  trajectories  whose  inclinations  in 
the  conformal  map  are  correct  to  better  than  1*;  and  for  longer  runs, 
in  excess  of  10  units  of  <r,  the  error  may  increase  to  approximately  7“. 

3.  It  is  finally  concluded,  from  these  considerations,  that  the  pre¬ 
cision  attained  in  drawing  a83rmptotic  trajectories  by  means  of  the 
differential  analyzer,  specially  for  shorter  runs,  is  ample  for  all  practical 
purposes  connected  with  the  theory  of  the  main  cone  of  allowed  direc¬ 
tions  and  allied  topics  such  as  the  theory  of  the  latitude  and  azimuthal 
effects  of  cosmic  radiation. 
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FLEXURE  OF  A  RECTANGULAR  COVERING  SLAB 
ELASTICALLY  FIXED  BY  ITS  FOUR  SIDES 


By  S.  a.  Savin 

1.  Conditions  of  the  problem.  The  Theory  of  Structures  considers 
three  types  of  end  fastenings  of  a  member,  or  in  other  words,  three 
degrees  of  restraint  at  the  ends.  Freely  supported  and  hinged  ends 
are  the  first  typ)e  where  the  bending  moment  at  the  cross  section  over 
the  support  of  the  end  under  consideration,  or  shortly,  its  support 
moment  is  equal  to  zero,  but  the  slope  of  the  deflection  curve,  or  what 
is  the  same  thing,  the  deviation  of  this  cross  section  is  not  equal  to  zero. 

A  completely  or  rigidly  fixed  end — such  as  fully  restrained,  built  in, 
and  clamped — is  the  second  type  where  its  support  moment  is  not 
equal  to  zero,  whereas  its  deviation  is  equal  to  zero. 

A  partially  restrained  or  elastically  fixed  end  is  the  third  or  inter- 
medial  type  where  both  its  support  moment  and  deviation  are  different 
from  zero.  The  third  manner  of  end  fixing  of  a  member  may  be 
found  in  the  Theory  of  Statically  Indeterminate  Constructions.  A 
continuous  beam  and  a  framed  construction,  as  known,  are  considered 
as  a  system  of  isolated  beams  to  which  the  support  moments  are  applied 
at  their  ends  in  addition  to  external  forces  (the  given  load  and  support 
reactions)  directly  acting  on  the  span  of  a  beam  under  consideration. 
Therefore,  each  beam  of  this  system  is  a  beam  with  both  ends  incom¬ 
pletely  or  elastically  fixed. 

The  above  three  analogous  types  of  fixing  the  sides  of  slabs  may  be 
encountered  in  a  design  of  slabs  of  different  forms  covering  a  free  space. 

Let  us  consider,  applying  the  methods  of  the  mathematical  theory  of 
elasticity,  a  .particular  case  of  the  flexure  of  a  homogeneous  isotropic 
covering  slab  of  rectangular  form  with  its  elastically  fixed  sides. 

Let  us  draw  vertical  plane  sections  through  the  sides  of  a  rectangular 
covered  area  and  call  them  the  support  sections  of  the  slab  covering 
this  area.  In  consequence  of  the  elastical  fixing  of  the  sides  of  this 
covering  slab,  bending  moments  and  rotations  at  the  points  of  its 
support  sections  will  not  vanish.  A  rectangular  parallelepiped  is 
formed  from  the  intersection  of  four  support  sections  with  two  external 
horizontal  planes  of  this  covering  slab;  this  parallelepiped  is  the  object 
of  the  discussions  which  follow.  The  four  lower  horizontal  edges  of 
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this  parallelepiped  are  fixed  in  such  a  manner  that  all  the  points  of 
these  edges  cannot  have  vertical  displacements;  besides,  its  four  lower 
vertices  are  perfectly  immovable. 

The  covering  slab  under  consideration  is  bent  under  the  influence  of 
its  own  weight  (q  —  the  weight  per  unit  of  volume)  and  uniformly 
distributed  load  with  intensity  (p)  over  the  upper  horizontal  plane 
and  (po)  over  the  lower  one.  In  consequence  of  the  uniformity  of  these 
vertical  pressures  and  the  homogeneity  of  the  material  of  this  covering 
slab,  the  rotations  about  the  vertical  axis  must  evidently  be  equal  to 
zero  at  all  the  points  of  the  covering  slab. 

2.  Rule  of  signs.  Let  us  place  the  origin  of  orthogonal  coordinates 
in  the  centre  of  the  covering  slab,  directing  the  vertical  axis  Z  upwards 
and  placing  the  horizontal  axes  X  and  Y  in  the  median  plane — the 
axis  X  across  and  Y  along  the  covering  slab — so  that  these  axes  form 
a  right-handed  system. 

Let  2a,  2b,  2c  denote  the  dimensions  of  the  above  rectangular  paral¬ 
lelepiped  along  the  axes  X,  Y,  Z  respectively. 

It  is  known  that  a  vector  is  determined  by  its  magnitude,  direction 
and  sense.  For  all  the  vectors  parallel  to  the  axes  of  coordinates,  as 
displacements,  forces,  stresses,  we  shall  state  the  following  general  rule 
of  signs:  all  such  vectors  shall  be  considered  as  positive  when  their 
senses  coincide  with  the  positive  sense  of  the  corresponding  axis  of 
coordinates  and  vice-versa.  According  to  this  rule  of  signs,  the  normal 
compressive  unit  stresses  on  the  horizontal  faces  of  the  covering  slab 
are  equal  to 

Z»  =  —  p  on  the  plane  z  =  c, 

Z_  =  Po  on  the  plane  2  =  —  c, 

where  the  lower  indices  (2)  and  (—2)  show  the  sense  of  the  outward 
normals  to  the  upp^r  and  lower  faces  of  the  covering  slab. 

Thus  according  to  this  rule,  the  sign  (-b)  corresponds  to  a  tensile 
normal  unit  stress  and  the  sign  (— )  to  a  compressive  normal  unit 
stress  only  when  the  sense  of  the  outward  normal  to  an  elementary 
surface,  taken  parallel  to  any  coordinate  plane  at  the  considered  point 
of  a  body,  coincides  with  the  positive  sense  of  the  corresponding  coor¬ 
dinate  axis;  if  the  sense  of  this  outward  normal  coincides  with  the 
negative  sense  of  the  corresponding  axis  then  the  sign  (+)  gives  a  com¬ 
pressive  and  the  sign  (— )  a  tensile  normal  unit  stress. 

According  to  the  adopted  notations,  the  following  active  forces  act 
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on  the  above  mentioned  parallelepiped,  viz.  its  own  weight  Sabc-q  and 
the  vertical  pressures:  Aab-p  on  the  upper  and  4a6-po  on  the  lower  ^ 

horizontal  faces.  According  to  the  stated  rule  of  signs,  the  first  two  i>| 

forces  are  negative  and  the  third  positive.  « 

Applying  the  mathematical  terminology  we  shall  name  a  point  with  | 

the  indefinite  coordinates  x,  y,  z  the  current  point  of  a  body.  i  V 

The  rotations  in  the  current  point  of  a  body,  according  to  Cauchy’s 
formulas,  can  be  determined  from  the  system:  '' 

0),  _  _  £i>»  _  1  ,  \ 

^  ^  du  ^  ^  ^  2  ’  (2) 

dy  dz  dz  dx  dx  dy 

where  w. ,  Uy ,  w,  denote  the  rotations  about  the  axes  X,  Y,  Z  and 
u,  V,  w  the  displacements  along  the  same  axes. 

In  accordance  with  these  formulas,  the  positive  directions  of  the 
rotations  w,  ,  uy  ,  u,  in  every  plane  parallel  to  any  coordinate  plane  are 
determined  as  indicated  in  the  table  below.  According  to  the  same 
rule  of  signs  we  shall  determine  the  positive  directions  of  the  moments 
Mg ,  My ,  M,  of  all  forces  acting  on  the  forementioned  parallelepiped 
with  respect  to  axes  X,  Y,  Z  respectively. 


Positive 

•  In  codrdinate 
plane 

Direction  of  rotation 

rotations 

moments 

from  the 
first  axis 

to  the 
second  axis 

Ug 

Mg 

(X,  Z) 

Y 

z 

<i)y 

My 

(Z,  X) 

Z 

X 

Ug 

Mg 

(X,  Y) 

X 

Y 

In  this  table  it  is  supposed  that  the  first  coordinate  axis  in  revolving 
from  its  original  position  to  the  second  axis  traces  out  one  right  angle. 


3.  Expressions  of  displacements.  Applying  his  “Abridged  formulas  i 

for  the  solution  of  differential  equations  of  the  theory  of  elasticity  by 
means  of  integral  polynomials’’  (Journal  of  Mathematics  and  Physics, 
vol.  17,  number  4,  Jan.  1939),  the  author  has  found  for  the  covering 
slab  under  consideration  the  following  expressions  of  displacements, — 
along  the  axis  X 

U  =  I  [(2  -  a)(c  +  z)\2c  -z)-  3(1  -  <r)(6*  -  y*)z]x,  (3) 
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along  the  axis  Y 

along  the  axis  Z 
w  *  ~\^  ^ 

+  3(1  -  a)(a*  -  x*)(6*  -  j/*)  +  3<r(c’  -  **)(a*  -x'  +  b*-  y*)]  (6) 
,  (1  +  <r)(l  -  2<r)  I?(c  +  z)  -  2po] 

- ~X“  + 

introducing  the  abbreviated  notation 

K  ~  2qc  —  j>o  -^-  p,  (6) 

and  denoting  Young’s  modulus  by  E,  Poisson’s  ratio  by  <r. 

Let  us  now  determine  all  the  displacements  at  the  points  of  the  four 
lower  horizontal  edges  of  the  parallelepiped  under  consideration.  For 
the  two  transversal  edges 


we  have 


to  *=  0, 


z  =  -c,  y  =  ±6, 

o  ,3  1  —  <r*  K  ,  i  ts  t 

u  =  0,  ^  ~ 


and  for  the  two  longitudinal  edges 


z  =  — c,  X  =  ±o, 

we  obtain 

V  =  0,  ‘w  =  0,  “  “  =*=  I  -  I'*)®- 

Thus,  in  accordance  with  the  elastical  fixing  of  the  support  sections  of 
the  covering  slab,  all  the  four  lower  edges  get  some  lateral  displace¬ 
ments.  However,  the  four  lower  vertices  of  the  parallelepiped  with 
the  coordinates  (±o,  ±6,  — c)  remain  perfectly  immovable  (m  =  v  = 
tc  =  0),  which  corresponds  to  the  initial  conditions  of  the  problem. 

According  to  (5),  the  vertical  deflection  of  the  centre  of  the  cover¬ 
ing  slab  is 
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u’o  =  —  jg  ^  {c*[c*  +  (r(a*  +  b*  +  c*)I  +  (1  —  ff)o*6*} 

(7) 

(1  +  ff)(l  -  2<r)  9C  -  2po  ^ 

2(1  -  (r)  "  E 

4.  Cubical  dilatation.  For  obtaining  cubical  dilatation  A  we  first 
find:  according  to  (3)  the  transversal  unit  elongation  along  the  axis  X 

1 1(2  -  «)(c  +  d’(2c  -  *)  -  3(1  -  »)(6*  -  kV), 
according  to  (4)  the  longitudinal  unit  elongation  along  the  axis  Y 

%  ” 

and  according  to  (5)  the  vertical  unit  elongation  along  the  axis  Z 

Tz  “  1  -  K*)*  -  *(*  +  'X'  +  -  »)l 

(1  +  <r)(l  -  2<r)  [g(c  +  2)  -  pcl  . 
1  -  <r  '  .B 

Summing  up  these  three  expressions  we  find  the  cubical  dilatation 
^  _  (1  +  »)a  r  M  (2(c  +  z)\2c  -z)-  3(a*  -z’  +  b'  -  y’)z] 

+  I  ^  ^  + »)  - 

From  the  above  formulas  it  is  seen  that  the  median  plane  (2  «  0) 
of  the  covering  slab  obtains  transversal  and  longitudinal  expansions,  for 

—  a)  K  .  V 

LaiJ-o  “  Layi-o  “4  E’ 

5.  Formulas  of  normal  unit  stresses.  For  an  elastic  isotropic  body 
the  normal  unit  stresses  X, ,  F„  ,  Z,  may — according  to  the  theory  of 
elasticity — be  determined  from  the  system 

_ ^ ^  Yy _ Z, 

<r*A  +  (1  —  2<r)  —  o-’A  +  (1  —  2<r)  —  <r-A  +  (1  —  2<r)  ^ 
dx  by  d2 

E 

”(14-  <r)(l  -  2<rV 
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Hence,  according  to  the  preceding  formulas,  the  expressions  of 
normal  unit  stresses  are  obtained  as  follows 


X.  =  A  {(2  +  <r)(c  +  z)*(2c  -  2)  -  32[«r(a‘  _  x*)  +  b*  -  y']] 


1  - 


[?(c  +  z)  -  Po], 


r.  =  ^  {(2  +  c){c  +  z)\2c  -z)  -  3z[a'  -  x*  +  .r(b*  -  p*)]} 


1  —  a 


[g(c  +  z)  -  Po], 


K 


Z,  =  (c  +  z)*(2c  -  z)  +  q{c  +  z)  -  Po. 


(9) 


(10) 


(11) 


In  these  formulas  K  is  determined  by  (6). 

Hence,  the  normal  unit  stresses  at  all  the  points  of  the  median  plane 
(z  —  0)  are  constant: 

V  _  vr  _  (l  +  ‘^)(2-«r)_  2  +  3<r-<r*^  ,  2  +  «r^ 

x«  —  “  ftTi  9®  4  ft  \  Po  “r  .  P,  ,  _V 

2(1  -  a)  4(1  -  a)  4  (12) 

^  =  -i(P  +  Po). 

6.  Formulas  of  tangential  tmit  stresses.  According  to  the  formulas 
(3)-(5)  the  following  expressions  of  partial  derivatives  are  formed 


dv  ^du  ^31- ff*K 
ax  “  ay  “  4  c*  E 


^xyz, 


dw 

¥ 


(1  _  a)(a*  -  X*)  +  a(c*  -  z*) 

'  dv 
Jz 


(13) 


(14) 


3  1  +  (tX 


(2  -  (r)(c*  -  z*)  -  (1  -  (r)(a*  -  x*)  B  <*  E 


du 


dz 

(2  -  a)(c*  -  z*)  -  (1  -  <r)(b«  -  y*) 


dtv 

dx  _  3  1  +  <r  X 

(1  _  <,)(b*  -  y*)  +  <r(c»  -  z*)  “  8  “ 


(16) 
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It  is  seen  from  (13)  that  there  is  no  shear  deformation  7,  in  the 
median  plane  (z  »  0)  as 


_  dv  .du 
”  ix  iy 


=  0. 


Tangential  unit  stresses 


as  it  is  known,  may  be  determined  from  the  system 

^  y,  ^  Z,  ^  ^ 

—  -A-—  2(1  +  <r)  ’ 

dx  dy  dy  dz  dz  dx 

from  which  we  find  for  the  covering  slab  under  consideration 

Xy  ^  Y,  ^  Z,  ^3K 
2(1  —  <r)xyz  (c*  —  z*)y  (c*  —  z*)x  8  c*  ’ 


(16) 

(17) 


(18) 


It  is  seen  from  these  formulas  that  the  tangential  unit  stresses  X, 
and  Y,  on  the  horizontal  planes  (z  =  ±c)  of  the  covering  slab  are 
equal  to  zero  which  corresponds  to  the  conditions  of  the  problem. 

For  all  the  points  of  the  median  plane  (z  =  0),  the  formulas  (18)  give 


X,  =  0, 


X,  ^  y.  ^  3  X 

X  y  8c* 


(19) 


Having  the  expressions  (9)-(ll)  for  the  normal  and  (17),  (18)  for  the 
tatigential  unit  stresses,  it  is  easy  to  verify  that  Navier’s  equations  of 
the  internal  equilibrium 


dx  dy  dz 


dx  dy  dz 


=  o» 


dZy  ,  dZy  ,  dZj 

lx  ^  ly  ^ 


(20) 


are  satisfied  identically. 


7.  Notations  and  conditions  for  detailed  verification  of  the  equi¬ 
librium  of  the  covering  slab.  The  two  external  horizontal  faces  of  the 
covering  slab  together  with  the  planes  of  its  four  support  sections 
form,  as  it  was  noted  above,  a  parallelepiped,  the  faces  of  which  are 
characterized  in  the  following  table: 
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NN  and  names  of  the  faces 


I 

II 

1  horizontal  faces 

III 

IV 

1  longitudinal  sections 

V 

VI 

1  transversal  sections 

Outward 
normal  (n)  to 
the  face 

Equation  of 
the  face 

n  —  ~\~Z 

Z  =  C 

-Z 

Z  =  —C 

.n  =  -l-X 

X  =  a 

- - X 

X  =  —a 

n  =  +y 

>0 

II 

n  =  -y 

.0 

1 

II 

To  verify  the  equilibrium  of  this  parallelepiped  it  is  necessary  to 
determine  the  stresses  acting  on  its  faces,  their  resultants,  and  moments. 

The  resultants  of  the  stresses  parallel  to  the  axes  X,  Y,  Z  we  shall 
denote  by  S,  T,  V  respectively,  and  compute  separately  for  each  face 
of  the  parallelepiped.  The  moments  Af, ,  ,  M,  of  the  stresses 

acting  on  each  of  the  six  faces  of  the  parallelepiped  we  shall  determine 
with  respect  to  the  rectangular  axes  X,  Y,  Z  drawn  from  the  centre 
of  the  covering  slab. 

If  the  sense  of  a  force  parallel  to  a  coordinate  axis  (and  consequently 
the  sense  of  a  unit  stress)  is  unknown,  we  will  suppose  that  this  force 
acts  along  the  positive  sense  of  this  coordinate  axis.  The  moments  of 
such  forces  with  respect  to  an  axis  normal  to  the  considered  plane, 
which  is  parallel  to  one  of  the  coordinate  planes,  we  shall  determine 
following  the  condition  that  the  points  of  application  of  these  forces 
have  positive  coordinates  on  the  considered  plane. 

Forces  as  well  as  their  moments  and  consequently  unit  stresses  are 
vectorial  quantities,  therefore,  the  sign  of  the  final  result  of  the  calcu¬ 
lation  of  a  sought  quantity  shall  show  its  actual  sense.  Following 
these  initial  conditions  we  shall  calculate  the  resultants  of  the  normal 
and  tangential  stresses  and  their  moments  on  the  faces  of  the  paral¬ 
lelepiped. 

The  unit  stresses  on  all  the  faces  of  the  parallelepiped  are  determined 
by  the  formulas  of  the  theory  of  elasticity 

Xn  —  X,  Cos  (x,  n)  -h  Xf  Cos  (y,  n)  -f  X,  Cos  (2,  n),  1 


y,  =  F,  Cos  (x,  n)  -f-  y,  Cos  (y,  n)  -f  Y,  Cos  (2,  n),  > 


(21) 


Zn  —  Zs  Cos  (x,  n)  -|-  Zy  Cos  {y,  n)  -|-  Z,  Cos  (2,  n),  J 

where  (n)  is  an  outward  normal  to  the  surface  under  consideration. 
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In  accordance  with  Newton’s  principle  of  action  and  reaction,  these 
formulas,  as  known,  show  that  unit  stresses  at  the  same  point  acting 
across  the  opposite  sides  of  the  same  surface  are  equal  but  act  in  oppo¬ 
site  senses,  because  the  outward  normals  to  these  sides  of  the  surface 
have  the  opposite  senses. 

8.  Stresses,  their  resultants  and  moments  on  the  I-st  and  U-nd  faces 
of  the  parallelepiped.  According  to  the  formulas  (21),  (17)  and  (18), 
the  tangential  unit  stresses  across  the  I-st  and  Il-nd  faces  of  the  above 
parallelepiped  are 

(Xi.)^.  =  O'i.)  t-±e  —  0.  (22) 

In  these  formulas  the  upper  signs  correspond  to  the  I-st  face  and  the 
lower  ones — to  the  Il-nd  face. 

The  normal  unit  stresses,  according  to  (21),  (11),  on  the  I-st  and 
Il-nd  faces  are  respectively  equal  to 

{Z,)^e  —  ~p,  (2_,)t__*  =  —  (Z,)g__e  =  Po  ,  (23) 

which,  according  to  (1),  corresponds  to  the  conditions  of  the  problem. 
The  formulas  (23)  show,  according  to  the  stated  rule  of  signs,  that  the 
covering  slab  is  pressed  from  above  and  from  below  by  the  vertical 
uniformly  distributed  pressures  p  and  po . 

According  to  (22)  the  resultants  of  the  tangential  stresses  parallel 
to  the  axes  X,  Y  are  respectively  equal  to 

S  =  r  =  0.  (24) 

According  to  (23)  the  resultants  of  the  normal  stresses  parallel  to 
the  axis  Z  on  the  I-st  and  Il-nd  faces  are  respectively  equal  to 

Vi  =  —4pab,  Vt  —  ipoob.  (25) 

In  consequence  of  absence  of  the  tangential  stresses  and  the  uniform 
distribution  of  the  normal  stresses,  the  moments  of  all  the  stresses 
acting  on  the  I-st  and  Il-nd  faces  about  the  axes  X,  Y,  Z  with  origin 
at  the  centre  of  the  covering  slab  are 

=  0.  (26) 

9.  Stresses,  their  resultants  and  moments  on  the  Ill-rd  and  IV-th 
faces  of  the  parallelepiped. 
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According  to  (21)  and  (9),  the  normal  unit  stresses  on  the  Ill-rd 
and  IV-th  faces  are 


(X±.)^  -  ((2  +  a)(2c*  +  3c*2  -  z')  -  3(6*  -  y*)z] 


■8c» 


(27) 


1  - 


[9(c  z)  -  Po] . 


According  to  (21),  (17)  and  (18)  the  tangential  unit  stresses  across 
the  same  two  faces  are 


(r±.)^  =  =t(±o).}(l  -  c)K^  =  }(1  -  (28) 


(^l>)a-±«  =  ±(±0)*|iiL 


c  —  z 


iK 


(c*  -  2*)a 


(29) 


The  resultants  of  the  stresses  are 

S  =  f^dy  £(X±.)^±..d2 

**  ±6c^(2  +  a)K  -f  —  po)J, 

r  =  £  dp  £  (r±.)^±..dz  =  0, 


(30) 


(31) 


v  =  £dj//  (Z±,)_±,-d2  =  Kab. 


(32) 


According  to  (27)-(29)  the  moments  about  the  same  axes  of  all  the 
stresses  acting  on  the  Ill-rd  and  IV-th  faces  (fig.  1)  are 

M,  =  £  dz  £  (Z±,)«.±a-pdy  -  j_^dy  J  (F±,)_±,-zd2  *  0,  (33) 


M.  =  f  dy  j  (X±,);_±,-2d2  —  (±o)  j  dy  j  (Z±,)_±.-d2 

r  r  ""  n  > 

=  ±6{ir[|(2-f.)c*-a*-|]  +  |^-^4 

M.  =  (d=o)  £  dy  f  {Y^X^-dz 

c  .  (35) 

~  I  I-h 
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In  all  the  formulas  with  double  signs,  the  upper  signs  correspond  to 
the  Ill-rd  face  and  the  lower  signs — to  the  IV-th  face  of  the  paral¬ 
lelepiped. 


10.  Stresses,  their  resultants  and  moments  on  the  V-th  and  Vl-th 
faces  of  the  parallelepiped.  According  to  the  formulas  (21),  (17)  and 
(18)  the  tangential  unit  stresses  across  the  V-th  and  Vl-th  faces  are 

=  ±(=b6).|X^-^’  =  (36) 

(X±,),_±*  =  =h(±5)  .}X(1  _  a)  ^  =  f(l  -  a)K  ^  h.  (37) 

According  to  (21)  and  (10)  the  normal  unit  stresses  on  these  two 
faces  are 

(l^±y)v-±»  =  -I-  «r)(2c‘  -h  Zc'z  -  z')  -  3(a*  -  x*)z] 


[^(c  -I-  2)  -  Pol 
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The  resultants  of  the  stresses  on  the  V-th  and  Vl-th  faces  are  conse¬ 
quently  equal  to 

S  =  l^dx£iX^,)  =  0  (39) 

T  =  f^dxl\Y^,)y^  dz  =  ±ca  |^(2  +  c)K  -f  {qc  -  po)]  (40) 
F  =  f  dx  r  (Z±,),_±*  .dz  Kab  --  (41) 


According  to  (36)-(38)  the  moments  of  all  the  stresses  acting  on  the 
V-th  and  Vl-th  faces  (fig.  2)  are 


Af,  =  (±6)  j  dx  j  (ZiJ,.±i-dz  —  J  dx  J’  (F±J^±*-zdz 

=  ±a{/c[|.  +  -  ^(2  +  ,)c‘]  -  3  j4- 

My  =  j  dx  j  (X±J»«±6-zdz  —  j  dz  j  (Z±»),^±6-xdi  =  0  (43) 

M,  =  j  dz  j  {Y^y)y^y,‘XdX 

.  ,  (44) 

-  (±6)  j  dz  j  (A’±,)»_±*-dz  =  0 


Z 


Z 


J 
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In  these  formulas  the  upper  signs  correspond  to  the  V-th  and  the 
lower  ones  to  the  Vl-th  faces. 

11.  Verification  of  the  equilibrium  of  the  parallelepiped.  To  verify 

the  equation  of  equilibrium  $3  sufficient  to  sum  the  values, 

obtained  in  the  formulas  (24),  (30)  and  (39),  of  the  resultants  S  of  all 
the  stresses  acting  on  the  six  faces  of  the  considered  parallelepiped, 
taking  into  consideration  that  on  the  Ill-rd  and  IV-th  faces  these 
resultants,  according  to  (30),  are  equal  in  their  magnitude  but  opposite 
in  sign. 

By  summing  up  the  six  values  T  given  in  the  formulas  (24),  (31) 
and  (40)  we  find  that  the  equation  of  equilibrium  ^  T*  =  0  for  this 
parallelepiped  is  satisfied  identically. 

By  summing  up  the  values  of  the  resultants  V  for  all  the  six  faces 
we  obtain,  according  to  (25),  (32)  and  (41) 

23  ^  =  4a6(po  —  p  +  K)  =  8a6c"q 
where  K  is  taken  from  (6). 

This  sum  is  equal  to  the  weight  of  the  parallelepiped  in  magnitude 
and  opposite  in  sign  according  to  the  stated  rule  of  signs.  Conse¬ 
quently  the  equation  of  equilibrium  23  ^  satisfied  iden¬ 

tically. 

The  moments  of  all  the  stress  on  the  six  faces  of  the  parallelepiped 
are  determined  with  respect  to  the  same  axes  X,  Y,  Z  with  the  origin 
in  the  centre  of  the  covering  slab.  Therefore — to  verify:  1)  the  equa¬ 
tion  of  equilibrium  21  =*  0,  it  will  be  sufficient  to  sum  all  the  six 

values  Af,  according  to  (26),  (33)  and  (42);  2)  the  equation  23 
it  will  be  sufficient  to  sum  all  the  six  values  according  to  (26),  (34) 
and  (43) ;  3)  the  equation  ^  M,  =  0,  it  will  be  sufficient  to  sum  all  the 
six  values  Af,  according  to  (26),  (35)  and  (44).  Taking  into  con¬ 
sideration  the  double  signs  at  (34)  and  (42)  for  the  moments  on  the 
opposite  faces,  it  is  easy  to  be  convinced  that  the  three  last  equations 
are  also  satisfied  identically. 

The  result  of  the  detailed  verification  of  the  equilibrium  by  six  equa¬ 
tions  might  have  been  foreseen,  as  the  obtained  expressions  of  the  unit 
stresses  (9),  (10),  (11),  (17),  and  (18)  make  the  equations  of  the  internal 
equilibrium  (20)  identical,  as  it  was  noticed  in  §6. 

12.  Determination  of  the  support  moments.  The  normal  force, 
as  well  as  the  horizontal  and  vertical  shear  forces  at  both  longitudinal 
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support  sections  are  defined  by  the  formulas  (30),  (31)  and  (32)  respec¬ 
tively,  and  the  corresponding  forces  at  both  transversal  support  sec¬ 
tions  are  defined  by  (40),  (39)  and  (41)  respectively. 

In  order  to  define  the  support  moments  at  these  four  support  sections 
of  the  covering  slab  we  first  draw  through  the  centre  of  each  support 
section  the  new  coordinate  axes  Xk ,  Yk  ,  Zu  {k  =  3,  4,  5,  6)  with  the 
same  senses  parallelly  to  the  old  axes  X,  Y,  Z  respectively,  and  then  we 
determine  the  moments  Af , ,  ,  M,  of  all  the  stresses  acting  at  the 

supix>rt  section  under  consideration  with  respect  to  these  new  axes. 

It  is  easy  to  be  convinced  that  for  both  longitudinal  sections  (z  ±a 
with  n  =  ±X,  fc  =  3  and  4)  the  expression  (33)  given  for  M,  does  not 
become  modified  by  the  translation  of  the  origin  of  coordinates.  The 
unit  stresses  and  act  across  the  planes  of  the  corresponding 
support  sections,  in  which  the  new  axes  Yk  and  Zk  (k  3  and  4)  are 
drawn;  therefore  the  formulas  (34)  and  (35)  for  the  new  axes  are  sim¬ 
plified  (fig.  1); 

(^±.)r-±a-«dyd2, 

Thus,  we  find  for  both  longitudinal  support  sections,  according  to 
(27),  the  expressions  of  the  support  moments 

M.  =  M,  =  0 

M,  =  ±6  jiC  [|(2  +  a)c*  -  f]  +  ^  j.  (45) 

Here  the  upper  signs  correspond  to  the  Ill-rd  and  the  lower  ones 
to  the  IV-th  faces  of  the  above  parallelepiped. 

Thus,  at  both  longitudinal  support  sections  the  twisting  moment, 
or  torque,  M,  as  well  as  the  bending  moment  M,  vanish  whereas  the 
bending  moment  My  is  not  equal  to  zero. 

For  the  two  transversal  support  sections  (y  =  ±6  with  n  =*  ±F, 
k  =  5  and  6),  as  it  is  seen  (fig.  2),  the  expression  My ,  being  referred 
to  the  new  axes,  gives  the  same  formula  (43).  Then  the  formulas  (44) 
and  (42)  become  simplified 

M.  -  £  jT  ilf.  -  -  £ 


£  (Ki,). 


•zdzdx. 


rr 
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Consequently  we  obtain,  according  to  (38),  for  the  transversal  sup¬ 
port  sections  of  the  covering  slab  the  expressions  of  the  support  moments 

M.  -  To  (Kr|(2  +  oV  -  j]  +  I  «»■}.  (48) 

=  0. 

Here  the  upper  signs  correspond  to  the  V-th  and  the  lower  to  the 
Vl-th  faces  of  the  same  parallelepiped. 

Consequently,  at  both  transversal  support  sections  the  twisting 
moment  My  and  the  bending  moment  M,  vanish  whereas  the  bending 
moment  M,  is  not  equal  to  zero. 

The  bending  moments  (45)  and  (46),  which  do  not  vanish,  correspond 
to  the  elastical  fixing  for  the  four  support  sections. 

If  the  pressures  p  and  po  do  not  vary  then  the  support  moments  (45) 
and  (46)  may  vanish  but  only  in  a  square  covering  slab  the  dimensions 
of  which  are  determined  from  the  following  condition 

o.6  =  2c|/o,3(2  +  <,)+j^|,  (47) 

where  the  constant  K  is  computed  by  (6);  in  this  case  such  a  square 
covering  slab  will  be  simply  supported  but  not  elastically  fixed. 

13.  Rotations  in  points  of  the  parallelep4>ed.  Using  the  formulas 
(2),  according  to  (13)-(15),  we  find  the  expressions  <*>• ,  Uy ,  u,  of  the 
rotations  at  the  current  point  of  the  covering  slab: 

_ ^  ^  3  1  —  <r*  K  . . -V 

(o*  —  X*  —  c*  +  z*)y  (c*  —  2*  —  6*  -H  y*)x  8  c*  E* 

w,  =  0.  (49) 

The  formula  (49)  shows  that  the  rotations  about  the  vertical  axis  Z 
are  equal  to  zero  at  all  the  points  of  the  covering  slab,  which  corresponds 
to  the  conditions  of  the  problem. 

The  eight  vertices  of  the  parallelepiped  under  consideration,  as  it  is 
seen  from  the  formulas  (48),  obtain  no  rotations  about  the  axes  X  and  Y. 

For  all  the  points  of  the  upper  transversal  edges  of  the  parallelepiped 

t 

z  c,  y  =  ±6, 
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and  of  lower  ones 

z  =  -c,  y  =  ±b, 

the  rotations,  according  to  (48),  are  equal  to 

w.  =  ±1  ^  “»  ~ 

For  all  the  points  of  the  four  longitudinal  edges 
z  =  c,  X  =  dta, 
z  =  —c,  X  =  ±a, 
according  to  (48),  we  obtain 

M,  =  0,  uy  =  T I  ^ 

In  all  these  formulas  the  double  signs  are  mutually  corresponding. 
The  rotations  wx  in  the  I  (50)  and  wy  in  the  II  (51),  which  do  not  vanish, 
correspond  to  the  elastical  fixing  of  the  transversal  and  longitudinal 
edges  of  the  parallelepiped  respectively. 

These  rotations,  evidently,  also  do  not  vanish  in  a  square  covering 
slab,  the  dimensions  of  which  have  been  determined  according  to  (47), 
and  therefore  all  its  support  moments  become  annulled. 


14.  Form  of  deformed  median  plane  of  the  covering  slab.  Deforma¬ 
tions  at  the  points  of  the  median  plane  (z  «  0)  of  the  covering  slab 
under  consideration  are  defined  by  the  formulas  (7),  (8)  and  (16), 
as  well  as  the  unit  stresses  by  (12)  and  (19). 

After  deforming  the  orthogonal  coordinates  f,  ij,  f  of  a  current  point 
of  this  median  plane  are  expressed,  according  to  (3)-(5),  by  the  formulas: 

i  =  X  -b  M  =  x[l  H-  i(H-  v)(2  -  a) 

V  =  y  -\-v  =  pj^i  +  i(i  +  v)(2  -  ff) 

f  =  z  4-  w  =  — ^  ^  ~  ~  **)(&*  —  y*) 


-I-  a(o*  -  I*  -h  6’  -  y*)c*]  -I- 


(1  +  ff)(l  -  2a)  qc  -  2po 
2(1  -  a)  E 
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These  three  equations  represent  the  sought  surface  after  deformation 
in  the  parametrical  form  with  the  two  variable  parameters  x,  y.  By 
eliminating  these  two  parameters  from  this  system,  we  shall  obtain 
for  the  deformed  surface  under  consideration  one  cartesian  equation 
of  an  algebraical  surface  of  the  fourth  order;  this  equation  will  contain 
the  coordinate  f  only  in  the  first  degree. 

15.  Conclusion.  Supposing  in  all  formulas  found 

po  =  g  =  0, 

we  shall  obtain  the  expressions  for  a  particular  case  of  the  flexure  of  a 
rectangular  covering  slab  with  elastically  fixed  lateral  sides,  which  is 
only  under  the  influence  of  the  uniformly  distributed  pressure  (p). 

This  case  is  analogous  to  the  flexure  of  a  plate  given  by  A.  E.  H.  Love 
(“A  Treatise  on  the  Mathematical  Theory  of  Elasticity”,  fourth  edi¬ 
tion,  Cambridge,  1927,  §307) ;  but  A.  E.  H.  Love  does  not  examine  the 
influence  of  the  form,  the  dimensions,  and  the  conditions  of  fixing  the 
plate  under  consideration.  Therefore  his  formulas  of  unit  stresses, 
supposing  c  =  h,  coincide  in  the  above  particular  case  with  those  ob¬ 
tained  by  the  author  only  for  the  unit  stresses  Z, ,  X, ,  Y, .  The 
formulas  of  other  unit  stresses,  as  well  as  the  expressions  of  displace¬ 
ments  u,  V,  w  shall  be  different,  under  the  influence  of  the  above  factors. 
The  equations  of  the  deformed  surface  for  the  median  plane  shall  also 
be  different  although  they  are  of  the  same  order,  namely  of  the  fourth. 
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Introduction 

Of  the  various  types  of  electrical  networks  which  are  frequently  found 
useful,  one  of  the  commonest  is  the  4-terminal  transducer  of  reactances, 
more  briefly  referred  to  as  the  reactance  4-poie.*  In  particular,  the 
selective  networks  or  filters  which  are  commonly  used  for  transmitting 
certain  frequencies  while  blocking  others  are  almost  always  reactance 
4-poles,  and  these  filters  form  essential  parts  of  most  communication 
systems. 

Detailed  methods  of  designing  filters  and  related  reactance  4-poles 
are  well  known  and  have  been  in  general  use  for  a  considerable  period. 
For  the  most  part  these  fit  into  one  general  filter  design  scheme  which 
may  be  referred  to  as  the  image  parameter  theory,  since  it  is  based  upon 

*  Bell  Telephone  Lsborstoriee,  Inc.  This  paper  has  been  accepted  as  a  Doc¬ 
tor’s  thesis  by  the  Faculty  of  Pure  Science  of  Columbia  University.  The  manu¬ 
script  was  received  by  the  Editors  May  18,  1938. 

>  Throughout  this  paper,  the  term  4-pole  will  be  used  to  indicate  a  4-terminal 
transducer— i.e.  a  network  with  two  pairs  of  accessible  terminals  subject  to  the 
restriction  that  no  external  connections  can  be  made  between  terminals  of 
different  pairs.  The  term  has  been  widely  used  in  this  sense  and  also  to  indicate 
a  network  with  four  terminals  to  which  external  apparatus  can  be  connected  in 
any  desired  manner. 
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the  concepts  of  the  image  impedances  and  image  transfer  constants  of 
4-terminal  networks.  It  has  been  found  that  methods  based  upon  this 
theory  can  be  used  to  design  practical  filters  with  electrical  characteris¬ 
tics  meeting  any  ordinary  engineering  requirements.  In  recent  years 
it  has  become  apparent,  however,  that  these  filters  are  sometimes 
unnecessarily  costly.  At  the  same  time  the  question  of  network  cost 
has  become  increasingly  imiwrtant. 

This  paper  describes  a  theory  of  reactance  4-pole  design  which  differs 
from  the  image  parameter  theory  in  such  a  way  that  it  sometimes  leads 
to  more  advantageous  choices  of  element  values  in  filters  of  conventional 
image  parameter  configurations.  While  more  complicated  than  the 
image  parameter  theory,  it  sometimes  permits  the  realization  of  sub¬ 
stantially  greater  network  economy  or  of  superior  electrical  characteris¬ 
tics  with  no  increase  in  cost.  Instead  of  starting  with  the  concepts  of 
image  impedances  and  image  transfer  constants,  this  theory  is  based 
upon  the  general  problem  in  network  synthesis  of  finding  reactance 
4-pole8  yielding  prescribed  insertion  loss  versus  frequency  functions 
when  inserted  between  prescribed  resistance  terminations.  Because  of 
this  it  has  come  to  be  called  the  insertion  loss  theory. 

While  the  insertion  loss  theory  applies  particularly  to  filter  design, 
it  is  capable  of  more  general  applications.  As  a  matter  of  fact,  it  is 
theoretically  possible  to  use  the  theory  to  design  physical  reactance 
4-poles  which,  when  terminated  in  prescribed  resistances,  produce 
insertion  loss  characteristics  identical  with  those  of  any  general  finite 
passive  4-poles  with  the  same  terminations.  Although  the  possibility 
of  designing  at  least  simple  reactance  networks  on  an  insertion  loss  basis 
isconunon  knowledge,  when  other  than  very  simple  circuits  are  considered 
extensive  special  theory  such  as  that  developed  in  this  paper  is  necessary 
if  hopelessly  complex  computations  are  to  be  avoided. 

Although  very  general  applications  of  the  insertion  loss  method  of 
design  are  theoretically  possible,  even  with  the  theory  developed  here 
the  numerical  complications  are  such  as  to  limit  its  practical  usefulness. 
In  many  design  problems,  for  instance,  economies  in  the  cost  of  actually 
constructing  filters  might  be  obtained  by  using  insertion  loss  designs 
rather  than  image  parameter  designs  but  these  economies  frequently  are 
off-set  by  the  added  cost  involved  in  obtaining  the  insertion  loss  designs. 
As  a  result,  the  insertion  loss  theory  applies  principally  to  the  design  of 
filters  which  are  to  be  made  in  such  large  numbers  that  construction 
economies  will  justify  high  design  costs  or  which  must  meet  requirements 
not  easily  satisfied  with  image  parameter  designs. 
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The  basic  insertion  loss  theory  applies  only  to  networks  of  pure 
reactances.  Modifications  are  included,  however,  permitting  the  design 
of  certain  types  of  dissipative  reactance  networks  with  prescribed  loss 
characteristics.  These  have  greatly  increased  the  practical  advantages 
obtainable  by  the  use  of  the  theory. 

Limitations  of  the  Image  Parameter  Theory 

The  great  simplicity  of  the  image  parameter  filter  theory  is  obtained 
by  adopting  certain  definite  restrictions  which  limit  to  a  considerable 
extent  the  choice  of  the  element  values.  It  is  the  possibility  of  avoiding 
these  restrictions  by  using  the  more  complicated  insertion  loss  theory 
that  sometimes  renders  this  theory  advantageous  as  a  basis  of  filter 
design.  While  the  use  of  the  insertion  loss  theory  in  filter  design 
normally  involves  the  introduction  of  other  restrictions,  these  are  such 
as  to  lead  to  the  optimum  choice  of  element  values  for  meeting  certain 
types  of  filter  specifications.  In  order  to  clarify  the  status  of  the 
insertion  loss  theory,  it  will  be  best  to  introduce  at  this  point  a  brief 
description  of  the  fundamentals  of  the  image  parameter  theory  and  of  the 
restrictions  which  it  involves. 

The  image  parameter  theory  is,  of  course,  an  outgrowth  of  the  arti¬ 
ficial  line  theories  of  Pupin  (1)  and  Campbell  (2).  The  image  imped¬ 
ances  and  image  transfer  constants  in  terms  of  which  it  is  developed 
correspond  to  the  characteristic  impedances  and  propagation  constants 
of  these  artificial  lines.  In  its  most  familiar  form  the  image  parameter 
theory  deals  directly  with  the  so-called  composite  filters  introduced  by 
Zobel  (3),  which  are  made  up  of  chains  of  sections  with  matched  image 
impedances  but  different  transfer  constants.  In  the  more  general  form 
developed  by  Bode  (4),  however,  it  deals  with  the  equivalent  restrictions 
upon  the  image  impedances  and  transfer  constants  of  complete  net¬ 
works,  without  actually  requiring  chains  of  tandem  sections. 

The  image  attenuation  of  a  non-dissipative  filter  is  identically  zero 
over  finite  ranges  of  frequencies.  If  the  filter  is  terminated  in  its  image 
impedances,  the  corresponding  transducer  loss  will  also  be  zero.*  Al¬ 
though  the  image  impedances  must  vary  with  frequency,  they  can 

*  By  the  transducer  loss  of  a  filter  is  meant  the  difference  in  level  between  the 
received  power  and  the  maximum  power  obtainable  from  the  generator  with 
any  passive  network.  The  image  attenuation  of  a  filter  is  equal  to  its  transducer 
loss  when  terminated  in  its  image  impedances  at  all  frequencies  where  these 
impedances  are  real.  The  transducer  loss  of  any  network  terminated  in  resist¬ 
ances  can  be  obtained  from  the  insertion  loss  by  adding  the  reflection  loss  corre¬ 
sponding  to  the  ratio  of  the  terminations. 
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approximate  constant  resistances  over  the  greater  parts  of  the  ranges  of 
zero  attenuation,  or  theoretical  pass  bands.  Consequently,  if  these 
resistances  are  used  as  the  actual  terminations  the  transducer  loss  will 
be  small  over  the  ranges  of  good  approximation. 

The  situation  described  above  leads  to  the  introduction  of  the  follow¬ 
ing  requirement,  which  is  responsible  for  the  fundamental  limitations 
of  the  image  parameter  theory:  The  image  attenuation  of  a  non- 
dissipative  filter  is  required  to  be  identically  zero  in  continuous  frequency 
ranges  including  those  to  be  freely  transmitted  between  the  actual 
terminations  and  is  required  to  be  other  than  zero  at  all  other  fre¬ 
quencies.  For  the  tyjies  of  filters  commonly  encountered  these  restric¬ 
tions  reduce  by  almost  half  the  constants  which  could  otherwise  be 
chosen  arbitrarily. 

Without  further  investigation,  it  might  appear  that  good  filter  char¬ 
acteristics  could  be  obtained  only  by  satisfying  these  restrictions  at 
least  so  closely  that  permissible  departures  from  them  would  be  of  no 
practical  interest.  Actually,  these  requirements  are  not  necessary  but 
instead  are  artificial  or  arbitrary  restrictions  leading  to  a  simple  design 
procedure. 

As  an  illustration,  suppose  that  the  elements  of  a  filter  designed  on  the 
image  basis  are  changed  from  their  design  values  by  various  amounts  of 
the  order  of  perhaps  10  or  20  percent.  In  general  this  will  split  the 
theoretical  pass  band  into  a  number  of  theoretical  pass  bands  separated 
by  narrow  theoretical  attenuation  bands.*  The  image  attenuation 
corresponding  to  these  theoretical  attenuation  bands,  however,  will 
ordinarily  be  very  moderate.  In  addition,  the  actual  transducer  loss 
may  be  only  a  fraction  of  the  image  attenuation.  A  transducer  loss  of 
less  than  0.4  decibels  may  be  obtained,  for  instance,  even  though  the 
corresponding  image  attenuation  is  as  high  as  2.5  decibels.  As  a  result, 
modifying  the  elements  may  leave  unchanged  the  frequencies  included 
in  the  effective  pass* band  and  may  result  in  an  actual  decrease  in  the 
corresp>onding  transducer  loss. 

When  the  dissipation  required  in  actual  filters  has  a  marked  effect  the 
arbitrariness  of  the  restrictions  of  the  image  parameter  theory  becomes 
much  more  striking.  Under  these  conditions  the  image  attenuation  is 
generally  far  from  uniform  over  the  frequency  ranges  in  which  itiszero 
on  a  non-dissipative  basis.  The  special  restrictions  of  the  image  pa¬ 
rameter  theory  then  amount  to  the  requirement  of  transmission  range 

'  In  general  the  theoretical  attenuation  band  will  also  be  split  up  by  narrow 
theoretical  pass  bands,  but  it  will  be  sufficient  for  purposes  of  illustration  to 
consider  only  the  splitting  of  the  pass  band. 
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insertion  losses  approximating  characteristics  which  are  anything  but 
ideal. 

The  above  discussion  indicates  the  arbitrariness  of  the  restrictions 
forming  the  basis  of  the  image  parameter  method  of  filter  design  or 
synthesis.  It  is  well  known  that  the  circuit  analysis  problem  of  deter¬ 
mining  the  operation  of  a  known  network  can  be  solved  in  terms  of  the 
image  impedances  and  image  transfer  constant  of  the  network  even 
though  it  does  not  satisfy  the  special  restrictions  of  the  design  theory. 
When  these  restrictions  are  abandoned,  however,  the  image  parameters 
are  no  longer  convenient  in  design  problems  involving  the  determination 
of  resistance-terminated  reactance  networks  with  prescribed  properties. 

Other  Previous  Theories 

Cauer  (5),  Gewertz  (6)  and  others  have  studied  the  synthesis  of 
perfectly  general  reactance  4-poles  having  prescribed  open-  and  short- 
circuit  impedances.  These  investigations,  however,  have  not  yielded 
useful  methods  of  designing  reactance  4-poles  with  resistance  termina¬ 
tions  except  under  the  restrictions  of  the  image  parameter  theory.  On 
the  other  hand,  they  have  produced  such  useful  information  as  the 
necessary  and  sufficient  conditions  satisfied  by  sets  of  open-  and  short- 
circuit  impedances  corresponding  to  physical  reactance  4-iK)les.  In 
addition,  they  have  shown  that  physical  networks  of  certain  so-called 
canonical  configurations  can  xeadily  be  designed  to  have  any  specified 
set  of  impedances  satisfying  these  conditions.  The  canonical  con¬ 
figurations,  however,  were  chosen  purely  for  their  general  realizability 
and  ease  of  design  and  are  rarely  of  practical  interest. 

The  development  of  the  present  insertion  loss  theory  started  with  the 
previous  theory  developed  by  Norton  (7)  which  permits  the  design  of 
two  or  more  filters  producing  a  constant  resistance  at  their  common 
terminals  when  connected  in  series  or  in  parallel  at  one  end.  Norton’s 
theory  involves  the  problem  of  designing  a  reactance  4-pole  terminated 
in  an  open-  or  short-circuit  at  one  end.  This  amounts  to  the  special 
case  of  the  insertion  loss  theory  in  which  one  of  the  specified  terminations 
is  zero  or  infinite.  Norton’s  detailed  design  procedure,  however,  as¬ 
sumes  a  rather  restricted  tjrpe  of  prescribed  insertion  loss  characteristic 
which  is  of  little  interest  except  in  the  design  of  filters  to  operate  in 
constant  resistance  pairs. 

Principal  Operations  Involved  in  the  Design  of  Filters  on  an  Insertion 

Loss  Basis 

Returning  now  to  the  subject  of  this  paper,  filters  can  readily  be 
designed  on  an  insertion  loss  basis  provided  certain  fundamental  opera- 
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tions  can  be  carried  out.  There  is  no  problem  in  fitting  these  operations 
together  into  straightforward  design  procedures  but  the  operations 
themselves  cannot  readily  be  carried  out  without  special  mathematical 
machinery.  The  principal  object  of  the  insertion  loss  theory  is  to 
supply  this  mathematical  machinery. 

The  logical  order  to  follow  in  developing  the  mathematical  machinery 
of  the  insertion  loss  theory  turns  out  to  be  rather  different  from  the 
order  in  which  the  various  parts  are  used  in  carrying  out  actual  designs. 
It  will  therefore  be  best  to  motivate  the  more  detailed  analysis  by 
introducing  at  once  a  brief  description  of  the  various  fundamental 
design  operations,  rather  than  introducing  each  operation  at  the  time 
the  corresponding  mathematical  machinery  is  taken  up. 

The  distinguishing  feature  of  the  insertion  loss  theory  is  the  use  of  an 
exactly  prescribed  insertion  loss  versus  frequency  function  to  fix  the 
element  values  of  the  final  network.  Since  exactly  prescribed  loss 
functions  are  rarely  included  in  design  specifications,  the  first  operation 
in  the  design  of  a  network  on  the  insertion  loss  basis  is  usually  the  choice 
of  the  specific  insertion  loss  function  to  be  obtained.  This  choice  is 
guided  by  the  following  considerations.  First,  the  loss  function  must 
be  consistent  with  the  design  specifications,  e.g.,  it  must  represent 
sufficient  suppression  of  the  unwanted  frequencies.  Second,  the 
function  must  be  of  a  form  leading  to  an  economical  network  as  regards 
the  number  of  elements  involved.  Third,  it  must  usually  correspond 
to  a  particular  tjrpe  of  network  configuration,  such  as  a  ladder  or  a 
lattice. 

After  a  specific  insertion  loss  function  has  been  chosen,  the  determina¬ 
tion  of  a  corresponding  network  involves  two  principal  operations. 
The  first  of  these  is  the  determination  of  some  or  all  of  the  open-  and 
short-circuit  impedances  of  the  network  from  the  loss  function,  the 
second  being  then  the  determination  of  the  actual  element  values  from 
these  impedances.^  >  It  turns  out  that  there  are  only  a  finite  number  of 
sets  of  open-  and  short-circuit  impedances  corresponding  to  reactance 
networks  of  minimum  complexity  producing  a  specific  insertion  loss 
function  when  terminated  in  a  specific  pair  of  resistances.  After  one 
of  these  sets  of  impedances  has  been  selected,  the  method  of  determining 
the  element  values  of  a  corresponding  network  depends  upon  the  type  of 

*  Thii  rule,  however,  is  not  without  ita  exception!.  In  particular,  symmetrical 
lattices  with  equal  terminations  are  most  easily  determined  from  their  insertion 
loss  functions  by  procedures  making  no  direct  references  to  their  open-  and 
short-circuit  impedances. 
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configuration  chosen,  equivalent  networks  of  different  configurations 
frequently  requiring  quite  different  methods.^ 

The  parasitic  dissipation  which  must  be  present  in  actual  reactance 
networks  sometimes  influences  the  loss  characteristics  to  a  small  enough 
extent  to  justify  neglecting  it  in  the  design  of  the  networks.  On  the 
other  hand,  the  influence  of  the  necessary  dissipation  is  sometimes  so 
important  that  it  is  highly  desirable  to  compensate  for  it  in  some  manner. 
The  logical  way  to  obtain  this  compensation  is  to  design  dissipative 
reactance  networks  which  themselves  produce  more  or  less  exactly 
prescribed  loss  functions.  Under  certain  conditions  this  can  be  accom¬ 
plished  by  modifying  the  first  part  of  the  non-dissipative  design  pro¬ 
cedure  in  such  a  way  as  to  obtain  the  open- and  short-circuit  impedances 
corres{)onding  to  the  removal  of  the  dissipation  from  the  final  network.* 
This  permits  the  element  values  to  be  computed  from  the  impedances 
on  a  strictly  non-dissipative  basis. 

In  order  to  clarify  further  the  general  design  procedure  outlined  above, 
the  procedure  used  in  a  simple  illustrative  case  will  now  be  described  in 
more  detail.  It  should  be  borne  in  mind,  however,  that  the  detailed 
design  procedures  used  in  other  cases  may  differ  considerably  from  this 
illustrative  case  even  though  they  involve  the  same  general  types  of 
operations. 

Illustrative  Special  Case — Choice  of  Insertion  Loss  Fimction 

Assuming  for  the  time  being  that  dissipation  can  be  neglected  entirely, 
consider  the  design  of  a  low-pass  filter  of  ideal  reactance  elements  con¬ 
sistent  with  the  following  specifications.  First,  the  insertion  loss  shall 
not  be  greater  than  a  prescribed  maximum  a\  in  an  effective  pass  band 
extending  from  zero  frequency  to  a  prescribed  cut-off  frequency  /? . 
Second,  the  insertion  loss  shall  not  be  less  than  a  prescribed  minimum  a* 
in  an  effective  attenuation  band  extending  from  a  second  prescribed 
frequency  to  infinity.  Third,  these  loss  specifications  are  to  be  met 

*  As  would  be  expected,  when  a  particular  configuration  is  desired  care  must 
usually  be  exercised  to  make  sure  that  an  appropriate  set  of  impedances  is  chosen. 
The  various  sets  corresponding  to  a  single  loss  function,  for  instance,  usually 
occur  in  inverse  pairs  leading  to  inverse  configurations. 

*  The  possibility  of  doing  this  depends  upon  the  following  situation.  When 
the  dissipation  required  in  a  network  satisfies  certain  restrictions  as  regards  its 
variation  from  element  to  element  the  effect  of  the  dissipation  on  complex  im¬ 
pedances  and  complex  voltage  ratios  corresponds  to  simple  transformations  of 
the  functions  of  frequency  representing  the  impedances  and  voltage  ratios,  these 
transformations  being  independent  of  the  specific  network  configuration  and 
element  values. 
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with  a  network  which  is  electrically  S3rmmetrical  and  is  terminated  in 
equal  resistances  and  which  has  the  same  configuration  as  a  mid-series 
low-pass  ladder  filter  of  the  image  parameter  theory  even  though  it 
may  have  more  general  element  values/ 

The  above  specifications  on  the  insertion  loss  are  indicated  graphically 
in  Fig.  lA,  it  being  required  that  the  curve  of  actual  insertion  loss  shall 
fall  within  the  shaded  areas  at  frequencies  less  than  /?  or  greater  than 
f\ .  The  required  configuration  is  indicated  in  Fig.  2. 


FREOUCNCY.f  fREOUCNCr,  f 

Fig.  1.  A)  Design  specifications — If  /  <  f\or  >  f\  ,  a  must  lie  in  a  shaded  area. 
B)  Form  of  a  characteristic  meeting  the  design  specifications. 


Fig.  2.  Configtiration  to  meet  specifications  of  Fig.  lA 


The  theory  to  be  developed  shows  that  the  above  specifications  on  the 
form  of  the  final  network  require  the  insertion  loss  a  to  be  described  by 
an  equation  of  the  form 


e 


Sa 


w(ci>?  —  «*)•••  (wj  —  CD*)  "I* 

L  ‘(l-M-.-d-FjcD*)] 


(1) 


In  this  equation,  i;  represents  the  number  of  “sections,”  while  So  and 
the  <D,'s  and  v,’8  are  arbitrary  constants.  The  specific  problem  is  to 


*  It  turns  out  that  the  requirement  that  the  network  shall  be  either  sym¬ 
metrical  or  of  a  type  producing  inverse  image  impedances  at  the  two  ends  tends 
to  lead  to  efficient  filter  characteristics.  The  inverse  impedance  case  is  excluded 
here  in  order  to  simplify  the  illustration.  Similarly,  the  special  loss  specifica¬ 
tions  described  above  are  chosen  for  their  simplicity  rather  than  for  their  gen¬ 
erality.  Somewhat  similar  methods  can  still  be  used,  for  instance,  when  the 
minimum  permissible  attenuation  band  loss  varies  with  frequency. 
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choose  the  arbitrary  constants  in  such  a  way  as  to  satisfy  the  specifica¬ 
tions  indicated  in  Fig.  lA  with  the  smallest  possible  value  of  ri,  i.e.,  the 
smallest  number  of  sections.* 

The  best  choice  of  the  w,’s  and  v,*a  turns  out  to  be  that  leading  to  the 
form  of  loss  characteristic  indicated  in  Fig.  IB  for  the  special  case  of 
1}  =  3.  A  lengthy  analysis  will  later  be  outlined  which  shows  that  the 
particular  rational  “power  ratio”  function  which  has  the  form  of  (1) 
and  which  corresponds  to  the  “equal  ripple”  type  of  loss  characteristic 
indicated  in  Fig.  IB  can  be  obtained  by  requiring  e*“  to  be  determined  by 
the  following  set  of  equations  relating  both  e*"  and  w  to  a  new  variable  u. 
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In  these  equations,  ap,fi ,  ft  represent  the  maximum  pass  band  loss  and 
the  limits  of  the  effective  pass  and  attenuation  bands,  as  in  Fig.  IB. 
The  symbols  K,  Ki  and  q,  Qi  represent  constants  appearing  in  the  general 
theory  of  elliptic  functions,  K,  Ki  being  the  complete  elliptic  integrals 
of  the  first  kind  of  moduli  k,  ki ,  respectively,  and  q,  qi  the  corresponding 
elliptic  modular  constants.  These  constants  are  uniquely  related  to  k, 
ki  in  a  manner  represented  in  most  elliptic  function  tables  by  tabulations 
of  K  and  logw  q  vs  sin~‘A:. 


*  It  turns  out  that  choosing  the  constants  in  this  way  will  normally  lead  to  a 
physical  network  of  the  form  of  Fig.  2,  although  it  is  possible  for  difficulties  to  be 
encountered  if  a*  is  exceptionally  small. 

*  The  appearance  of  elliptic  functions  in  a  problem  involving  an  algebraic 
function  producing  equal  maxima  and  equal  minima  is  not  surprising  to  those 
familiar  with  the  elliptic  functions  appearing  in  the  "Tchebychefif  parameter” 
version  of  the  image  parameter  theory  introduced  by  Cauer  (16).  The  rational 
character  of  e**  considered  as  a  function  of  w  depends  upon  the  equivalence  of 

sn  ^(2»i  -b  l)u^* ,  fci  J  to  an  odd  rational  function  of  sn  (u,  k),  which  can  be  com¬ 
pared  with  the  equivalence  of  sin  [(2i)  -f-  l)u]  to  an  odd  polynomial  in  sin  (u). 
The  correspondence  of  (2)  to  the  particular  special  case  of  (1)  illustrated  by 
Fig.  IB  depends  upon  the  periodic  properties  of  a  and  w  considered  as  func¬ 
tions  of  u. 
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The  insertion  loss  corresponding  to  (2)  is  completely  determined  by 
the  choice  of  a,  ,/i  ,/i  and  the  number  of  sections  ij,  for/i  ,/*  determine 
k,  which  determines  ki  through  the  relation  between  q  and  91 ,  while 
k,  ki  determine  K,  Ki .  The  corresponding  value  of  the  minimum 
attenuation  band  loss  a,  indicated  in  Fig.  IB  is  thus  also  determined 
by  the  choice  of  If  minor  approximations  are  made,  this 

relationship  can  be  expressed  in  the  following  form: 

a.  =  [10  log,o(e*“'  -  1)  -  10(2i,  +  1)  logio(9)  -  12.04]  db  (3) 

With  the  help  of  (3)  it  is  a  simple  matter  to  determine  the  minimum 
value  of  for  which  the  specifications  of  Fig.  lA  can  be  satisfied,  i.e., 
for  which  ap  ,  Oo  ,  /i  and  /*  can  be  chosen  in  such  a  way  that 

Up  S  Op  fi  ^  A 

^  a°  ft  ^  A 

In  this  way,  a  definite  set  of  constants  can  be  chosen  which  determine, 
with  the  help  of  (2),  a  loss  characteristic  leading  to  a  final  network  of  the 
required  type  and  of  the  minimum  number  of  sections  permitted  by  the 
loss  specifications.'® 

Illustrative  Special  Case — ^Determination  of  a  Network  Producing  the 

Insertion  Loss  Chosen 

The  open-  and  short-circuit  impedances  of  reactance  networks 
producing  the  particular  insertion  loss  function  chosen  cannot  be 
expressed  directly  in  terms  of  the  loss  function  itself.  They  can  readily 
be  evaluated,  however,  in  terms  of  the  roots  of  the  corresponding  power 
ratio  (1)."  In  the  special  case  under  consideration  these  roots  can  be 
computed  by  means  of  straightforward  formulae  derived  from  the 
elliptic  function  relations  (2). 

If  reactance  networks  of  minimum  complexity  are  a&sumed,  and  also  a 
definite  pair  of  (equal)  terminating  resistances,  it  turns  out  that  there 
are  only  four  sets  of  open-  and  short-circuit  impedances  consistent  with 

Any  three  of  the  four  relations  of  (4)  can  be  made  exact  equalities  but  the 
fourth  will  then  be  an  equality  only  in  very  special  cases.  Keeping  three  of  the 
parameters  a,  ,  a.  ,  /i ,  ft  fixed  and  changing  the  number  of  sections  s  makes 
discrete  changes  in  the  fourth  parameter.  Since  some  margin  is  thus  usually 
available  even  though  has  the  smallest  permissible  value,  this  margin  is  usually 
best  distributed  among  the  various  relations  of  (4). 

“  If  the  requirement  of  a  loss  function  appropriate  for  a  symmetrical  network 
is  abandoned  it  is  usually  necessary  to  include  also  the  roots  of  a  linear  function 
of  the  power  ratio  «**. 
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(1).  Of  these  only  one  set  is  appropriate  for  the  mid-series  low  pass 
ladder  configuration  of  Fig.  2.  Formulae  for  computing  the  element 
values  of  this  configuration  from  the  impedances  will  be  included  in  the 
more  detailed  development  of  the  insertion  loss  theory.” 

Illustrative  Special  Case — Compensation  for  Effects  of  Dissipation 

Turning  now  to  the  question  of  compensating  for  effects  of  dissipation, 
consider  first  the  problem  of  attempting  to  design  a  network  of  reactance 
elements  of  prescribed  dissipativeness  producing  exactly  the  same 
insertion  loss  and  phase  as  the  non-dissipative  filter  considered  pre¬ 
viously.  Assuming  such  a  network  to  be  possible,  consider  the  insertion 
loss  and  phase  that  would  be  produced  by  the  pure  reactance  network 
formed  by  simply  removing  the  dissipation  from  all  the  elements.  Pro¬ 
vided  the  elements  are  all  to  be  equally  dissipative,  it  turns  out  that  this 
new  loss  and  phase  can  be  evaluated  directly  from  the  original  loss  and 
phase  and  the  extent  of  the  dissipation,  with  no  further  information  as 
to  the  actual  element  values  or  specific  configuration.”  Thus  any  pure 
reactance  network  which  could  be  designed  to  produce  this  “pre¬ 
distorted”  loss  and  phase  would  produce  the  original  loss  and  phase  upon 
the  addition  of  the  required  dissipation. 

As  described  above,  the  “predistorted”  insertion  loss  and  phase  cannot 
actually  be  produced  by  a  pure  reactance  network.  On  the  other  hand, 
if  the  required  dissipation  varies  properly  with  frequency  and  is  not  too 
great,  the  predistortion  can  be  modified  in  such  a  way  as  to  lead  to  a 
physical  network  of  the  configuration  of  Fig.  2  which  will  produce  a 
close  approximation  to  the  sum  of  the  original  insertion  loss  and  an 
added  constant  loss  when  the  required  dissipation  is  added.  This 
modified  predistortion  amounts  to  nothing  more  than  the  addition  of  a 

'*  When  the  insertion  loss  function  is  not  necessarily  appropriate  for  a  sym¬ 
metrical  network  there  are  luually  more  than  four  sets  of  open-  and  short-circuit 
impedances  corresponding  to  networks  of  minimum  complexity.  There  may  be 
a  considerable  variety,  for  instance,  realizable  with  various  networks  having  a 
single  configuration,  such  as  the  configuration  of  Fig.  2. 

In  the  special  case  of  symmetry  under  consideration  the  element  values  of  the 
final  ladder  may  be  computed  directly  from  the  equivalent  lattice  rather  than 
from  open  or  short-circuit  impedances.  The  formulae  for  doing  this,  however, 
are  derived  by  expressing  the  open-circuit  impedances  in  terms  of  the  impedances 
of  the  lattice  arms. 

Actually  the  corresponding  "complex  insertion  voltage  ratio”  is  more  con¬ 
venient  to  use  than  the  insertion  loss  and  phase.  The  original  voltage  ratio  can 
be  readily  evaluated  in  terms  of  the  roots  of  (1)  used  in  computing  the  open- 
and  short-circuit  impedances  on  a  non-dissipative  basis. 
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constant  to  each  root  of  the  complex  voltage  ratio  function  correspond¬ 
ing  to  the  original  loss  and  phase  plus  the  addition  of  a  constant  factor 
representing  an  added  constant  loss.**  Although  the  general  configura¬ 
tion  of  Fig.  2  is  obtained,  however,  the  network  yielded  by  the  pre¬ 
distortion  method  will  not  satisfy  the  previous  requirement  of  electrical 
symmetry  nor  will  the  terminations  be  equal. “ 

Major  Divisions  of  the  Theoretical  Development 

As  was  indicated  previously,  the  logical  order  to  follow  in  developing 
the  insertion  loss  theory  is  rather  different  from  the  order  in  which  the 
various  parts  are  used  in  carrying  out  actual  designs.  Specifically,  the 
logical  procedure  is  to  divide  the  development  of  the  theory  into  the 
sequence  of  four  parts  described  briefly  below,  which  represent  rather 
different  theoretical  problems  even  though  they  may  all  be  employed  in 
designing  a  single  filter. 

Part  I  deals  with  the  determination  of  the  open-  and  short-circuit 
impedances  of  reactance  4-poles  corresponding  to  prescribed  insertion 
loss  characteristics  and  pairs  of  terminations.  The  necessary  and 
sufficient  conditions  upon  insertion  loss  characteristics  yielding  physical 
sets  of  impedances  are  established  as  well  as  the  procedure  for  deter¬ 
mining  the  impedances. 

Part  II  deals  with  the  determination  of  reactance  4-poles  of  special 
configurations  from  prescribed  open-  and  short-circuit  impedances. 
These  include  a  new  canonical  reactance  4-pole  made  up  of  tandem 
sections  and  also  networks  which  have  the  same  configurations  as  the 
familiar  lattices  and  ladders  of  the  image  parameter  theory  but  which 
are  not  required  to  satisfy  the  restrictions  on  actual  element  values 
imposed  by  the  image  parameter  theory. 

Part  III  deals  with  the  problem  of  choosing  specific  insertion  loss 
functions  for  filtering  purpo8e.s.  In  particular,  it  deals  with  certain 
sjiecial  t3rpcs  of  loss  functions  which  satisfy  the  conditions  for  physical 
realizability  establislied  in  Part  I,  which  represent  the  optimum  choice 

**  The  roots  of  the  voltage  ratio  are  determined  in  evaluating  it  from  the  roots 
of  (1). 

When  the  dissipation  varies  from  element  to  element  or  varies  improperly 
with  frequency,  partial  compensation  can  be  obtained  by  assuming  dissipation 
of  the  proper  type  representing  an  average  of  the  actual  dissipation.  It  is  also 
possible  to  reduce  the  restrictions  on  the  dissipation  assumed  if  the  non-dissipa- 
tive  design  procedure  is  further  modified.  It  is  possible  for  instance,  to  assume 
all  coils  to  be  equally  dissipative  and  all  condensers  to  be  equally  dissipative  to  a 
different  extent. 
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of  arbitrary  constants  for  meeting  certain  types  of  filter  requirements, 
and  which  lead  to  simplifications  in  the  more  general  design  procedure. 

Part  IV  deals  with  modifications  of  the  previous  theory  permitting 
the  design  of  certain  types  of  dissipative  networks  with  prescribed 
insertion  loss  characteristics.  It  is  shown  that  within  certain  severe 
limits  it  is  possible  to  design  dissipative  filters  with  loss  characteristics 
differing  appreciably  from  those  of  non-dissipative  filters  of  the  same 
configuration  only  by  added  constant  losses. 

Because  of  the  extent  of  the  material  to  be  covered,  detailed  deriva¬ 
tions  and  proofs  will  be  only  outlined  in  developing  the  four  parts  of  the 
theory  described  above.  In  addition,  a  variety  of  useful  but  unessential 
modifications  of  the  theory  will  be  omitted  entirely.  These  modifica¬ 
tions  have  to  do  with  the  application  of  the  theory  to  various  special 
design  problems  rather  than  forming  a  part  of  the  central  theory  itself. 
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Fig.  3.  Reactance  4rpole  with  resistance  terminations 

Part  I.  Open-  and  Short-Circuit  Impedances  of  Networks 
WITH  Prescribed  Insertion  Loss  Characteristics 

Statement  of  Problem 

As  is  indicated  in  the  above  outline,  the  first  two  major  divisions  of  the 
insertion  loss  theory  are  not  restricted  to  the  design  of  networks  specifi¬ 
cally  for  filtering  purposes.  Finite  4-terminal  networks  are  assumed 
and  these  are  required  to  be  made  up  of  pure  reactances  and  to  be 
terminated  in  constant  resistances  as  in  Fig.  3,  but  they  are  not  neces¬ 
sarily  required  to  have  filter-like  characteristics.  The  terminating 
resistances  Ri ,  Rt  are  assumed  to  be  prescribed  in  each  case  and  also 
the  exact  function  of  frequency  representing  the  insertion  loss  a  due  to 
the  presence  of  the  reactance  network.  The  specific  problem  considered 
is  the  design  of  the  reactance  network  in  accordance  with  these  specifica¬ 
tions  and  subject  to  the  requirement  of  physical  realizability. 

The  first  division  of  the  theory  solves  the  problem  of  determining  sets 
of  open-  and  short-circuit  impedances  describing  physical  reactance 
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networks  which  would  produce  the  prescribed  insertion  loss  when 
inserted  between  the  prescribed  terminations.  When  combined  with 
Csuer’s  method  (5)  of  realizing  prescribed  impedances  with  reactance 
4-pole8  of  his  so-called  canonical  configurations,  it  amounts  to  an  aca¬ 
demic  solution  of  the  general  design  problem  described  above.  The 
design  of  more  important  equivalent  configurations  will  be  described 
in  the  second  division  of  the  theory. 

To  insure  the  possibility  of  physical  corresponding  networks  the 
prescribed  insertion  loss  function  a  must  be  assumed  to  satisfy  certain 
necessary  and  sufficient  conditions.  By  definition,  a  satisfies  the 
equation 


e 


V, 


(5) 


in  which  Vn  and  F*  represent  the  complex  voltages  received  before  and 
after  the  insertion  of  the  network  between  the  prescribed  terminations. 
Since  it  represents  the  square  of  the  magnitude  of  the  “complex  insertion 


Y  ^  . 

voltage  ratio”  ,  the  “insertion  power  ratio”  e 


must  be  an  even 


rational  function  of  frequency  with  real  coefficients  and  must  be  positive 
at  all  real  frequencies.  Because  the  power  delivered  by  a  generator  of 

e* 

voltage  e  and  internal  resistance  Ri  cannot  exceed  ,  while  the 


received  power  corresponding  to  V»  is  —  ,  the  power  ratio 

(iti  +  Ktr 

e**  must  not  only  be  positive  at  real  frequencies  but  must  not  be  less 
other  words,  the  relation 

(/ti  -|-  /Ct) 


Sa  .i. 

^  («i  +  fti)* 


(6) 


must  be  satisfied  at'all  real  frequencies. 

The  above  conditions  upon  are  obviously  necessary  whether  or  not 
the  network  inserted  between  the  terminations  must  be  made  up  entirely 
of  reactances.  It  will  be  shown,  however,  that  these  conditions  are 
sufficient  to  insure  the  existence  of  physical  corresponding  networks  of 
the  pure  reactance  type. 


Form  of  Solution 

It  turns  out  that  the  open-  and  short-circuit  impedances  of  a  reactance 
network  depend  upon  the  insertion  loss  in  a  manner  involving  a  rather 
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complicated  combination  of  the  roots  of  the  insertion  power  ratio  and  a 
related  function,  which  are  normally  of  fairly  high  degree.  As  a  result, 
explicit  equations  expressing,  the  impedances  directly  in  terms  of  the 
insertion  loss  cannot  well  be  obtained.  On  the  other  hand,  a  simple 
sequence  of  formulae  has  been  derived  which  indicates  the  relationship 
and  which  permits  the  impedances  to  be  calculated  in  numerical  cases. 

Instead  of  actually  deriving  the  formulae,  it  will  be  sufficient  to  begin 
by  merely  stating  them  without  proof.  A  derivation  is  unnecessary  in 
that  elementary  circuit  analysis  can  be  used  to  show  that  any  networks 
producing  the  impedances  determined  by  these  formulae  would  yield 
the  prescribed  insertion  loss  when  inserted  between  the  prescribed 
terminations.  After  the  statement  of  the  formulae,  however,  it  will  be 
necessary  to  demonstrate  that  the  impedances  can  actually  be  realized 
physically. 

Determination  of  Polynomials  N  and  P  from  e*” 

To  determine  the  open-  and  short-circut  impedances  corresponding 
to  the  prescribed  insertion  loss  a,  the  power  ratio  is  first  expressed 
in  the  form 


(7) 


in  which  N  and  P  denote  even  polynomials  in  the  familiar  variable  p 
representing  2inf  and  are  required  to  have  real  coefficients.  An  expres¬ 
sion  of  this  type  can  be  readily  obtained,  since  6*“  must  be  an  even 
rational  function  of  the  frequency  /,  while  f  is  proportional  to  —  p*. 
If  the  simplest  rational  fraction  expression  for  e*"  does  not  have  the 
N 

form  pj  it  is  only  necessary  to  multiply  numerator  and  denominator  by 

identical  factors.  As  a  matter  of  fact,  N  and  P  can  always  be  chosen 
in  a  variety  of  ways,  because  of  the  possibility  of  associating  the  squares 
of  arbitrary  identical  factors  with  N  and  P*. 

Determination  of  Polynomials  A  and  B  from  N 

After  N  and  P  have  been  determined,  a  second  pair  of  polynomials 
A  and  B  must  be  evaluated.  These  are  even  polynomials  with  real 
coefficients  defined  by  the  pair  of  equations 


=  J*(p?-p*)(pj-p‘)...(pl-p*) 
A  +  pB  =  J  (pi  -  p  )(p,  -  p )  •  •  •  (p»  -  p) 


(8) 


f 
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in  which  J  must  be  a  real  constant,  all  the  p,’s  must  have  zero  or  negative 
real  parts,  and  any  complex  p,’s  must  occur  in  conjugate  pairs.  The 
fact  that  N  must  be  positive  at  real  frequencies  in  order  for  the  power 
.  N 

ratio  ^  to  be  positive  is  sufficient  to  insure  the  possibility  of  computing 

J  and  the  p,’s  from  their  squares,  as  determined  by  N,  in  such  a  way  as 
to  meet  the  special  restrictions  imposed  upon  them.“  As  a  matter  of 
fact,  there  are  always  two  solutions,  although  only  two,  because  of  the 
arbitrariness  of  the  sign  of  J.  The  individual  polynomials  A  and  B 
can  obviously  be  determined  by  expanding  {A  +  pB)  and  associating 
even  powers  of  p  with  A  and  odd  powers  with  pB. 

The  following  expression  for  the  complex  insertion  voltage  ratio 
offers  an  alternative  definition  of  A  and  B  and  indicates  their  physical 
significance:" 


Vk  _  A  +  pB  ,  . 

r,  ~P~ 

That  this  voltage  ratio  corresponds  to  the  original  power  ratio  e*"  can  be 
demonstrated  by  noting  that  the  even  polynomials  A,  B,  P  are  real  at 
real  frequencies,  while  p  is  imaginary.  This  requires  the  power  ratio 
to  be 


Since  the  p,’s  are  determined  by  extracting  the  square  roots  of  the  p’’s 
determined  by  N,  the  signs  can  be  so  chosen  as  to  meet  the  real  part  requirement. 
Complex  p,’s  with  finite  real  parts  will  then  automatically  occur  in  conjugate 
pairs  corresponding  to  conjugate  p'’s.  Pure  imaginary  p,’s,  which  have  sero 
real  parts,  can  also  be  choeen  in  conjugate  pairs  provided  the  corresponding 
negative  real  p'’s  occur  in  identical  pairs.  Single  negative  real  p’’s  cannot  be 

encountered  since  they  represent  real  frequencies  at  which  N  and  therefore 

I  p* 

change  sign. 

In  special  cases,  it  may  be  possible  to  cancel  identical  factors  out  of  the 
numerator  and  denominator  of  this  expression.  Unless  the  factors  are  constants 
or  have  roots  only  at  real  frequencies,  however,  their  cancellation  destroys  the 
evenness  of  the  denominator.  The  even  and  odd  parts  of  the  numerator  then 
lose  their  utility  in  regard  to  the  computation  of  the  open-  and  short-circuit 
impedances. 

The  determination  of  a  voltage  ratio  from  a  power  ratio  by  (8)  and  (9)  was 
introduced  by  Norton  (7)  in  connection  with  his  theory  of  filters  terminated  at 
one  end  in  open-  or  short-circuits,  which  forms  a  part  of  his  theory  of  con¬ 
stant-resistance  groups  of  filters. 
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Since  reversing  the  sign  of  p  does  not  change  the  even  polynomials  A 
and  B,  the  second  equation  of  (8)  requires 

A  -  pB  =  p){pt  +  p)  •  •  •  (p*  +  p)  (11) 

Hence  forming  the  product  of  (A  -1-  pB)  and  {A  —  pB)  indicates 

A'  -  p'B*  =  N  (12) 

and  reduces  (10)  to  (7). 

The  voltage  ratio  (9)  would  correspond  to  the  original  power  ratio 
even  though  roots  of  (A  +  pB)  had  positive  real  parts,  provided  complex 
roots  occurred  in  conjugate  pairs.  The  exclusion  of  roots  with  positive 
real  parts  is  merely  a  condition  necessary  for  physical  realizability. 
This  condition  is  necessary  in  that  the  roots  represent  modes  of  free 
oscillation  of  the  complete  network  consisting  of  the  reactance  4-pole 
and  its  terminations. 

Determination  of  Polynomials  A'  and  B'  from  N  and  P 
In  addition  to  A  and  B,  a  very  similar  pair  of  polynomials  A'  and  B' 
are  needed.  They  are  even  polynomials  with  real  coefficients  defined  by 
the  following  pair  of  equations,  comparable  to  (8) : 

^  ^  -pW-p’)-  (?:■  -  ?■) 

A'  +  pB'  =  J\p[  -  p)(pi  -  p)  •  •  •  (p,  -  p)  (13) 

In  this  case,  J'  must  be  real  and  any  complex  p^'s  must  occur  in  con¬ 
jugate  pairs  but  any  of  the  p^’s  are  permitted  to  have  positive  real 

parts.  These  conditions  can  always  be  satisfied  because  of  the  fact  that 

(6)  and  (7)  require  \  N  —  P*)  to  be  non-negative  at  real 

\  (ill  +  ill)  / 

frequencies.  In  general,  there  are  actually  a  number  of  solutions  for 
A'  and  B'  because  of  the  arbitrariness  of  the  signs  of  the  p^’s  as  well  as 
that  of  J\ 

In  the  case  of  A '  and  B'  there  is  again  an  alternative  definition  indi¬ 
cating  physical  significance,  corresponding  to  equation  (9)  defining 
A  and  B.  Suppose  Zi  and  Zs  represent  the  input  impedances  of  the 
terminated  network  measured  at  the  ends  terminated  in  Ri  and  Rt , 
respectively,  as  indicated  in  Fig.  4.  Then  A*  and  B'  can  be  defined  by 
the  equations" 

Ri  —  Zi  _  A'  pB'  Ri  —  Zi  _  —A'  -1-  pB'  r.  .v 

«i-|-Zi  A  +  pB  «,  +  Z,  A  +  pB  ^  ^ 

**  In  special  cases,  it  may  be  possible  to  cancel  out  common  factors  from 
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The  square  of  the  magnitude  of  (±  A'  +  pB')  is  (A'*  —  which 

in  turn  satishes  the  equation 


A'*  -  p*B'* 


4/2i  Rt  pi 

(«!  +  «,)*  ^ 


corresponding  to  (12).  Hence  (14)  requires 


Ri  —  Zi 

t 

Rt  —  Zt 

Ri  +  Zi 

Rt-\-  Zt 

4/2i  Rt  — 

(«,  +  ft)* 


(15) 


(16) 


This  expression  can  be  checked  by  examining  the  relation  between  the 
input  power  and  input  impedance  and  recalling  that  input  and  output 
powers  are  identical  in  the  case  of  a  reactance  network. 


Fig.  4.  Input  impedances  Z|  and  Zt 


The  possibility  of  roots  of  (A'  +  pB')  with  positive  real  parts  is  due  to 
the  fact  that  they  are  the  roots  of  the  non-phjrsical  impedance  (Ri  —  Zi). 
The  simple  relation  between  the  two  reflection  coefficients  indi¬ 
cated  in  (14)  can  be  checked  by  simple  circuit  analysis.  The  following 
important  relation  between  the  A’b  and  B’b  represents  a  combination  of 
(12)  and  (15): 

A-  -  r’B”  =A<-p’B‘-  f  (17) 

Computation  of  the  Open-  and  Short-Circuit  Impedances  from  the  A% 
B*8  and  P 

In  terms  of  the  il’s,  B’b  and  P  the  desired  open-  and  short-circuit 
impedances  are  determined  by  the  following  formulae: 


one  or  both  of  the  equations  for  the  reflection  coefficients  as  in  the  case  of  the 
voltage  ratio  (9).  If  the  denominators  are  not  (A  pB),  however,  the  nu¬ 
merators  lose  their  direct  application  to  the  computation  of  the  open-  and  short- 
circuit  impedances. 
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Zoi  =  Ri 


Zn  =  Ri 


A-  A' 
p{B  +  B1 

A  +  A' 
piB  +  BO 


—  2BiBt  P 
(Ri  +  Ri)  P(B  -I-  BO 


^  _r>p(B-  BO 
A  +A' 

(18) 

7  (Bi  +  Ri)  p{B  —  50 

- 2 - p - 


In  these  formulae  Zn  ,Zai.,Zn,Zst  are  the  familiar  open-  and  short-circuit 
driving-point  impedances  of  the  reactance  network  as  measured  at  the 
terminals  next  to  terminations  Ri  and  Bj ,  respectively.  Zou  and  Z«u 
are  the  less  familiar  open-  and  short-circuit  transfer  impedances  defined 
in  Fig.  5.**  That  the  imjiedances  determined  by  (18)  correspond  to  the 
original  power  ratio  and  to  the  related  voltage  ratio  and  reflection 
coefficients  of  (9)  and  (14)  can  be  checked  by  means  of  simple  circuit 
analysis.*® 


Fig.  6.  Open-  and  short-circuit  transfer  impedances  Zoit  and  Zsti 


I^ysical  Realizability  of  the  Impedances  Determined  by  (18) 

The  necessary  and  sufficient  conditions  for  the  realizability  of  a  set  of 
open-  and  short-circuit  impedances  with  a  physical  reactance  4-pole 
can  be  stated  as  follows:  First,  the  four  driving-point  impedances 
Zoi ,  Zm ,  Zn ,  Zax  must  be  separately  realizable  as  the  impedances  of 
reactance  2-poles.  Second,  the  two  transfer  imf)edances  Zom  ,  Znt 
mustbe'odd  rational  functions  of  p  with  real  coefficients  even  though  they 
need  not  be  realizable  as  2-tenninal  impedances.  Finally,  the  various 

'*  In  terms  of  more  conventional  notation,  these  impedances  would  be  referred 
to  as  the  transfer  impedance  and  the  reciprocal  of  the  transfer  admittance.  The 
more  specific  description  is  called  for  in  the  design  of  tandem  section  networks 
such  as  those  to  be  described  in  Part  II,  which  sometimes  involves  the  use  of 
short-circuit  impedances  or  open-circuit  admittances. 

**  The  demonstration  may  also  require  the  use  of  equation  (17)  relating  the 
A'b  and  fi’s  if  certain  possible' expressions  for  the  voltage  ratio  and  reflection 
coefficients  in  terms  of  the  impedances  are  chosen  as  a  starting  point. 
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impedances  must  be  inter-related  by  the  following  identities: 

ZoiZm  ~  Zou  =  ZoiZst  =  ZatZn  “  ~ZoaZ8a 


(19) 


The  above  conditions  differ  from  the  more  familiar  necessary  and 
sufficient  conditions  introduced  by  Cauer  (5)  in  that  the  requirement  of 
2-pole  realizability  is  imposed  explicitly  on  all  four  driving-point  imped¬ 
ances,  instead  of  on  only  two,  while  Cauer’s  requirement  on  the  residues 
of  a  transfer  impedance  is  abandoned.  It  turns  out  that  the  require¬ 
ment  of  four  physical  2-pole  impedances,  together  with  (19),  is  sufficient 
to  insure  the  satisfaction  of  Cauer’s  residue  requirement.  This  can  be 
demonstrated  by  analyzing  the  behavior  of  (19)  in  the  neighborhood  of 
a  pole  of  Zou  • 

An  inspection  of  (18)  shows  that  the  expressions  for  the  driving-point 
and  transfer  impedances  are  all  odd  rational  functions  of  p  with  real 
coefficients.  The  required  identities  (19)  are  readily  shown  to  be 
satisfied  by  merely  replacing  the  impedances  by  the  corresponding 
expressions  of  (18)  and  then  making  iise  of  (17).  To  prove  the  complete 
realizability  of  the  imp>edance8  it  therefore  remains  only  to  show  that  the 
four  driving-point  impedances  are  not  only  odd  rational  functions  of  p 
with  real  coefficients  but  are  actually  realizable  as  the  impedances  of 
separate  reactance  2-poles. 

The  independent  realizability  of  the  four  driving-point  impedances 
can  be  demonstrated  with  the  help  of  the  following  theorem.  If  A,  and 
B,  are  even  polynomials  in  p  with  real  coefficients  such  that  (A,  +  pB,) 

has  no  roots  with  positive  real  parts,  then  is  realizable  as  the  imped- 

A-m 

ance  of  a  physical  reactance  2-pole.  The  truth  of  this  theorem  is 
indicated  by  the  argument  outlined  below  in  terms  of  the  theory  of 
positive  real  functions,  or  impedances  of  general  2-poles,  as  developed  by 
Brune  (8). 

A. 


'  In  the  first  place,  the  combination 


must  be  a  positive  real 


A,  +  pB. 

function  because  of  the  fact  that  its  poles  lie  in  the  left  half  of  the  p 

A* 

plane  while  its  resistance  part,  non-negative  on  the  real 


frequency  axis.** 


aI-p'bV 

Hence  the  reciprocal,  ^ 


1  + 


is  a  positive  real 

A,/ 


**  The  polynomial  Am  +  pB,  is  permitted  to  have  roots  on  the  real  frequency 
axis  as  well  as  in  the  left  half  of  the  p  plane  but  these  are  always  roots  of  A. 

A, 

Am  +  pB, 


and  pB,  and  produce  no  pole  of 
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function.  This  requires,^*  to  be  a  positive  re^  function,  since  sub¬ 
tracting  a  real  constant  from  a  positive  real  function  leaves  a  positive 
real  function  provided  the  real  part  is  still  mon-negative  on  the  real 

frequency  axis.  Finally,  the  fact  that  the  positive  real  function 

is  odd  requires  it  to  be  realizable  as  the  impedance  of  a  2-pole  of  the 
reactance  type.  •  ^ 

Dividing  the  four  driving-point  impedances  of  (18)  by  Ri  or  Rt  and 
then  replacing  the  open-circuit  functions  by  their  reciprocals  jdelds  the 

'  ’  'oi.B  i 

four  functions  corresponding  to  different  choices  of  the  signs  in  ^  ^,y 

Thus  the  four  driving-point  impedances  will  be  realizable  with  separate 

reactance  2-pole8  provided  [(i4  zfc  ^4')  -f  ±  B')\  has  no  roots  with 

positive  real  parts.  That  this  condition  is  satisfied  can  be  demonstrated 

...  ((A  ±  ^0  -I-  p{B  ±  B')l  ,  K  If  *• 

by  showing  - -  .  -  - - -  to  be  a  positive  real  function. 

A  pB  ■ 

The  positive  realness  of  this  new  function  is  proved  by  the  following 
conditions:  First,  the  poles  all  lie  in  the  left  half  plane,  since  (.4  -f-  pB) 
has  no  roots  with  positive  real  parts;  second,  the  real  part  is  non-negative 
at  real  frequencies,  as  can  be  shown  by  recalling  that  the  41 's  and  fi’s 
are  real  at  real  frequencies,  by  evaluating  the  real  part  of  the  function 
on  this  basis,  and  by  then  using  equation  (17)  relating  the  .4’s  and  B’s.” 


Multiplicity  of  Solutions  ■  i 

As  was  indicated  previously,  a  multiplicity  of  solutions  for  the 
impedances  can  be  obtained  in  a  variety  of  ways.  In  the  first  place, 
squares  of  identical  factors  can  always  be  associated  with  the  poly- 

N 

nomials  N  and  P*,  in  the  power  ratio  These  factors  cancel  out  in 

the  final  impedance  formulae  only  if  they  are  constants  or  if  all  their 

roots  occur  at  real  frequencies.  In  addition,  the  dependence  of  A,  B, 

A\  and  B'  upon  JV  and  P  leaves  the  sign  of  {A  +  pB)  arbitrary  and 

normally  permits  a  number  of  solutions  for  A'  and  B'. 

The  choice  of  N  and  P  determines  the  coinplex  insertion  voltage  ratio 

A  “dB  ' 

— p  ■  -  except  as  to  sign,  while  the  voltage  ratio  in  turn  determines 

the  complexity  of  corresponding  networks,  which  is  normally  the  same 

■  ■  * 

**  Roots  of  {A  +  pB)  on  the  real  frequency  axis  turn  out  to  be  roots  of  A, 

.  J(A±A')+.p(B±B')\ 

pB,  A  ,  and  pB  and  produce  no  poles  of - - - - - . 

A  -i;  pB 


278 


8.  DARLINGTON 


for  all  choices  of  A*  and  B'  permitted  by  and  P.**  Making  the  degree 
of  iV  as  low  as  is  permitted  by  the  prescribed  insertion  loss  naturally 
makes  the  degree  of  the  voltage  ratio  as  low  as  possible  and  leads  to  the 
simplest  networks.  When  the  squares  of  identical  factors  with  roots  at 
complex  frequencies  are  combined  with  iST  and  P*,  more  complicated 
networks  producing  a  modified  voltage  ratio  are  obtained.  Some  of 
these  networks  correspond  to  the  addition  of  familiar  all-pass  phase- 
shifting  sections  to  the  networks  of  minimum  complexity.  An  additional 
multiplicity  of  networks  is  normally  possible,  however,  corresiionding  to 
impedances  which  cannot  be  realized  in  this  way. 

The  analysis  outlined  above  indicates  the  existence  of  a  number  of 
ph3r8ical  solutions  for  the  impedances,  all  assuming  a  particular  form. 
On  the  other  hand,  it  does  not  show  that  there  may  not  be  other  solutions 
of  quite  different  forms.  A  more  complicated  analysis,  however,  shows 
that  there  can  be  no  such  alternative  solutions.  In  other  words,  it  can 
be  demonstrated  that  the  proper  choice  of  A  and  P  and  of  the  corre¬ 
sponding  A’a  and  P's  permits  the  determination  of  any  set  of  imp>edance.s 
realizable  with  a  reactance  network  corresponding  to  the  prescribed 
insertion  loss  function.  This  will  not  be  demonstrated  here,  for  the 
object  is  merely  to  show  that  at  least  some  physical  sets  of  impedances 
can  be  obtained. 

Practical  Design  Procedure 

For  practical  purposes  it  is  usually  desirable  to  restrict  the  insertion 
power  ratio  somewhat  further  than  is  necessary  merely  to  insure 
physical  realizability.  Suppose  that  identical  factors  other  than 
constants  or  the  simple  factor  p*  must  be  combined  with  numerator  and 
denominator  of  the  simplest  expression  for  e*“  in  order  to  obtain  the 
N 

form  .  It  turns  out  that  the  corresponding  network  complexity  will 

then  be  the  same  as  though  these  added  factors  were  not  identical.** 
On  the  other  hand,  requiring  the  factors  to  be  identical  usually  leads  to 
less  desirable  loss  characteristics  than  could  be  obtained  by  making 

**  In  very  special  cases,  special  choices  of  A'  and  B'  may  lead  to  networks  of 
complexities  which  are  less  than  normal  for  the  degree  of  the  voltage  ratio. 

**  The  reason  for  this  is  as  follows:  If  A  is  the  determinant  of  the  complete 
network  formed  by  the  reactance  4-pole  together  with  its  terminations,  the 

Ul* 

insertion  power  ratio  is  proportional  to  - -  ,  in  which  the  cofactor  An  is  inde- 

lAiil* 

pendent  of  the  terminations  and  therefore  is  an  odd  or  even  polynomial  in  p. 
Thus  the  denominator  of  the  simplest  rational  fraction  expression  for  e**  is  the 
square  of  an  even  or  odd  polynomial  in  the  frequency  except  when  the  element 
values  are  such  that  A  and  An  have  roots  in  common. 
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them  different.  Thus  it  is  generally  desirable  to  require  to  be  so 
chosen  that  no  identical  factors  other  than  constants  or  the  simple  factor 
p*  need  be  combined  with  the  simplest  corresponding  rational  fraction 
N 

in  forming  ^ .  This  merely  requires  all  the  poles  of  to  occur  in 
identical  pairs. 

After  the  power  ratio  has  been  chosen  the  corresponding  open-  and 
shortrKurcuit  impedances  can  be  computed  in  a  straightforward  manner 
by  means  of  the  formulae  described  above.  Corresponding  networks  of 
the  canonical  type  devised  by  Cauer  (5)  can  then  readily  be  designed  from 
the  partial  fraction  expansions  of  various  of  these  impedances  or  of  the 
corresponding  admittances.  More  frequently,  however,  it  is  preferable 
to  use  equivalent  tandem  section  networks,  which  can  be  designed  by 
methods  to  be  described  in  the  next  section. 

In  the  determination  of  the  impedances  considerable  labor  may  be 
encountered  in  the  extraction  of  the  roots  of  the  polynomials  iV  and 

(N  “  »  which  are  needed  in  the  formation  of  the  i)oly- 

(/ti  -h  /tj)*  / 

nomials  {A  -)-  pB)  and  {A'  -f-  pB’)  in  accordance  with  (8)  and  (13), 
The  required  root  extraction  can  now  be  expedited,  however,  by  the  use 
of  machines  which  have  recently  been  constructed  for  the  determination 
of  the  roots  of  any  polynomials  of  reasonable  degree.^*  In  the  design  of 
networks  specifically  for  filtering  purposes,  moreover,  the  special  poly¬ 
nomials  encountered  are  usually  such  that  the  greater  part  of  the  root 
extraction  labor  can  be  avoided  by  the  use  of  special  methods  to  be 
described  in  Part  III. 

The  theory  described  above  assumes  non-dissipative  reactance  net¬ 
works.  The  distortion  due  to  the  parasitic  dissipation  which  must  be 
present  in  actual  networks  can  be  readily  estimated  as  soon  as  the 
complex  voltage  ratio  is  determined  provided  the  dissipation  is  uni¬ 
formly  distributed.  This  can  be  accomplished  by  making  use  of  the 
theory  of  uniformly  dissipative  networks  as  developed  by  Mayer  (10)  and 
Bode,  which  shows  how  the  effects  of  unifonn  dissipation  can  be  esti¬ 
mated  from  the  derivative  of  the  insertion  phase.**  Ways  of  avoiding 
distortion  due  to  dissipation  will  be  described  in  Part  IV,  which  will  be 
devoted  to  methods  of  designing  certain  types  of  dissipative  networks 
producing  prescribed  insertion  loss  characteristics. 

**  See,  for  instance,  the  description  of  Fry’s  isograph  recently  published  by 
Dietsold  (9).  , 

**  Bode  developed  a  theory  similar  to  Mayer’s  independently  but  published 
only  a  brief  reference  to  it.  This  reference  is  in  the  paper  "Ideal  Wave  Filters” 
(11)  which  he  published  in  collaboration  with  Dietsold. 
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One  Open-  or  Short-Circuit  Termination 

Reactance  networks  terminated  at  one  end  in  open-  or  short-circuits 
can  be  considered  as  limiting  cases  of  the  previous  networks  in  which 
Ri  or  Rt  approaches  zero  or  infinity.  They  are  of  interest  for  two 
principal  reasons.  For  one  thing,  it  is  sometimes  advantageous  to 
approximate  actual  open-circuit  terminations  by  means  of  vacuum 
tubes.  In  addition,  when  groups  of  filters  are  to  be  combined  in  series 
or  in  parallel  at  one  end,  it  is  sometimes  best  to  design  the  separate 
filters  as  though  they  were  to  be  terminated  in  open-  or  short-circuits  at 
their  common  terminals.*^ 

Although  the  general  methods  described  above  can  still  be  used, 
difficulties  with  the  specific  impedance  formulae  are  experienced  when  one 
termination  approaches  zero  or  infinity.  It  turns  out  that  all  but  one 
of  the  possible  solutions  for  the  pol3momials  A'  and  B'  permitted  by  (13) 
lead  to  element  values  which  approach  zero  or  infinity  with  the  termina¬ 
tion.  Even  with  the  one  permissible  choice  most  of  the  open-  and  short- 
circuit  impedance  formulae  become  indeterminate.” 

More  careful  analysis  yields  the  following  special  relations.”  If 
termination  Rt  is  infinite 

Zoi==Ri^  Zo«=-Rt4  (20) 

pB  pB 

Rn  —  R\i  ** 

in  which  Rn  is  the  resistance  measured  at  the  open-circuited  end  of  the 
terminated  network.  If  termination  Rt  is  zero 

(21) 

Cn-lr- 

This  is  the  method  introduced  by  Norton  (7)  for  the  design  of  constant- 
resistance  groups  of  filter.  It  can  also  be  used  to  design  more  efficient  filter 
groups  producing  approximately  constant  resistances  or  conductances  at  their 
common  terminals  at  pass  band  frequencies,  the  susceptances  or  reactances  being 
later  corrected  by  the  addition  of  reactance  2-poles. 

**  Some  such  indeterminacy  is  necessary,  since  any  arbitrary  impedance  can 
lie  connected  in  parallel  with  a  short-circuit  termination  or  in  series  with  an 
open-circuit  termination  without  affecting  the  operation  of  the  circuit. 

**  The  formulae  for  Zoi ,  Zsi ,  Rxt ,  On  are  exhibited  by  Norton  (7)  as  a  part 
of  his  theory  of  constant  resistance  groups  of  filters. 


SYNTHESIS  OF  REACTANCE  4-POLES  281 

in  which  Gn  is  the  conductance  measured  at  the  short-circuited  end  of 
the  terminated  network.  Zou  ,  Zan  are  the  open-  and  short-circuit 
transfer  impedances  while  Zoi ,  Zn  are  the  open-  and  short-circuit 
driving-point  impedances  corresponding  to  the  end  of  the  network  termi¬ 
nated  in  the  finite  resistance  Ri .  The  polynomials  A,  B  and  P  are 
determined  from  the  pwwer  ratio  exactly  as  though  termination  Rt 
were  finite.  i.  !  ' 

If  minimum  complexities  are  assumed,  networks  can  be  designed  with 
no  additional  impedance  data.  This  can  be  shown  by  ananalysis  of  the 
relations  between  the  open-  and  short-circuit  impedances  of  physical 
reactance  4-poles.  It  will  also  be  clarified  by  the  ladder  network  theory 
which  will  be  considered  in  the  next  section. 


Part  II.  Realization  op  Open-  and  Short-Circuit  Impedances 
WITH  Physical  Configurations 


Methods  have  been  developed  for  designing  reactance  4-poles  of  a 
variety  of  different  configurations  producing  prescribed  open-  and  short- 
circuit  impedances,  such  as  impedances  determined  from  insertion  loss 
functions  by  the  method  described  in  Part  I.  Some  of  these  configura¬ 
tions  are  said  to  be  canonical  in  that  they  can  be  designed  to  have  any 
.set  of  impedances  realizable  with  physical  reactance  networks.  Others 
are  less  general  but  can  frequently  be  used  more  advantageously  or  else 
amount  to  special  cases  of  the  general  configurations  for  which  simpler 
design  methods  have  been  developed. 


I  I 


aAc,dsRCACTANCC  Z-eOLCS 

I 


Fig.  6.  Csuer’s  canonical  reactance  4- poles 


Cauer’s  Canonical  Configurations 

The  simplest  general  design  theory  applies  to  the  design  of  the  two 
canonical  reactance  4-pole8  introduced  by  Cauer  (5).  These  have  the 
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configurations  indicated  in  Fig.  6.  They  are  designed  in  terms  of  par¬ 
tial  fraction  expansions  of  the  three  open-circuit  impedances  or  short- 
circuit  admittances  by  noting  certain  relations  between  partial  fractions 
of  the  different  expansions  and  the  correspondence  of  these  pilrtial 
fractions  to  the  various  network  branches.  Since  Cauer  has  described 
these  networks  very  completely,  it  will  not  be  necessary  to  describe 
them  in  more  detail  here. 

A  Canonical  Tandem  Section  Configuration 
Cauer’s  canonical  configurations  are  of  particular  interest  only  in  theo¬ 
retical  studies  of  the  properties  of  reactance  4-poles.  When  it  comes 
to  actual  construction  it  is  almost  always  preferable  to  use  equivalent 
circuits  consisting  of  simple  networks  or  sections  connected  in  the  tan¬ 
dem  manner  indicated  in  Fig.  7.*°  In  the  case  of  selective  networks  or 
filters  the  use  of  tandem  sections  is  usually  a  practical  necessity.  In 
the  first  place,  the  use  of  tandem  sections  permits  reasonable  approxima¬ 
tions  to  theoretical  transmission  characteristics  to  be  obtained  with 
much  less  precise  adjustment  of  the  elements  to  their  theoretical  values. 


Fig.  7.  Tandem  4-pole8 


In  addition,  the  filters  most  commonly  encountered  can  be  built  in  tan¬ 
dem  section  form  without  the  use  of  the  mutual  inductances  required 
in  equivalent  networks  of  Cauer’s  canonical  configurations.** 

For  many  purposes  the  ladder  network  is  the  most  useful  form  of 
tandem  section  combination.  Even  under  its  most  general  definition 
as  any  sequence  of  alternate  series  and  shunt  2-terminal  impedances, 
however,  the  laddeo  configuration  cannot  be  used  to  realize  all  open- 
and  short-circuit  imjiedances  realizable  with  more  general  reactance 
4-pole8.  On  the  other  hand,  it  can  be  shown  that  a  slight  modification 

**  By  section  is  not  necessarily  meant  a  filter  section  with  the  properties  of 
those  of  the  image  parameter  theory  but  merely  the  constituent  parts  of  a  com¬ 
bination  of  4-poIe8  when  these  are  to  be  connected  in  tandem. 

The  requirement  of  mutual  inductances  adds  substantially  to  the  diffi¬ 
culty  of  building  a  network.  If  perfect  coupling  between  coils  is  called  for,  it 
can  be  only  approximated.  If  less  than  perfect  coupling  is  required,  it  is  difficult 
to  obtain  simultaneous  adjustments  of  the  self  and  mutual  inductances. 
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or  generalization  of  the  ladder  configuration  can  always  be  realized  and 
hence  can  be  referred  to  as  a  canonical  reactance  4-pole.  This  configu¬ 
ration  is  defined  as  any  tandem  combination  of  sections  included  in  the 
four  types  A,  B,  C,  D  indicated  in  Fig.  8,  plus  possibly  an  ideal  trans¬ 
former  in  tandem  at  one  end  of  the  network.** 

In  many  cases  sections  of  all  four  t}rpes  are  not  required  in  the 
canonical  network  described  above  and  frequently  the  ideal  transformer 
does  not  appear.  It  also  turns  out  that  series  inductances  can  often 
be  included  in  the  series  branches,  or  networks  of  type  A,  in  such  a  way 
that  the  inductive  coupling  in  sections  of  types  C  and  D  can  be  less  than 
perfect  or  can  even  be  completely  replaced  by  separate  self-inductances 
in  the  shunt  branches  of  these  sections.  In  most  filters,  for  instance, 


type  c  type  d 

Z  —  a  general  reactance  2-pole.  Types  C  and  D  may  be  dissy metrical. 
Fig.  8.  Types  of  tandem  sections  yielding  a  canonical  reactance  4-pole 

neither  sections  of  type  D  nor  the  ideal  transformer  appear,  while  the 
inductive  coupling  in  sections  of  type  C  can  almost  always  be  eliminated. 

General  Theory  of  the  Tandem  Section  Configuration 
The  input  impedance  of  a  reactance  4-pole  terminated  at  one  end  in  a 
constant  resistance  can  readily  be  determined  from  the  open-  and  short- 
circuit  impedances.  Conversely,  it  can  be  shown  that  the  open-  and 
shortr-circuit  impedances  can  normally  be  determined  from  the  imped¬ 
ance  function  corresponding  to  a  prescribed  terminating  resistance, 

**  Other  canonical  networks  of  similar  tandem  sections  can  be  obtained  by 
modifying  somewhat  sections  of  types  C  and  D  in  accordance  with  the  principles 
of  inverse  networks  and  frequency  transformations.  It  will  be  sufScient  to  con¬ 
sider  here,  however,  only  the  particular  type  of  tandem  combination  described 
above. 


284 


8.  DARLINGTON 


except  for  an  obvious  ambiguity  as  to  the  signs  of  the  transfer  imped¬ 
ances  corresponding  to  the  possibility  of  interchanging  the  input  or 
output  terminals.  The  only  exceptions  to  the  rule  correspond  to  values 
of  the  termination  leading  to  impedances  of  reduced  degree,  and  there 
can  be  only  a  finite  number  of  such  values  for  any  one  network.” 

In  accordance  with  the  above  principle,  one  way  to  obtain  prescribed 
open-  and  short-circuit  impedances  of  the  reactance  type  is  to  design  a 
resistance-terminated  reactance  4-ix)le,as  a  2-pole  producing  an  input 
impedance  computed  from  the  open-  and  short-circuit  impedances.  The 
addition  of  the  proper  ideal  transformer  to  the  terminated  end  of  the 
4-pole  will  yield  the  prescribed  open-  and  short-circuited  impedances 
provided  the  design  is  so  carried  out  that  the  degree  of  the  input  im- 
|)edancc  is  normal  for  the  prescribed  impedances  and  for  the  final  con¬ 
figuration.  The  added  ideal  transformer  is  generally  necessary  in  order 
to  obtain  the  terminating  resistance  assumed  in  computing  the  input 
impedance  from  the  required  open-  and  short-circuit  impedances. 

Brune  (8)  has  shown  how  any  prescribed  positive  real  function  can 
be  realized  as  the  input  impedance  of  a  tandem  combination  of  sections 
of  t3T)es  A,  B  and  C  provided  it  is  {x^rmissible  to  include  series  resist¬ 
ances  between  sections.  When  the  roots  of  the  resistance  part  of  the 
positive  real  function  occur  only  in  identical  pairs  and  are  all  real  or 
imaginary,  Brune’s  design  procedure  can  be  carried  out  in  such  a  way 
as  to  eliminate  all  the  resistances  except  that  forming  the  termination.” 
The  requirement  of  real  or  imaginary  roots  turns  out  to  be  unnecessary 
if  Brune’s  procedure  is  replaced  by  a  recent  modification  permitting 
sections  of  type  D  to  be  used.  The  configuration  obtained  can  be  shown 
to  be  such  that  impedance  functions  of  the  same  degree  as  the  prescribed 
function  would  be  obtained  with  general  values  of  the  terminating 
resistance,  i.e.,  the  prescribed  function  does  not  represent  a  special  case 

**  In  terms  of  the  determinant  A  of  the  reactance  4-poIe  and  various  of  its 
»  A  -h  AtAn 

cofactors,  the  input  impedance  is - — — - .  Except  in  special  cases  in  which 

Aiid-AjAnn 

the  cancellation  of  identical  factors  leads  to  reductions  in  the  degree  of  the 
impedance  function,  this  requires  (A  +  Rt^n)  and  (An  -|-  AiAim)  to  be  propor¬ 
tional  to  Kp*(Ai  -!-■  pBi)  and  Kp'^At  -J-  pBt),  respectively,  in  which  (Ai  -H  pBi) 
and  (At  -f-  pBt)  are  the  numerator  and  denoihinator  of  the  simplest  rational 
fraction  expression  for>the  impedance  function.  The  necessary  evenness  and 
oddness  of  the  determinants  permits  of  only  two  corresponding  solutions  for  the 
open-  and  short-circuit  impedances:  ‘  Bihhe  It  turns  out  that  passing  from  one 
solution  to  the  other  reverses  the  sign  of  A*,',’  only  one  solution  can  be  physical! 

**  The  resistance  part  of  the  function  is  defined  as  the  even  part  and  repre¬ 
sents  the  real  part  only  at  real  frequencies. 
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of  reduced  degree.”  Thus  a  tandem  section  equivalent  can  readily  be 
found  corresponding  to  any  reactance  4-pole  which  can  produce  an 
input  impedance  such  that  the  degree  is  normal  for  the  configuration 
and  such  that  all  the  roots  of  the  resistance  part  occur  in  identical  pairs. 
This  turns  out  to  be  a  property  of  all  ph}rsical  reactance  4-poles.** 

The  analysis  outlined  above  proves  the  canonical  nature  of  the  react¬ 
ance  4-pole  formed  by  adding  an  ideal  transformer  to  one  end  of  a 
tandem  combination  of  sections  of  types  A,  B,  C,  D.  It  can  also  be 
shown  that  the  two-terminal  impedance  formed  by  closing  one  pair  of 
terminals  through  a  resistance  termination  constitutes  a  canonical  gen¬ 
eral  2-pole.  It  was  indicated  above  that  this  type  of  2-pole  can  corre¬ 
spond  to  any  positive  real  function  provided  the  roots  of  the  resistance 
part  occur  only  in  identical  pairs.  The  restriction  on  the  positive  real 
function  turns  out  to  be  unnecessary,  however,  when  it  is  permissible 
to  use  special  values  of  the  terminating  resistance  leading  to  impedance 
functions  of  reduced  degree.**  Because  of  the  canonical  nature  of  the 
reactance  4-pole,  this  can  be  demonstrated  by  merely  showing  how  it  is 
possible  to  find  a  set  of  physical  open-  and  short-circuit  impedances  of 
the  reactance  type  leading  to  an  input  impedance  represented  by  any 
prescribed  j)ositive  real  function.  How  this  can  be  accomplished  is 
indicated  below. 

Suppose  that  a  reactance  network  is  to  be  so  designed  as  to  produce 
a  prescribed  input  impedance  at  one  end  when  terminated  at  the  far 
end  in  a  prescribed  resistance.  Because  of  the  identity  of  the  input  and 
received  powers,  the  insertion  loss  that  would  be  obtained  upon  termi¬ 
nating  the  input  end  in  a  second  resistance  can  readily  be  computed 
from  the  prescribed  impedance.**  The  general  theory  of  Part  I  can  then 
be  used  to  determine  the  corresponding  sets  of  physically  realizable 
open-  and  short-circuit  impedances.  It  is  easily  shown  that  one  of  these 


**  This  will  be  clarified  by  the  subsequent  description  of  the  more  detailed 
design  procedure. 

**  In  terms  of  the  determinant  A  of  a  reactance  network  and  various  of  its 
cofactors,  the  resistance  part  of  the  input  impedance  is  represented  by 

—  .  It  is  obvious  that  single  roots  of  the  denominator  can  coincide 
A,,  —  A|A,|yy 

with  any  of  the  double  roots  of  the  numerator  only  when  Rt  has  special  values. 

Because  the  impedance  function  must  generally  be  of  less  than  normal 
degree  for  the  configuration,  there  are  usually  equivalent  2-poles  representing 
substantially  more  efficient  use  of  the  elements.  In  spite  of  this  practical  dis¬ 
advantage,  a  knowledge  of  the  canonical  nature  of  this  particular  2-pole  is  useful 
in  general  network  theory  problems. 

*'  Specifically,  the  loss  can  be  computed  with  the  help  of  (16)  of  Part  I. 
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will  correspond  to  the  prescribed  impedance  provided  it  is  a  positive 
real  function. 

Design  Procedure 

Consider  now  the  actual  operations  involved  in  the  design  of  a  react¬ 
ance  4-pole  of  the  tandem  section  type  producing  prescribed  open-  and 
short-circuit  impedances.  As  indicated  above,  the  first  step  is  to  com¬ 
pute  the  input  impedance  of  either  end  of  the  network  corresponding  to 
an  arbitrary  far-end  termination  subject  only  to  the  requirement  that 
the  degree  of  the  impedance  function  must  be  normal  for  the  open-  and 
short-circuit  impedances.  A  section  of  type  A,  B,  C,  or  D  w  then 
designed  in  such  a  way  that  it  will  produce  the  required  input  impedance 
when  terminated  in  a  new  physical  impedance  of  lower  degree.  A 
second  section  is  next  designed  to  produce  the  required  terminating 
impedance  when  itself  terminated  in  a  new  impedance  of  further  reduced 
degree.  This  procedure  is  continued  until  the  required  terminating  im¬ 
pedance  is  reduced  to  a  constant  resistance.**  Finally,  the  required 
terminating  resistance  is  replaced  by  the  equivalent  combination  of  an 
ideal  transformer  terminated  in  a  resistance  identical  with  the  termina¬ 
tion  assumed  in  computing  the  original  input  impedance. 

Brune  shows  how  any  positive  real  function  with  a  pole  or  root  on  the 
axis  of  real  frequencies  can  be  realized  as  the  input  impedance  of  a 
section  of  type  A  or  B,  respectively,  terminated  in  an  imi)edance  of 
reduced  degree.  Brune  also  shows  how  any  positive  real  function  with 
no  roots  or  poles  on  the  real  frequency  axis  but  such  that  the  resistance 
part  has  a  pair  of  identical  real  or  imaginary  roots  can  be  realized  as  the 
input  impedance  of  a  section  of  type  C  terminated  in  a  physical  im¬ 
pedance  of  reduced  degree.  Finally,  if  the  roots  of  the  resistance  part 
of  the  input  impedance  all  occur  in  identical  pairs,  the  terminating 
impedance  required  in  each  case  turns  out  to  have  this  same  property." 
Hence,  to  complete  the  explanation  of  the  design  procedure  it  remains 
only  to  show  how  the  appearance  of  identical  complex  roots  of  the  re¬ 
sistance  part  permits  a  section  of  type  D  to  be  made  use  of  in  the  same 

**  The  exact  manner  in  which  the  degree  of  the  terminating  impedance  is 
reduced  at  each  stage  in  the  design  is  what  leads  to  a  final  configuration  for 
which  the  original  input  impedance  is  of  normal  degree. 

**  The  computation  of  the  terminating  impedance  from  the  input  impedance 
may  eliminate  a  pair  of  identical  roots  of  the  resistance  part  in  reducing  the 
degree  of  the  impedance  function  and  may  convert  one  or  more  pairs  of  identical 
real  roots  into  roots  or  poles  of  the  impedance  function  or  vice  versa.  Otherwise 
the  roots  of  the  resistance  part  remain  unchanged. 
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way  that  a  section  of  type  C  can  be  used  when  the  roots  are  real  or 
imaginary. 


Design  of  Sections  of  Type  D 

Suppose  that  a  prescribed  section  of  type  D  produces  a  prescribed 
input  impedance  Z  when  terminated  in  impedance  Zi, .  If  A  is  used  to 
represent  the  determinant  of  the  section  of  type  D  and  if  the  input 
and  output  meshes  are  numbered  1  and  2,  respectively,  Zi,  is  related 
to  Z  by 


A  —  ZAu  _  AiiZ 

ZAim  —  An  An  (An  —  ZAim) 


(22) 


in  which  Zn  represents  the  short-circuit  impedance  of  the  section  of 
type  D  at  the  terminated  end.  If  it  is  assumed  that  Z  is  a  positive 
real  function  such  that  its  resistance  part  has  a  pair  of  identical  complex 
roots,  it  can  be  shown  that  the  following  condition  always  determines 
a  physical  section  of  type  D  which  leads  to  a  physical  Zi,  of  lower 
degree  than  Z :  The  functions  A^  and  (An  —  ZAun)  are  required  to  have 
coincident  pairs  of  identical  complex  roots  which  are  also  coincident 
with  a  pair  of  identical  complex  roots  of  the  resistance  part  of  Z. 

It  is  easily  shown  that  the  above  coincidence  of  roots  of  Au  and 
(An  —  ZAiin)  leads  to  the  elimination  of  all  roots  of  the  impedance 
(Zi,  +  Zn)  which  are  not  also  roots  of  Z,  which  excludes  the  possibility 
of  roots  in  the  right  half  of  the  p  plane.  If  it  is  also  assumed  that  the 
section  of  type  D  is  physical,  simple  additional  anal}rsis  shows  that 
(Zl  +  Zn)  must  actually  be  a  positive  real  function.  This  proves  the 
positive  realness  of  Zl  itself  except  that  it  does  not  exclude  real- 
frequency  poles  with  negative  residues  covered  up  in  (Zt  -|-  Zn)  by  the 
positive  residues  of  coincident  poles  of  Za .  Finally,  it  can  be  shown 
that  any  coincident  poles  of  the  two  impedances  can  be  separated,  with¬ 
out  changing  the  corresponding  residues  of  Zl,  by  adding  Lp  to  the 
original  input  impedance  Z.  The  reduced  degree  of  Z^  can  be  demon¬ 
strated  by  showing  that  the  above  conditions  lead  to  eight  coincidences 

of  roots  and  poles  of  the  expression  ^ ^  of  (22). 

ZAiut  —  An 

To  show  that  the  condition  on  the  roots  of  Au  and  (An  —  ZAim) 
actually  leads  to  a  physical  section  of  type  D,  definite  formulae  for  the 
element  values  are  first  derived  from  this  condition  without  considering 
the  question  of  physical  realizability.  The  input  impedance  Z  appears 
in  these  formulae  only  through  the  appearance  of  the  values  assumed 
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by  Z  and  its  derivative  at  double  roots  of  its  resistance  part.  This 
permits  Z  to  be  replaced  in  the  formulae  by  the  open-circuit  impedance 
of  a  physical  reactance  4-pole  which  produces  the  input  ilhpedance  Z 
when  terminated  in  the  proper  constant  resistance.*'  It  can  then  be 
shown  that  the  corresponding  capacities  and  self  inductances  of  the 
section  of  type  D  will  be  finite  real  and  positive. 

Conditions  Necessary  for  Ladder  Networks 

When  all  the  frequencies  of  infinite  loss  are  real  or  imaginary,  sections 
of  type  D  do  not  have  to  be  included  in  the  canonical  tandem  section 
configuration.**  This  is  because  the  frequencies  of  infinite  loss  of  the 
complete  network  are  the  corresponding  critical  frequencies  of  the  sepa¬ 
rate  sections,  while  sections  of  type  D  are  required  only  to  realize 
complex  frequencies  of  infinite  loss.  When  sections  of  type  D  are  absent 
the  network  can  be  considered  as  a  general  ladder  of  reactances,  which 
may  be  defined  as  any  combination  of  alternate  series  and  shunt 
branches  consisting  of  reactance  2-poles.  While  the  coupling  between 
the  series  inductances  in  sections  of  type  C  renders  them  somewhat 
more  complicated  than  alternate  series  and  shunt  2-poles  the  coupling 
can  be  thought  of  as  merely  a  device  for  realizing  negative  inductances 
appearing  in  the  equivalent  T  networks.** 

The  Mid-Series  Low-Pass  Ladder  Configuration 

Of  the  large  variety  of  actual  configurations  possible  in  ladders  of  the 
type  described  above,  only  a  few  are  commonly  made  use  of.  An 
extensive  special  design  theory  has  been  developed  for  these  particular 
configurations  in  order  to  permit  the  element  values  to  be  determined 

**  As  was  indicated  previously,  the  theory  of  Part  I  can  be  used  to  demonstrate 
that  any  positive  real  function  can  be  realized  as  the  input  impedance  of  a  resist¬ 
ance-terminated  reactance  4-pole. 

**  By  the  frequencies  of  infinite  loss  of  a  network  is  meant  the  frequencies  of 
infinite  loss  obtained  with  general  fiinite  resistance  terminations  excluding  any 
specific  terminations  which  bring  roots  and  poles  of  the  general  expression  for 
the  insertion  voltage  ratio  into  coincidence.  Each  frequency  of  infinite  loss  is 
included  in  one  or  more  of  the  following  groups  of  critical  frequencies:  roots  of 
the  open-circuit  transfer  impedance,  poles  of  the  short-circuit  transfer  im¬ 
pedance,  coincident  roots  or  poles  of  open-  and  short-circuit  driving-point 
impedances  of  the  same  end  of  the  network,  and  zeros  of  the  resistance  part  of 
an  input  impedance  obtained  with  a  resistance  termination. 

**  In  many  cases  the  negative  inductance  can  be  eliminated  without  the  intro¬ 
duction  of  the  coupling  but  the  conditions  under  which  this  can  be  done  are 
not  subject  to  simple  statement. 
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without  the  labor  involved  in  using  the  general  theory  of  tandem  sec¬ 
tions  described  previously.  The  special  design  theory  is  best  developed 
first  for  the  specific  type  of  ladder  indicated  in  Fig.  9,  which  may  be 
referred  to  as  the  mid-series  low-pass  configuration  even  though  it  is 
not  necessarily  a  mid-series  type  low-pass  filter  of  the  image  parameter 
theory.^  The  other  configurations  commonly  encountered  can  be  de¬ 
signed  by  means  of  simple  modifications  of  the  theory  of  this  special  case. 

The  earliest  special  formulae  for  computing  the  element  values  of 
ladders  of  the  nud-series  low-pass  configuration  indicated  in  Fig.  9  were 
developed  by  Norton  (7)  as  a  part  of  his  theory  of  constant  resistance 
pairs  of  filters.  Although  Norton’s  formulae  represented  an  important 
step  in  the  development  of  the  theory  of  mid-series  low-pass  ladders,  it 
has  been  found  that  the  computations  which  they  call  for  in  numerical 
problems  are  undesirably  complicated  and  must  usually  be  carried  to 
an  abnormally  high  precision. 


i - J - 1 


Fig.  9.  The  mid-seriea  low-pass  ladder  configuration 

As  a  result  an  extensive  further  analysis  of  the  design  problem  has 
been  carried  out  leading  to  the  derivation  of  a  new  set  of  formulae. 
These  new  formulae  are  relatively  satisfactory  for  numerical  computa¬ 
tions  and  are  also  useful  in  a  variety  of  theoretical  investigations,  such 
as  the  determination  of  what  impedances  can  be  realized  with  mid-series 
low-pass  ladders.  In  addition,  the  derivation  of  the  formulae  involves 
the  development  of  an  alternative  set  which  are  expressed  very  com¬ 
pactly  in  terms  of  determinants  and  which  are  useful  in  certain  theo¬ 
retical  investigations  even  though  they  have  the  same  disadvantages  as 
Norton’s  when  applied  to  ordinary  numerical  problems. 

Assumptions  and  Conditions  Leading  to  Design  Formulae 

The  development  of  the  design  formulae  for  ladders  of  the  mid-series 
low-pass  configuration  is  simplified  if  certain  simple  assumptions  are 
adopted  temporarily.  The  procedure  to  be  followed  when  the  assump¬ 
tions  are  not  satisfied  can  best  be  investigated  after  the  formulae  have 

**  This  type  of  ladder  is  obviously  equivalent  to  sections  of  type  C  generally 
combined  with  one  or  more  sections  of  type  A  consisting  of  simple  series  in¬ 
ductances. 
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been  derived.  In  the  first  place,  it  is  simplest  to  start  by  assuming  a 
set  of  open-  and  short-circuit  impedances  to  have  been  specified  which 
are  known  in  advance  to  be  appropriate  for  the  configuration,  leaving 
until  later  the  question  of  what  impedances  have  this  property.  It  is 
also  best  to  assume  further  that  the  impedances  are  such  that  the  multi¬ 
plicity  of  solutions  for  the  elements  which  are  normally  encountered  are 
all  possible,  even  though  special  sets  of  impedances  can  be  found  which 
require  certain  of  the  solutions  to  be  excluded.  Certain  difficulties  are 
also  avoided  by  the  temporary  assumption  that  all  the  frequencies  of 
infinite  loss  are  different  and  that  all  the  open-  and  short-circuit  im¬ 
pedances  are  of  normal  degree  for  the  configuration  even  though  some 
may  be  of  reduced  degree  in  special  cases. 

The  following  relations,  which  can  be  shown  to  apply  to  any  ladder 
of  the  mid-series  low-pass  configuration  consistent  with  the  above 
assumptions,  form  the  basis  of  all  known  formulae  for  the  element 
values."  First,  the  resonances  of  the  shunt  branches  are  identical  with 
the  frequencies  of  infinite  loss  except  for  a  single  infinite  loss  point  at 
infinity."  Second,  the  value  assumed  by  any  of  the  open-  and  short- 
circuit  driving-point  impedances  at  a  shunt  branch  resonance  is  inde¬ 
pendent  of  the  elements  separated  from  its  terminals  by  the  shunt 
branch,  which  acts  as  a  short-circuit  across  the  ladder.  Finally,  under 
the  assumption  of  impedances  of  normal  degree  for  the  configuration 
the  derivatives  of  the  driving-point  impedance  functions  with  respect 
to  the  frequency  have  this  same  property. 

It  turns  out  that  the  relations  stated  above  are  sufficient  to  determine 
all  element  values  from  one  open-circuit  or  short-circuit  driving-point 
impedance  together  with  the  frequencies  of  infinite  loss,  except  for  the 
far  end  inductance  in  the  case  of  an  open-circuit  impedance."  The 

**  These  relations  were  introduced  by  Norton  as  the  basis  of  his  design 
equations. 

**  Under  the  present  assumptions,  the  finite  frequencies  of  infinite  loss  are  the 
roots  of  the  open-circuit  transfer  impedance  and  also  the  finite  poles  of  the 
corresponding  short-circuit  impedance. 

This  at  first  seems  contrary  to  the  well  known  fact  that  it  takes  three 
impedances  to  fix  a  4-pole.  The  additional  data  are  here  supplied  by  the  assump¬ 
tion  of  impedances  appropriate  for  a  specific  configuration  subject  to  special 
restrictions.  Recall  that  Cauer’s  canonical  reactance  4-pole  of  the  shunt  or 
admittance  type  can  be  designed  from  one  short-circuit  driving-point  impedance 
and  the  short-circuit  transfer  impedance  except  for  a  two  terminal  shunt  branch 
across  the  far  end  of  the  network.  For  the  particular  circuit  under  consideration 
the  terminal  shunt  branch  would  be  absent  in  the  equivalent  shunt  type  canonical 
network  while  the  short-circuit  transfer  impedance  could  be  found  from  a  short- 
circuit  driving-point  impedance  and  the  frequencies  of  infinite  loss. 
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multiplicity  of  solutions  which  are  normally  obtainable  are  due  only 
to  the  fact  that  the  finite  frequencies  of  infinite  loss  can  be  distributed 
arbitrarily  among  the  shunt  branches  as  their  individual  resonances. 
In  order  to  obtain  a  unique  solution  it  is  expedient  to  assume  at  the 
outset  that  a  particular  distribution  has  been  chosen.  The  problem 
then  becomes  that  of  realizing  a  known  two-terminal  impedance  of  the 
reactance  tjrpe  as  an  open-circuit  or  short-circuit  impedance  of  a  ladder 
of  the  midseries  low-pass  configuration  with  prescribed  shunt  branch 
resonances. 

Continued  Fraction  Expansion  Forming  Basis  of  Design  Problem 
The  development  of  the  formulae  for  the  element  values  calls  for  the 
introduction  of  extensive  special  notation  so  chosen  as  to  reduce  the 
design  problem  to  the  determination  of  a  particularly  simple  continued 
fraction  expansion  of  a  known  function.  In  the  first  place,  instead  of 
dealing  directly  with  the  element  values,  it  is  simpler  to  consider  the 

a,tw  o,loj  0*1,-,'"  ainti*" 


Fig.  10.  Designation  of  the  impedance  branches  of  a  mid-series  low-pass  ladder 

constants  in  the  designations  indicated  in  Fig.  10  for  the  impedances  of 
the  various  network  branches,  expressed  in  terms  of  u  rather  than 
p  *=  tw.“  The  constants  I'l ,  •  •  •  ,  v,  represent  the  reciprocals  of  the 
shunt  branch  resonances  or  finite  points  of  infinite  loss  in  terms  of  w 
and  are  thus  assumed  to  be  known.^*  The  problem  under  consideration 
therefore  amounts  to  the  determination  of  the  so-called  ladder  network 
coeflicients  Oi ,  •  •  •  ,  ,  since  there  can  be  no  difficulty  in  determining 

the  element  values  from  these  coefficients  together  with  the  v,’a.  In 
order  to  avoid  ambiguity  in  the  design  formulae  referred  to  previously, 
which  are  merely  specific  formulae  for  the  individual  o,’s,  it  is  con¬ 
venient  to  include  the  additional  requirement  that  the  numbering  of 
the  coefficients  ai ,  Ot ,  etc.,  shall  begin  at  the  terminals  of  the  particular 

**  Although  the  variable  p  ia  more  convenient  in  formulating  the  general  theory 
of  Part  I,  u  turns  out  to  be  more  convenient  in  the  ladder  network  theory  under 
consideration  here. 

**  The  reciprocals  of  the  values  of  u  at  infinite  loss  points  are  more  convenient 
than  the  values  themselves  when  the  infinite  loss  points  are  later  permitted  to 
become  infinite. 
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open-circuit  or  short-circuit  driving-point  impedance  from  which  they 
are  to  be  computed. 

It  is  well  known  that  the  problem  of  realizing  a  2-terminal  impedance 
as  the  input  impedance  of  a  ladder  network  of  prescribed  configuration 
amounts  to  the  problem  of  obtaining  a  prescribed  form  of  continued 
fraction  expansion  of  the  impedance  or  of  some  related  function.*"  For 
the  particular  network  under  consideration,  the  required  continued 
fraction  is  simplest  if  the  function  F  to  be  expanded  is  derived  by 
dividing  the  impedance  function  by  p,  or  by  its  equivalent  ico.  In 
other  words,  F  is  best  defined  by 

F  =  ?-  (23) 

tu 


where  Z  is  the  open-  or  short-circuit  impedance  from  which  the  coeffi¬ 
cients  ai ,  ot,  etc.  are  to  be  computed. 

Since  Z  is  an  odd  rational  function  of  iu,  the  quantity  F  must  be  a 
function  of  w*.  This  suggests  replacing  u  by  a  new  variable  in  order 
to  decrease  the  degree  of  F.  It  turns  out,  however,  that  a  simpler 
continued  fraction  is  obtained  if  the  reciprocal  of  this  variable  is  used. 
Hence  the  following  additional  notation  is  introduced: 


(24) 


in  which  z  represents  the  new  variable,  while  the  z/s  indicate  the  values 
of  z  corresponding  to  the  frequencies  of  infinite  loss.  In  terms  of  this 
notation,  the  required  continued  fraction  expansion  of  F  takes  the 
following  form: 


F 


<h 


Zi  —  z 


at  + 


04 


Zt  —  Z 


(26) 


The  problem  is  to  solve  this  identity  for  the  a,’s  assuming  the  constants 
z,  to  be  known  and  also  the  function  F  of  the  variable  z. 

In  deriving  the  more  useful  formulae  for  the  a,’s  which  have  been 
developed  by  solving  the  above  problem  the  first  part  of  the  analysis 

**  A  variety  of  ladders  described  by  Fry  (12),  for  instance,  correspond  to 
Stieltjes’  Fractions. 
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is  devoted  to  the  derivation  of  the  alternative  formulae  referred  to 
previously  as  being  expressed  compactly  in  terms  of  determinants. 
The  final  formulae  are  then  derived  by  expanding  the  determinants  in 
terms  of  the  partial  fraction  representation  of  the  function  F.  Since 
the  two  parts  of  the  derivation  both  involve  long  and  complicated  alge¬ 
braic  manipulation,  they  will  be  no  more  than  briefly  outlined  here. 
Greater  clarity  will  be  obtained  if  the  statement  of  the  preliminary  for¬ 
mulae  in  terms  of  determinants  precedes  the  outline  of  their  derivation. 

Fonnulae  for  the  a,’s  in  Terms  of  Determinants 
The  determinants  appearing  in  the  preliminary  solution  for  the  a,’s 
are  formed  from  the  quantities  H^r  defined  as  follows  in  terms  of  the 
notation  introduced  above: 


(26) 


where  F, ,  ,  etc.,  are  used  to  represent  the  values  assumed  by  F  and 

dF 

—  at  z  =  z, ,  etc.  The  use  of  the  notation  and  is  consistent 
dz 

since  Hqq  is  the  limit  approached  by  Hqr  as  Zr  approaches  z, . 

The  determinants  themselves  are  of  three  different  types.  The  deter¬ 
minant  f/jk  is  defined  as  |  Hqr  \  in  which  q  and  r  take  the  values  1  to  k. 
In  other  words, 


[Hn  Hu  •••  Huk-i)  Hu\ 
I  Hn  Hu  •  •  •  Htik-i)  Hu 

Hn  Hkt  •••  Huik-o  Hu\ 


(27) 


The  determinant  Vu  is  obtained  from  Uk  by  changing  the  elements  of 
the  last  column  to  unity.  In  other  words, 


\Hu  Hu  •••  Hnk-n  1 

Hn  Hu  •••  Ht(k~i)  1 

I . 

Hki  Hki  •  •  •  Hkik-i)  1 1 


(28) 


Finally,  the  determinant  Wk  is  obtained  from  Uk  by  changing  the  ele¬ 
ments  of  the  last  column  from  H,k  to  H,{k+i) .  Thus, 
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//ll 

H»  .. 

Hnk-v) 

Hn  .■ 

•  //»(*_!) 

Hnk+i) 

In  terms  of  these  determinants  all  the  ladder  network  coefficients 
except  for  a*^i  are  given  by  the  following  design  equations 

ai  —  Fi 

-1 

'^=u; 

k  =  2  ...<1 


Ott-1 


Ott  = 


-Vl 


(30) 


The  coefficient  a^i  corresponds  to  the  inductance  forming  the  last 
series  branch.  If  the  function  F  is  obtained  from  an  open-circuit  im¬ 
pedance,  the  coefficient  must  be  determined  from  some  other  impedance. 
If  F  corresponds  to  a  short-circuit  impedance,  Oti^i  can  be  found  from 
the  value  assumed  by  F  at  zero  frequency,  or  by  using  the  above  for¬ 
mulae  with  an  arbitrary  additional  constant 

The  above  formulae  can  be  derived  by  a  method  of  induction  which 
is  reasonably  straightforward  though  long  and  tedious.  The  formulae 
for  the  first  four  coefficients  are  first  derived  from  Norton's  equations 
or  directly  from  the  behavior  of  the  continued  fraction  (25)  in  the 
neighborhood  of  z  =  Zi  and  z  =  Zt .  This  yields  the  special  formulae 
for  oi  and  ot  indicated  above  and  shows  the  formulae  for  Oa  and  at  to 
be  consistent  with  the  general  formulae  indicated  for  Ou-i  and  ou  •  The 
derivation  is  then  completed  by  showing  that  if  the  formulae  for  Ou-i 
and  Ou  are  correct,  then  those  for  Ou+i  and  Ou+i  must  also  be  correct. 
This  is  demonstrat/sd  by  first  using  the  formulae  for  Ou-i  and  ou  to 
express  Oia.).!  and  ou+i  in  terms  of  the  impedance  that  would  be  obtained 
by  removing  the  first  two  branches  of  the  network,  corresponding  to 

The  formulae  for  oi ,  at ,  04 ,  involve  U\ ,  V\  ,  W\  .  As  defined  by  (27), 
(28)  and  (29)  these  quantities  appear  strange  in  that  they  are  determinants  of 
only  the  first  order.  These  first  order  determinants,  however,  merely  represent 
Hix ,  1,  Hxt ,  respectively. 

**  If  F  corresponds  to  a  short-circuit  impedance,  an  arbitrary  shunt  branch 
can  be  assumed  to  be  connected  across  the  short-circuit  since  it  will  not  affect  F. 
This  permits  0144.1  te  be  determined  exactly  as  though  there  were  a  complete 
additional  “section.” 
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Oi  and  Of .  This  “reduced”  impedance  is  then  replaced  by  an  equiva¬ 
lent  expression  in  terms  of  the  original  impedance  and  the  formulae  for 
Oi  and  Ot .  Considerable  manipulation  of  the  determinants  in  the  re¬ 
sulting  equations  finally  yields  the  general  formulae  for  ou+i  and  ou+i  ■ 
The  formulae  (30)  are  indeterminate  unless  all  the  constants 
2i ,  •  •  •  ,  z,  are  different  in  accordance  with  the  original  assumption  of 
no  two  identical  frequencies  of  infinite  loss.  Coincident  frequencies  of 
infinite  loss  can  be  handled,  however,  by  assuming  infinitesimal  differ¬ 
ences  and  making  use  of  a  Taylor’s  series  expansion  of  the  function  F 

Z  1 

representing  —  considered  as  a  function  of  z  =  — .  When  all  the  fre- 

I4t)  or 

quencies  of  infinite  loss  are  identical  except  for  the  single  one  at  infinity, 
the  continued  fraction  (25)  becomes  a  Stieltjes’  fraction  of  a  type  con¬ 
sidered  by  Fry  (12).  The  known  formulae  for  the  constants  in  the 
Stieltjes’  fraction  expansion  are  undoubtedly  derivable  from  (30)  by 
the  Taylor’s  series  method.” 

The  effect  of  abandoning  the  original  assumptions  other  than  that  of 
no  two  identical  frequencies  of  infinite  loss  can  best  be  considered  after 
the  final  formulae  have  been  developed  by  showing  how  the  deter¬ 
minants  of  the  first  set  can  be  expanded. 

Derivation  of  the  Final  Design  Formulae  by  Expanding  the  Deter¬ 
minants 

It  is  readily  shown  that  if  the  function  F  is  expanded  into  a  sum  of 
partial  fractions,  this  expansion  will  always  take  the  following  form 
provided  the  open-  or  short-circuit  driving-point  impedance  from  which 
it  is  derived  is  physically  realizable: 

F  =  —Boz  •¥  Bm, -\ - +  •••  +  — ^  (31) 

z  -  jSi  z  - 

In  this  expression  the  B’s  and  ^’s  are  all  positive  and  are  also  all  finite 
except  that  Bn  may  sometimes  be  zero. 

In  terms  of  the  partial  fraction  expansion  of  F,  the  determinant  ele¬ 
ment  Hqr  as  defined  in  (26)  becomes 


=  -B,  - 


(^l  -  Z*)(^l  -  Zr) 


03,.  -  Z,)03,.  -  Zr) 


**  This  derivation  has  not  been  proved  rigorously  but  has  been  carried  far 
enough  to  indicate  the  way  in  which  the  transformation  of  the  formulae  takes 
place. 
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while  Hqq  is  obtained  by  merely  equating  t,  to  z,  in  this  formula.  The 
determinants  Uk,  V* ,  Wk  defined  in  (27)  through  (29)  and  appearing 
in  the  formulae  (30)  for  the  a.’s  can  be  expanded  in  terms  of  these  partial 
fraction  representations  of  the  H,rB.  The  derivation  of  these  expan¬ 
sions,  however,  is  too  long  and  complicated  to  be  more  than  briefly 
outlined  here. 

In  deriving  the  expansions  of  the  determinants,  the  particular  Wk 
determinant  of  degree  identical  with  the  number  of  partial  fractions  in 
the  expansion  of  Hqr  is  first  examined.  It  is  found  that  this  particular 
Wk  determinant  can  be  expressed  in  terms  of  a  product  of  two  deter¬ 


minants  of  the  general  form 


1 

Xi  -  Vi 


which  are  evaluated  in  well- 


known  treatises  on  determinant  theory.**  It  is  then  shown  that;  Wk 
determinants  of  higher  degree  must  vanish  while  those  of  lower  degree 
are  equivalent  to  sums  of  similar  factorable  determinants.**  E^ach  term 
in  these  sums  is  actually  the  determinant  that  would  be  obtained  by 
using  only  k  of  the  partial  fractions  of  H^r ,  i.e.,  by  setting  all  but  k 
of  the  B’s  in  (32)  equal  to  sero.  There  must  be  one  such  term  for 
every  possible  choice  of  k  partial  fractions.  After  the  expansions  of  the 
Wk  determinants  have  been  determined  the  Uk  and  F*  determinants 
can  be  expanded  by  treating  them  as  certain  limiting  cases  of  Wk 
determinants. 

When  the  expansions  of  the  determinants  are  inserted  in  the  equa¬ 
tions  (30)  for  the  o,’s,  a  variety  of  factors  in  differences  between  the 
infinite  loss  points  Zi ,  Zt,  etc.,  can  be  cancelled  out.  The  formulae 
then  take  the  form 


ai  =  Fi 
1 

Oi  =  — 

I  ♦p 

in  which  the  ^’s  represent  the  uncancelled  parts  of  the  expansions  of 
the  original  determinants. 

The  ♦’s  themselves  are  best  expressed  in  terms  of  the  quantities 
defined  by  the  recursion  formulae 


{Ut  *  = - 

^'vk 


(33) 


ou  = 


**  See,  for  instance,  the  chapter  on  functional  determinants  in  the  treatise  by 
Scott  and  Mathews  (13). 

**  The  similar  vanishing  of  higher  degree  determinants  of  the  Uk  and  types 
shows  the  finite  nature  of  the  continued  fraction  (26). 
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Uto  =  B, 


= 


03*  -  2*) 


03,-2*)* 


(34) 


^  _  _ “*(*-») _ 

•*  (0,  -  Zk)(fi,  -  2*+,) 

The  statement  of  the  ^''s  in  terms  of  these  quantities  requires  a  very 
complicated  summation  and  product  notation  in  the  general  case. 
Hence,  it  will  be  better  to  avoid  the  necessity  of  a  statement  of  the 
general  case  by  listing  enough  specific  cases  to  establish  what  such  a 
statement  would  have  to  show. 

The  formulae  for  the  simpler  ♦’s  are  listed  in  Table  I  together  with 
the  additional  previous  relations  necessary  in  the  actual  computation  of 
ladder  network  coeflBcients.  These  are  sufficient  to  indicate  the  general 
case  and  are  also  sufficient  by  themselves  for  ordinary  design  purposes, 
particularly  when  impedances  corresponding  to  both  ends  of  a  network 
are  known  so  that  part  of  the  elements  can  be  determined  from  each 
end.  Some  additional  simplifications  can  be  obtained,  however,  by 
developing  more  specialized  forms  of  the  equations  for  specific  numbers 
of  sections.  The  behavior  of  the  impedances  at  zero  and  infinity  can 
also  be  used  advantageously  in  determining  one  or  two  coefficients  for 
which  the  standard  formulae  are  most  complicated  or  for  checking 
purposes.  Special  simplified  formulae  have  also  been  derived  for  the 
ladder  equivalents  of  symmetrical  lattice  networks,  which  are  nor¬ 
mally  computed  first  in  the  design  of  symmetrical  circuits.  These  for¬ 
mulae  can  best  be  introduced  at  a  later  point,  however,  when  the 
theory  of  lattice  networks  is  considered. 

In  ordinary  numerical  problems,  the  expanded  formulae  do  not  require 
the  extremely  high  precision  of  computation  which  is  commonly  neces¬ 
sary  when  Norton’s  equations  are  used  or  the  formulae  in  terms  of 
determinants.  Similarly,  the  expanded  formulae  do  not  become  in¬ 
determinate  when  coincident  frequencies  of  infinite  loss  are  encountered, 
as  do  the  other  formulae.  They  also  lead  to  somewhat  more  straight¬ 
forward  numerical  computations  in  ordinary  design  problems,  although 
the  extent  to  which  this  is  true  may  vary  widely  from  problem  to 
problem.  While  the  complexity  of  the  formulae  increases  so  rapidly 
with  network  complexity  as  to  render  them  unsatisfactory  for  the  design 
of  ladders  of  more  than  four  or  possibly  five  sections,  such  complicated 
networks  are  rarely  encountered.  Finally,  the  formulae  for  ladders  of 
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general  numbers  of  sections  assume  a  form  which  renders  them  useful 
in  such  general  studies  as  the  investigation  of  the  requirements  on  im¬ 
pedances  of  low-pass  ladders  or  of  the  possibility  of  avoiding  coupled 
coils,  etc. 

TABLE  I 

General  MidSeriet  Lore-Past  Ladders 


tie  ^  —  /3, 


•  tW  I 

QP£N  OR 

Oin  r  SHORT  ORCUIT 

± _ i 


»  at  2  > 


D  »«?(*-«)  «*(*-!> 

*  ‘'•*“0.-**)  “•*"(/».-*.)*  -**:.) 

♦ri  “  1  ♦ki  “  ^  t>ft  ♦ki  *  ^  ~  fi')* 

*yt  -  V,4Vr4V.,(l3,  -  “  $.)* 

♦  c/l  ■■  «fl  +  P»  ♦{;»  “  ^  MflUriO*  —  ^r)*  -h  B» 

♦  W  -  ^  -  ^.)’0r  -  /».)*  +  -  fir)* 

♦  iri  “  t®fl  +  B»  tfjjtCrlOSf  —  fir)*  +  Bo  23^0* 

♦ri  -  ^  retire rtre.t(fi,  -  fir)*(fi,  -  fi.)*(fir  -  (J.)*  +  b7x  -  ^r)* 

0-1 

"o"'  “  52  S  +  ”>"•  +  “*”•  -h  •••  -f 

and  similarly  for  the  other  sums  of  products  of  terms. 


Oi  -  B,  -  Bo*i 


Ui 


1 


•’fl  ««*-! 


Utt 

ib 


'fvik-l)*us 

2,  •••  ,  s 


Insertion  Loss  Functions  and  Impedances  Realizable  with  Ladders  of 
the  Mid-Series  Low-Pass  Configuration 

The  mid-series  low-pass  ladder  configuration  turns  out  to  be  appro¬ 
priate  for  the  realization  of  insertion  power  ratios  of  the  form 

*•  s  1  +  Fiti)*  -h  Ftci)*  -{=...  -j- 

(1  —  —  v*a»*)*  •••  (1  —  I'Jw*)* 


(35) 


SYNTHESIS  OF  REACTANCE  4-POLES 


299 


in  which  ij  represents  the  number  of  shunt  branches  in  the  ladder  while 
the  r«’s  and  v,*a  are  arbitrary  constants.  Corresponding  open-  and 
short-circuit  impedances  realizable  with  mid-series  low-pass  ladders  and 
subject  to  the  previous  assumptions  of  normal  degrees  for  the  configura¬ 
tion  and  of  normal  multiplicity  of  solutions  for  the  element  values  can 
always  be  found  by  a  straightforward  method  except  in  certain  special 
cases  corresponding  to  discrete  choices  of  the  r,’s  and 
The  first  step  in  determining  the  impedances  is  to  find  a  solution  for 
the  polynomials  A,  B,  A’,  and  B'  of  the  general  impedance  theory  of 
Part  I,  using  the  numerator  and  denominator  of  (35)  as  the  polynomials 
N  and  P*.  It  is  readily  shown  that  the  multiplicity  of  solutions  for  the 
polynomials,  which  was  indicated  in  part  I,  is  such  that  the  signs  of  A' 
and  B'  can  be  chosen  arbitrarily  as  far  as  general  realizability  is  con¬ 
cerned  and  also  the  sign  of  {A  +  pB).  Except  in  the  very  special 
cases  referred  to  above,  the  impedance  formulae  exhibited  in  equations 
(18)  in  Part  I  yield  corresponding  impedances  realizable  with  ladders 
of  the  desired  type  provided  the  signs  of  A',  B',  and  (A  +  pB)  are 

A 

chosen  in  accordance  with  the  following  conditions:  p  must  be  p>ositive 

B'  A' 

at  zero  frequency,  must  be  negative  at  infinite  frequency,  and  -j 
iS  A 

must  be  positive  or  negative  at  zero  frequency  depending  upon  whether 

termination  Ri  is  greater  than  or  less  than  Rt 

Difficulties  Encountered  in  Special  Cases 

The  difficulties  which  can  be  encountered  in  special  cases  are  of  two 
types.  The  first  type  can  be  encountered  even  though  the  impedance 
functions  are  of  the  form  normal  for  the  configuration.  The  second 

**  By  discrete  choices  of  the  constants  is  meant  choices  which  can  always  be 
avoided  by  small  changes  in  a  single  constant.  It  is  assumed,  of  course,  that 
e*"  meets  the  physical  requirement  that  it  must  be  positive  and  no  leas  than 

-  at  all  real  frequencies. 

(ni  -b  Rty 

Actually  all  solutions  are  normally  realizable  if  modiSed  mid-series  low-pass 

A  A' 

ladders  are  permitted.  The  requirement  upon  the  sign  ^  violated, 

for  instance,  if  an  ideal  transformer  is  included  in  one  end  of  the  network.  Simi- 

B' 

larly,  the  requirement  upon  the  sign  of  —  can  normally  be  violated  if  a  shunt 

B 

condenser  is  added  to  one  end  of  the  ladder  and  if  negative  series  inductances 
realisable  with  perfectly  coupled  coils  are  permitted. 
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type  corresponds  to  the  appearance  of  various  open-  or  short-circuit 
impedances  which  are  of  reduced  degree  because  of  the  coincidence  of 
roots  of  the  numerators  and  denominators  of  the  corresponding  general 
formulae. 

It  can  be  shown  that  if  all  the  impedances  are  of  normal  degree,  no 
finite  frequency  of  infinite  loss  can  coincide  with  a  root  or  pole  of  an 
open-  or  short-circuit  driving-point  impedance.  It  follows  that  the 
corresponding  values  of  the  quantities  ,  w^i,  appearing  in  the 

design  formulae  of  Table  I  will  all  be  finite.  Of  these  quantities, 
will  always  be  positive  but  and  Wgk  can  be  negative.  As  a  result, 
the  quantities  formed  from  the  u,i’s  in  the  manner  indicated  in 
Table  I  will  all  be  finite  but  the  quantities  and  may  be  sero. 
The  vanishing  of  '^wk  merely  replaces  a  series  inductance  by  a  simple 
conductor  but  the  vanishing  of  'I'rt  leads  to  the  requirement  of  three 
network  branches  with  infinite  impedances  at  all  frequencies,  one  shunt 
branch  and  the  two  adjacent  series  branches.” 

If  it  is  no  longer  assumed  that  all  the  multiplicity  of  solutions  for  the 
a,’s  are  to  be  ph3rsical,  difficulties  of  this  type  can  normally  be  overcome 
by  modifying  the  choice  of  the  particular  frequencies  of  infinite  loss 
which  are  to  be  the  resonances  of  the  individual  shunt  branches  or  by 
choosing  a  different  set  of  impedances  corresponding  to  the  same  inser¬ 
tion  loss.  It  is  within  the  bounds  of  possibility,  however,  to  encounter 
cases  in  which  all  solutions  lead  to  the  same  difficulties.  The  ladder 
must  then  be  modified  to  the  extent  of  using  at  least  one  anti-resonant 
circuit  as  a  series  branch.  This  can  be  done  by  modif3dng  properly  the 
normal  design  procedure. 

When  there  are  finite  frequencies  of  infinite  loss  which  are  coincident 
with  roots  or  poles  of  open-  or  short-circuit  driving-ix)int  impedance.s, 
some  of  the  impedance  functions  will  be  of  reduced  degree.  It  is  then 
normally  possible  to  realize  the  impedances  by  adding  terminal  series 
or  shunt  branches  or  both  to  a  mid-series  loss-pass  ladder  with  im¬ 
pedances  of  normal  degree  for  its  configuration.  It  is  also  usually 
possible,  however,  to  obtain  complete  networks  of  the  normal  mid-series 
low-pass  form  by  merely  using  impedances  that  are  still  of  normal 
degree  in  computing  the  element  values.  When  all  impedances  are  of 
reduced  degree,  modifications  of  the  normal  design  procedure  can  be 
used  or  else  the  general  method  applying  to  the  canonical  tandem  section 
configuration. 

*'  'i'./k ,  i'a*  may  also  be  negative,  of  course,  leading  to  negative  elements,  but 
these  turn  out  to  be  realizable  with  coupled  coils. 
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Elimination  of  Various  Elements 

There  is  no  difficulty  in  permitting  any  or  all  of  the  frequencies  of 
infinite  loss  to  be  placed  at  infinity.  This  merely  requires  the  corre¬ 
sponding  shunt  branches  to  be  simple  condensers  rather  than  resonant 
circuits.  The  design  is  carried  out  by  setting  the  proper  equal  to 
sero  in  (35)  and  also  the  corresponding  z,’s  representing  their  squares  in 
the  design  formulae  of  Table  I. 

Certain  power  ratios  of  the  general  form  of  (35)  also  lead  to  the 
vanishing  of  one  or  more  of  the  series  inductances.  One  special  case 
of  this  tyi)e  is  of  particular  importance.  In  this  case,  one  terminal 
series  branch  vanishes  while  the  next  shunt  branch  is  a  simple  capacity, 
which  leaves  a  network  of  the  t)rpe  of  Fig.  11.  The  proper  form  of 
power  ratio  is  obtained  from  (35)  by  reducing  the  terms  in  the  numerator 
by  one  and  also  the  number  of  (',’s.”  In  other  words, 


Fig.  11.  A  special  form  of  mid-r^ries  low-pass  ladder  configuration  corresponding 
to  a  special  form  of  insertion  loss  function 

Other  Types  of  Ladders  Commonly  Encountered 

Ladders  of  the  configuration  of  Fig.  12,  which  may  be  described  as 
the  mid-shunt  low-pass  configuration,  are  most  easily  designed  by  re¬ 
defining  the  coefficients  Ui ,  •  •  •  ,  ot^i  in  accordance  with  the  designa¬ 
tions  of  the  branch  impedances  indicated  in  the  figure.  These  coeffi¬ 
cients  are  related  to  the  short-  and  open-circuit  admittances  in  exactly 
the  same  way  that  the  coefficients  of  ladders  of  the  mid-series  type  are 
related  to  the  open-  and  short-circuit  impedances.  As  a  result,  mid¬ 
series  and  mid-shunt  ladders  will  produce  the  same  insertion  losses  when 
terminated  in  Ri  and  Rt  provided  their  coefficients  are  related  by  the 
equations 

du-i  =  RiRiflu-i  dj,  =  RiRtOu  (37) 

**  The  vanishing  of  a  terminal  series  inductance  next  to  a  resonant  shunt 
branch,  however,  does  not  normally  change  the  degree  of  the  numerator  in  the 
power  ratio  expression  in  this  way. 
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in  which  the  a,’s  and  d,*B  are  the  coefficients  of  the  mid-series  and  mid¬ 
shunt  ladders,  respectively,  and  must  be  numbered  from  opposite  ends 
in  the  two  networks. 

Negative  inductances  realizable  with  coupling  in  series  type  ladders 
become  negative  capacities  in  the  corresponding  shunt  typie  configura¬ 
tions.  These  can  be  realized,  however,  by  introducing  ideal  trans¬ 
formers  in  the  proper  way.  To  understand  how  this  can  be  accom¬ 
plished  it  is  only  necessary  to  note  that  an  ideal  transformer  shunted  by 
any  2-pole,  such  as  a  condenser,  is  equivalent  to  a  pair  of  “perfectly 
coupled  impedances”  exactly  similar  to  perfectly  coupled  inductances. 

Other  types  of  ladders  can  be  designed  by  making  use  of  the  well- 
known  method  of  frequency  transformations.  The  previous  design 
formulae  apply  to  the  determination  of  a  low-pass  ladder  of  reactance 
elements  producing  an  insertion  loss  represented  by  an  appropriate 
function  of  w.  Suppose  .some  other  insertion  loss  function  is  transformed 


Fig.  12.  The  mid-ehunt  low-pass  ladder  configuration 


into  this  .same  function  by  replacing  w  by  a  related  variable  D.  Since 
the  reactance  elements  of  the  low-pass  filter  theory  are  merely  devices 
for  producing  impedances  proportional  to  iu  or  its  reciprocal,  the  same 
theory  can  now  be  used  to  design  a  corresponding  ladder  made  up  of 
impedances  proportional  to  til  or  its  reciprocal.  If  all  the  elements  of 
the  original  low-pass  ladder  are  positive,  the  impedance  branches  of  the 
transformed  ladder  can  be  realized  with  physical  2-poles  provided  tfi 
represents  a  physical  impedance  function.  If  the  original  low-pass 
ladder  includes  negative  inductances  realizable  with  coupled  coils,  the 
negative  elements  in  the  transformed  ladder  can  be  realized  by  using 
ideal  transformers  just  as  in  mid-shunt  low’-pa.ss  ladders  including  nega¬ 
tive  capacities. 

The  mid-series  and  mid-shunt  high-pass  configurations  obtained  by 
replacing  inductances  by  capacities  and  vice  versa  in  low-paas  ladders 

can  be  designed  by  defining  G  as  —  -  and  using  power  ratios  represented 
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by  functions  of  Q  identical  with  the  functions  of  o)  appropriate  for  the 
low-pass  configurations.  Band-pass  configurations  can  be  designed  by 

j  _  * 

defining  Q  as  - - -  provided  their  insertion  loss  characteristics  when 

Ci> 

plotted  against  log  (w)  are  to  be  symmetrical  about  log  (um).  They 
can  then  be  realized  as  combinations  of  series  and  parallel  resonant 
circuits  all  resonating  at  Wm  •  The  situation  is  exactly  similar  in  regard 

60 

to  band-elimination  configurations,  for  which  Q  is  -j— — % , 

The  only  other  ladder  configurations  commonly  encountered  are  the 
more  general  band-pass  type  indicated  in  Fig.  13,  and  its  inverse.  The 
series  type  illustrated  can  normally  be  designed  as  an  equivalent  simpler 


Fig.  13.  The  general  mid-series  band-pass  ladder  configiiration 


•  lOCAL 

transfosmcr 

Fig.  14.  An  equivalent  of  the  network  of  Fig.  13 


network  of  the  configuration  indicated  in  Fig.  14.“  It  can  be  deter¬ 
mined  from  the  equivalent  network  by  means  of  the  so-called  impedance 

**  It  is  sometimes  more  convenient,  of  course,  to  include  arbitrary  constant 
factors  in  the  frequency  transformations.  In  the  design  ot  a  band-pass  filter, 
for  instance,  it  is  frequently  convenient  to  start  by  designing  a  low-pass  filter 
with  a  cut-off  at  w  1.  Then  the  desired  band-pass  filter  is  obtained  by  replacing 
w  by  an  n  representing 

M*  —  tJclWrt 
w(<»«t  —  Utl)’ 

where  b».i ,  we»  correspond  to  the  two  cut-offs  of  the  band-pass  filter. 

*>  An  equivalent  of  this  type  always  exists  except  in  limiting  cases  in  which 
one  or  more  shunt  branches  are  simple  inductances.  A  similar  equivalent  con¬ 
figuration  obtained  by  replacing  inductances  by  capacities  and  vice  versa  always 
exists  except  when  one  or  more  shunt  branches  are  simple  condensers.  When 
simple  inductance  and  capacity  shunt  branches  are  both  encountered,  special 
design  methods  must  be  used. 
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transformation  indicated  in  Fig.  15A.”  The  equivalent  network  itself 
is  of  such  a  form  that  the  formulae  of  Table  I  can  be  applied  directly  to 
its  design.  The  short-circuit  driving-point  impedance  measured  at  the 
terminals  farther  from  the  transformer,  for  instance,  is  determined  by  a 
configuration  exactly  the  same  as  that  determining  an  open-circuit  im¬ 
pedance  of  a  mid-series  low-pass  ladder  with  a  far-end  terminal  shunt 
branch  consisting  of  a  simple  condenser.  The  only  operation  not  cov¬ 
ered  by  the  formulae  of  Table  I  is  the  determination  of  the  impedance 
ratio  of  the  transformer,  which  turns  out  to  be  determined  by  the 
behavior  of  the  open-  and  short-circuit  driving  point  impedances  at 
zero  frequency. 


ORIGINAL  NETWORK  EQUIVALENT  NETWORK 


(b) 

Fig.  16.  Network  equivalences  indicating  the  impedance  transformation  principle 

The  configuration  inverse  to  that  of  Fig.  13,  which  is  made  up  of 
parallel  resonant  circuits  in  place  of  series  resonant  circuits,  is  designed 
by  an  exactly  similar  method  with  the  help  of  the  equivalence  indicated 
in  Fig.  15B. 

I 

Sufficient  Conditions  for  Positive  Elements 
From  the  standpoint  of  actual  construction,  the  perfectly  coupled 
inductances  and  ideal  transformers  which  are  sometimes  required  for 
the  reaUzation  of  negative  elements  in  physical  ladders  are  highly  un¬ 
desirable.  The  two  conditions  stated  below  are  sufficient  to  insure  that 

"  The  impedance  transformation  principle  represented  by  Figs.  15A  and  15B 
was  discovered  by  Norton  (14).  In  the  determination  of  a  network  of  the  con¬ 
figuration  indicated  in  Fig.  13  from  one  of  the  type  indicated  in  Fig.  14  there  is  a 
considerable  arbitrariness  as  to  how  the  series  capacity  is  distributed  among 
the  different  series  branches. 
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all  the  elements  in  a  mid-series  low-pass  ladder  will  be  positive,  making 
unnecessary  the  use  of  coupled  coils  or  ideal  transformers  in  the  ladder 
itself  or  in  others  related  to  it  by  frequency  transformations  or  inverse 
relationships  such  as  (37).  While  these  conditions  are  not  necessary, 
they  turn  out  to  be  useful  in  demonstrating  that  most  ladders  en¬ 
countered  in  filter  design  can  be  exiiected  to  be  realizable  without  the 
use  of  coupling. 

Assuming  a  mid-series  low-pass  configuration  and  impedances  of  the 
appropriate  general  form  the  first  condition  calls  for  frequencies  of 
infinite  loss  which  are  all  real  (or  infinite)  and  are  greater  than  all  the 
finite  poles  of  at  least  one  of  the  open-circuit  driving-point  impedances. 
The  second  condition  requires  the  particular  frequencies  of  infinite  loss 
corresponding  to  the  resonances  of  the  shunt  branches  nearest  the 
terminals  to  be  also  equal  to  or  greater  than  all  the  roots  of  the  corre¬ 
sponding  open-circuit  impedances.  The  sufficiency  of  these  conditions 
is  easily  established  by  examining  the  formulae  of  Table  I  and  recalling 
that  the  B's  and  /3’s  are  all  positive. 

One  interesting  special  case  is  that  in  which  all  frequencies  of  infinite 
loss  occur  at  infinity.  It  is  seen  that  the  above  conditions  are  always 
satisfied  in  this  special  case.  As  a  result,  all  power  ratios  of  the  form 
(35)  with  all  v,'s  reduced  to  zero  are  realizable  with  networks  of  the 
same  configuration  as  constant-k  low-pass  image  parameter  filters  pro¬ 
vided  e*“  meets  the  general  physical  requirement  that  it  must  be  no  less 


4/?  R 

ro — 1^'  p-^  at  all  real  frequencies.  The  same  situation  also  holds 
{Ki  -t-  Ktr 

in  regard  to  the  power  ratio  (36)  with  all  I'.’s  reduced  to  zero,  the  corre¬ 
sponding  constant-k  configuration  merely  including  an  odd  number  of 
“half  sections."  These  two  special  power  ratios  include  all  even  poly¬ 
nomials  in  w  which  have  unit  constant  terms  and  which  satisfy  the 
physical  limit  on  at  real  frequencies. 


Symmetrical  and  Inverse  Impedance  Ladders 

The  ladders  used  as  filters  usually  have  impedances  and  terminations 
meeting  one  of  two  special  conditions."  One  .condition  calls  for  an 
electrically  S3rmmetrical  network  and  equal  terminations.  The  other 
requires  each  open-circuit  impedance  to  be  the  inverse  of  the  short- 
circuit  impedance  of  the  other  end  of  the  network  with  respect  to  the 
mean  of  the  terminations." 


**  Except  when  they  are  modified  to  compensate  for  effects  of  dissipation. 

If  the  image  impedances  and  transfer  constants  are  used  in  the  description 
of  the  networks,  these  conditions  require  equal  and  inverse  image  impedances, 
respectively. 
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If  the  requirement  of  symmetry  or  of  inverse  impedances  is  to  be 
satisfied,  the  polynomial  A'  or  B',  respectively,  must  be  identically 
zero  in  the  formulae  (18)  of  Part  I  relating  the  impedances  to  the 
insertion  loss.  An  examination  of  the  relation  of  A*  and  B'  to  the 
insertion  power  ratio  shows  that  their  vanishing  requires  expressions 
of  the  form 

+  (^)*  (38) 

A'  »=  0 


in  the  case  of  synunetrical  networks  and  equal  terminations,  and  of  the 
form 


w  _  iRiRt  ,  /A'V 
^  iRx  +  R,)*^\P/ 

B'  =  0 


(39) 


in  the  case  of  inverse  impedance  networks. 

The  specification  of  power  ratios  in  the  forms  (38)  and  (39)  simplifies 
the  design  procedure  in  that  no  roots  need  be  extracted  in  determining 
A'  and  B',  the  only  root  extraction  being  that  involved  in  finding  the 
polynomials  A  and  B.  It  is  readily  shown  that  the  conditions  necessary 
for  the  physical  realizability  of  these  power  ratios  permit  A',  B\  and  P 
to  be  any  even  polynomials  in  w  with  real  coefficients.  In  other  words, 
there  will  be  at  least  one  corresponding  symmetrical  or  inverse  im¬ 
pedance  network  for  every  power  ratio  of  the  general  form 

«*•  =  A(1  -I-  ♦*)  (40) 


in  which  4>  is  any  odd  or  even  rational  function  of  co  with  real  coeffi¬ 


cients  while  A  represents 
odd  function.“ 


\RiRt 

(«i  +  Rt)' 


and  must  be  unity  when  4>  is  an 


**  When  *  is  odd  and  A  ia  different  from  unity,  the  ratio  of  the  open-circuit 
driving-point  impedances,  which  is  identical  with  the  ratio  of  the  corresponding 
short-circuit  impedances,  will  be  equal  to  the  ratio  of  the  terminations.  This 
permits  the  use  of  a  sjrmmetrical  network  combined  with  an  ideal  transformer. 
It  is  convenient  to  permit  unequal  terminations  in  the  case  of  inverse  impedance 
networks  and  not  in  the  case  of  symmetry,  or  of  proportional  impedances,*  in 
that  unequal  terminations  are  usually  necessary  in  the  inverse  impedance  case 
if  ideal  transformers  are  to  be  avoided. 
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When  all  the  poles  of  —  are  real  or  imaginary  and  are  also  finite,  the 

power  ratio  (38)  leading  to  symmetrical  networks  can  be  expressed  in 
the  form  (35)  appropriate  for  mid-series  low-pass  ladders  of  the  normal 

A' 

configuration  indicated  in  Fig.  9.  When  -p  obeys  the  same  condition 

except  for  a  single  pole  in  terms  of  u  at  infinity  and  when  also  Ri  and 
Rt  are  so  chosen  that  a  is  zero  at  zero  frequency,  the  power  ratio  (39) 
leading  to  inverse  impedance  networks  can  be  expressed  in  the  form 
(36)  appropriate  for  mid-series  low-pass  ladders  terminated  at  one  end 
in  shunt  condensers  as  in  Fig.  11.  Exactly  similar  relations  exist  in 
regard  to  ladders  of  other  than  the  mid-series  low-pass  configuration. 


Fig.  16.  The  balanced  lattice  configuration 


Lattice  Networks  and  the  Design  of  Symmetrical  Ladders 
It  is  well  known  that  there  is  an  equivalent  lattice  network  of  the 
type  indicated  in  Fig.  16  corresp)onding  to  every  physical  network  which 
is  electrically  symmetrical."  When  the  open-  and  short-circuit  im¬ 
pedances  are  known,  the  impedance  arms  Za  ,  Za  can  be  very  easily 
computed  by  well-known  formulae.  When  a  lattice  of  reactances  is  to 
be  designed  to  produce  a  power  ratio  prescribed  in  the  form  (38), 
however,  it  is  simpler  to  determine  the  impedance  branches  by  the 
formulae  described  below  rather  than  to  first  compute  the  open-  and 
short-circuit  impedances  and  then  the  impedance  arms. 

When  a  power  ratio  is  prescribed  in  the  form  (38),  the  quantity 
(P  -|-  pB')  can  obviously  be  expressed  as  the  following  product  of  two 
polynomials  in  p: 

P  +  pB'  =  (P,  -H  pP,)(P,  -  pBt)  (41) 


**  This  was  pointed  out  by  Campbell  (15). 


TABLE  II 

EqutpalenU  of  MidSeriet  Low-Ptua  Lattices 
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where  Pi,  Bi,  Pt,  ft  are  even  polynomials  such  that  the  roots  of 
(Pi  +  pBi)  are  all  those  roots  of  (P  +  pB')  which  have  negative  real 
parts.  It  turns  out  that  the  impedance  arms  Zji  and  Za  of  one  lattice 
producing  the  prescribed  power  ratio  are  related  to  Pi,  Bi,  etc.,  by  the 
formulae 

Za^R^'  Za  =  R~  (42) 

Pi  pB, 

in  which  R  represents  the  equal  terminating  resistances.  The  only 
three  other  lattices  of  reactances  corresponding  to  the  prescribed  power 
ratio  are  obtained  by  interchanging  these  impedances  and  replacing 
them  by  their  inverses  with  respect  to  R.” 

In  the  design  of  symmetrical  ladders  with  prescribed  insertion  losse.s, 
it  is  usually  easier  to  determine  the  element  values  from  the  equivalent 
lattices  rather  than  from  the  open-  and  short-circuit  impedances.  In 
the  design  of  mid-series  low-pass  ladders  of  one,  two  or  three  shunt 
branches  or  of  related  networks,  for  instance,  the  special  design  formulae 
listed  in  Table  II  can  be  used.  These  formulae  can  be  derived  in 
much  the  same  way  as  the  general  formulae  of  Table  I  by  using  an 
open-circuit  impedance  in  formulating  the  partial  fraction  expansion.^ 
of  the  determinants  in  (30)  and  noting  relations  between  the  constants 
required  for  S3rmmetry.  The  relations  between  the  constants  are  due 
to  the  fact  that  the  open-circuit  impedance  is  proportional  to  the  sum 
of  the  two  impedance  arms,  which  requires  the  sums  of  the  corre¬ 
sponding  partial  fractions  to  be  equal  at  frequencies  of  infinite  loss. 
Even  when  no  other  special  relations  are  used,  the  initial  determination 
of  the  open-circuit  impedance  as  a  sum  of  two  functions  .simplifies  the 
computation  of  the  partial  fraction  expansion  necessary  for  the  use  of 
Table  I. 

Part  III.  Special  Insertion  Loss  Functions  for  Filtering 
Purposes 

From  the  standpoint  of  filter  design  the  general  theory  of  Parts  I 
and  II  is  incomplete  in  two  principal  respects.  In  the  first  place,  it 
gives  no  indication  as  to  how  to  choose  general  insertion  loss  functions 
in  such  a  way  as  to  obtain  efficient  filter  characteristics.  In  addition, 
the  general  design  procedure  is  extremely  complicated  in  numerical 

The  polynomials  B'  and  P  are  somewhat  arbitrary  as  far  as  the  power  ratio 
of  the  form  (38)  is  concerned.  It  turns  out,  however,  that  there  are  only  four 
corresponding  lattices  in  spite  of  this  arbitrariness. 
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problems,  involving  the  determination  of  the  roots  of  two  high  degree 
polynomials.  Part  III  rectifies  this  situation  by  introducing  special 
t}rpe8  of  realizable  insertion  loss  functions  which  represent  efficient  filter 
characteristics  and  which  also  lead  to  relatively  simple  special  design 
procedures. 

Assiunption  of  Insertion  Loss  Characteristics  Appropriate  for  Sym¬ 
metrical  or  Inverse  Impedance  Networks 

The  special  insertion  loss  functions  used  for  filtering  purpo^  are 
appropriate  for  the  symmetrical  and  inverse  impedance  networks  de¬ 
scribed  in  the  closing  paragraphs  of  Part  II.  It  turns  out  that  any 
loss  function  repre.senting  an  efficient  filter  characteristic  at  least  ap¬ 
proximates  one  of  the  types  required  for  these  particular  networks.  In 
addition,  as  was  indicated  previously,  these  networks  can  be  designed 
with  only  half  the  root  extraction  which  is  more  generally  required. 

Recall  that  insertion  power  ratios  which  are  to  be  appropriate  for 
symmetrical  networks  with  equal  terminations  or  for  networks  with 
impedances  which  are  inverse  with  respect  to  the  mean  of  the  termina¬ 
tions  must  be  of  the  form 

e**  =  A(1  -H  <!»*)  (43) 

where  <l>  is  any  odd  or  even  rational  function  of  frequency  in  the  two 

cases,  respectively,  and  A  represents  ,  (being  thus  unity  in 

(til  +  tity 

the  case  of  symmetrical  networks  with  equal  terminations).  It  is  ob¬ 
vious  that  the  poles  of  4>  are  frequencies  of  infinite  loss  while  the  roots 
are  frequencies  of  maximum  {x)8sible  insertion  gain.  Hence  rough  filter¬ 
like  characteristics  can  be  obtained  by  merely  requiring  all  poles  of 
to  occur  in  the  desired  attenuation  bands  and  all  roots  in  the  desired 
pass  bands.  In  order  to  avoid  the  necessity  of  ideal  transformers  or 
perfectly  coupled  inductances,  however,  it  is  best  to  add  the  restriction 
that  4>  must  be  such  as  to  make  the  insertion  loss  zero  or  infinite  at 
each  of  the  limiting  frequencies  zero  and  infinity.** 

*'  This  additional  requirement  is  automatically  satisfied  when  the  network 
is  to  be  symmetrical  but  not  when  it  is  to  have  inverse  impedances.  The  require¬ 
ment  is  called  for  in  that  failure  to  obey  it  always  leads  to  the  necessity  of  an 
ideal  transformer  or  perfectly  coupled  inductances.  On  the  other  hand,  it  does 
not  appear  to  be  sufficient  to  insure  that  inverse  impedance  networks  can  be 
realised  without  these  devices,  although  they  are  not  required  in  the  filters  com¬ 
monly  encountered. 
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By  way  of  illustration  consider  the  special  case  of  the  low-pass  filter. 
For  a  symmetrical  low-pass  filter 


c 


3a 


o  w(«J  —  w*)  •  •  •  (wj  —  «*)"!* 

r  (1 (1 


(44) 


in  which  the  w,’s,  v.’s  and  So  are  arbitrary  constants.  Similarly,  for  a 
low-pass  filter  of  the  inverse  impedance  type  producing  infinite  loss  at 
infinite  frequency, 


e 


la 


_  iRiRi  /,  _i_  To  ("1  —  "*) 

“  +  (1  -  M 


T\ 

(1  —  i 


(46) 


Making  each  u,  in  these  expressions  less  than  u>e  and  each  v,  less  than 
where  Wc  is  the  desired  effective  cutoff,  leads  to  the  type  of  low-pass 

«, 

filter  characteristics  illustrated  in  Figs.  17A  and  17B  for  the  case  of 
i;  =  3.  The  insertion  loss  characteristics  illustrated  can  normally  be 
realized  with  the  ladder  networks  indicated  in  Figs.  18A  and  18B, 
respectively. 

(A)  (a) 


Fif .  17.  IlluBtratioDB  of  the  general  form  of  filter  characteristics  obtained  with 
symmetrical  and  inverse  impedance  networks 


Fig.  18.  Network  configurations  corresponding  to  the  filter 
characteristics  of  Fig.  17 
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Decreasing  the  constant  <So  in  the  above  expressions  always  decreases 
the  pass  band  distortion  but  also  decreases  the  suppression  of  attenua¬ 
tion  band  frequencies  other  than  frequencies  of  infinite  loss.  This 
constant  is  normally  made  as  large  as  is  consistent  with  the  permissible 
pass  band  distortion  in  order  that  the  required  suppression  of  unwanted 
frequencies  may  be  obtained  with  a  network  of  minimum  complexity.** 
Zero  loss  at  zero  frequency,  which  is  not  necessarily  produced  by  filters 
of  the  inverse  impedance  type,  can  always  be  obtained  by  properly 
choosing  the  terminations  Ri  and  Rt . 

Tchebycheff  Pass  Band  Parameters — ^Definition 

Insertion  loss  functions  of  the  rough  filter  t3q>e  described  above  arc 
characterized  by  the  appearance  of  equal  minima  at  arbitrary  pass  band 
frequencies  and  of  infinite  loss  points  at  arbitrary  attenuation  band 
frequencies.  Particularly  useful  filter  characteristics  and  also  particu¬ 
larly  simple  design  procedures  can  be  obtained  by  requiring  the  fre¬ 
quencies  of  minimum  loss  to  be  so  chosen  that  the  maxima  occurring 
between  the  equal  minima  are  themselves  all  equal.  This  leads  to  the 
type  of  loss  characteristics  illustrated  in  Figs.  19A  and  19B  for  the 
special  low-pass  filters  considered  previously. 

It  is  usually  expedient  to  require  also  that  the  loss  at  each  effective 
cutoff  shall  have  the  same  value  as  at  the  equal  maxima,  as  indicated 
in  Fig.  19.  In  the  case  of  inverse  impedance  filters  transmitting  zero 
or  infinite  frequencies,  it  is  also  normally  advantageous  to  require  the 
insertion  loss  to  have  the  value  zero  at  the  equal  maxima  as  well  as  at 
zero  or  infinite  frequency,  as  in  Fig.  19B.  In  the  design  of  ail  types  of 
filters  commonly  encountered,  the  addition  of  these  restrictions  to  the 
requirement  of  equal  maxima  leaves  the  effective  cutoffs  and  frequencies 
of  infinite  loss  all  arbitrary  but  fixes  the  pass  band  frequencies  of  mini¬ 
mum  loss  uniquely  in  terms  of  these  parameters.**  The  characteristics 
obtained  arc  the  best  for  meeting  efficiently  the  common  tjrpe  of  filter 
requirements  setting  limits  on  permissible  distortion  which  arc  constant 
at  all  pass  band  frequencies. 

**  The  choice  of  S%  is  also  sometimes  influenced  by  the  desire  to  realize  the 
insertion  loss  with  a  ladder  with  no  coupled  inductances.  Normally,  however, 
coupled  inductances  are  unnecessary  even  though  <So  is  given  the  most  advan¬ 
tageous  value  from  the  standpoint  of  loss  characteristic.  This  will  be  explained 
later. 

The  situation  becomes  more  complicated  only  in  such  rare  cases  as  multi¬ 
band  filters  not  derivable  from  simpler  filters  by  means  of  frequency  trans¬ 
formations. 
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The  “equal  ripple”  pass  band  characteristics  described  above  can  be 
said  to  approximate  constant  losses  in  the  Tchebycheff  sense,  while  the 
corresponding  pass  band  frequencies  of  minimum  loss  can  be  referred 
to  as  Tchebycheff  pass  band  parameters.  This  means  merely  that  the 
frequencies  of  minimum  loss  are  chosen  in  such  a  way  as  to  give  the 
least  maximum  deviation  from  constant  losses  at  pass  band  frequencies, 
other  parameters  being  considered  fixed. 

The  use  of  Tchebycheff  parameters  in  network  theory  was  first  intro¬ 
duced  by  Cauer  (16),  who  applied  them  to  the  design  of  image  parameter 
filters.  Filters  satisfying  the  Tchebycheff  pass  band  requirements  of 
the  insertion  loss  theory,  however,  are  more  nearly  analogous  to  general 
image  parameter  filters  than  to  Cauer ’s  special  Tchebycheff  parameter 
type.  A  closer  parallel  to  Cauer’s  use  of  Tchebycheff  parameters  is 

(A)  (B) 


Fig.  10.  Illiutrations  of  the  form  of  filter  characteristics  obtained  by 
using  Tchebycheff  pass  band  parameters 

offered  by  the  simultaneous  requirement  of  Tchebycheff  attenuation 
band  and  pass  band  parameters,  which  will  be  described  later. 

Tchebycheff  Pass  Band  Parameters — ^Theory 
Tchebycheff  pass  band  parameters  can  be  obtained  by  using  the 
following  type  of  insertion  power  ratio. 

c*“  -  All  +  (e*"'  -  1)  cosh*  (0/)].  (46) 

\R  R 

In  this  expression,  A  is  7-5 — /  * .  as  before;  Op  is  the  difference  between 
(ill  -b  ttiy 

the  equal  maxima  and  equal  minima  of  the  pass  band  insertion  loss  char¬ 
acteristic,  as  indicated  in  Fig.  19;  and  0/  is  a  function  of  frequency  meet¬ 
ing  the  following  requirements:  First,  0/  must  be  such  that  cosh  (0/) 
is  an  odd  or  even  rational  function  of  frequency,  depending  upon 
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whether  the  power  ratio  is  to  be  appropriate  for  symmetrical  or  inverse 
impedance  filters;  second,  0/  must  be  pure  imaginary  at  all  pass  band 
frequencies  and  must  have  the  form  {at  +  nri)  at  all  attenuation  band 
frequencies,  where  a/  is  not  only  real  but  also  is  infinite  at  various 
arbitrary  frequencies.  ' 

It  is  almost  obvious  that  the  above  requirements  on  0/  lead  to  the 
desired  type  of  insertion  loss  characteristics.  At  pass  band  frequencies, 
0/  takes  the  form  t/3/  leading  to  the  power  ratio 

e*'  =  A(1  +  (c*“'  -  1)  cos*  (/3,)].  (47) 

Since  the  value  of  cos*  09/)  must  lie  between  zero  and  unity,  the  corre¬ 
sponding  value  of  a  must  lie  in  a  range  of  amplitude  a,  .  On  the  other 
hand,  at  attenuation  band  frequencies 

e*“  =  A[1  +  (e*“'  -  1)  cosh*  (a/)].  (48) 

This  requires  a  to  approach  infinity  when  a/  approaches  infinity.  The 
only  real  problem  is  how  to  choose  0/  in  such  a  way  that  cosh  (0/)  is 
an  odd  or  even  rational  function  of  frequency. 

The  forms  ifii  and  (a/  -f-  nrt)  assumed  by  0/  at  pass  band  and 
attenuation  band  frequencies,  respectively,  suggest  that  0/  may  be 
similar  to  the  image  transfer  constant  of  an  image  parameter  filter. 
An  analysis  of  the  properties  of  general  image  transfer  constants  shows 
the  following  statements  to  be  correct.  First,  if  0/  is  obtained  by 

adding  to  the  image  transfer  constant  of  any  filter  (of  pure  react- 

A 

ances)  ^lith  inverse  image  impedances,  cosh  (0/)  will  be  an  odd  rational 
function  of  frequency.  Second,  if  0/  by  itself  represents  an  image 
transfer  constant  of  any  symmetrical  filter,  cosh  (0/)  will  be  an  even 
rational  function  of  frequency.**  If  the  theoretical  pass  bands  of  these 

These  relations  follow  directly  from  the  following  equations,  which  can 
readily  be  derived  by  means  of  elementary  network  theory: 


in  which  Z/i  and  Z/i  are  the  image  impedances  of  a  filter  with  transfer  constant 
0  while  Zoii  and  Zot  are  corresponding  open-circuit  transfer  and  driving-point 
impedances.  Bode  exhibits  equations  very  similar  to  these.  See,  for  instance, 
equation  (30)  on  page  43  of  his  “General  Theory  of  Electric  Wave  Filters  (4).“ 
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image  transfer  constants  coincide  with  the  desired  effective  pass  bands 
of  the  insertion  loss  filters,  0/  will  also  assume  the  required  forms  t/9/ 
and  (a/  -b  nri)  at  pass  band  and  attenuation  band  frequencies.  As  a 
result,  the  well  established  theory  of  the  image  transfer  constants  of 
image  parameter  filters  of  the  inverse  impedance  and  symmetrical  types 
can  be  applied  directly  to  the  design  of  insertion  loss  filters  of  the 
s}rmmetrical  and  inverse  impedance  types,  respectively. 

Tchebycheff  Pass  Band  Parameters — Fundamental  Design  Procedure 

In  accordance  with  the  above  principles,  the  design  of  a  filter  with 
Tchebycheff  pass  band  parameters  on  the  insertion  loss  basis  is  carried 
out  in  terms  of  the  image  transfer  constant  of  a  hypothetical  image 
parameter  filter.  It  should  be  borne  in  mind,  however,  that  there  is 
no  direct  connection  between  the  element  values  of  the  reference  filter 
and  those  of  the  actual  filter.  •  The  reference  filter  involves  sections 
with  matched  image  impedances,  or  the  equivalent,  while  the  actual 
filter  does  not.  In  addition  the  reference  filter  is  normally  of  somewhat 
greater  complexity  than  the  actual  filter.”  The  reference  filter  is  intro¬ 
duced  at  all  only  because  its  transfer  constant  is  well  understood  and 
happens  to  have  a  functional  form  which  facilitates  the  determination 
of  the  insertion  loss  of  the  actual  filter. 

The  configuration  of  the  reference  filter  corresponding  to  an  actual 
filter  of  prescribed  configuration  is  chosen  in  accordance  with  the  require¬ 
ment  of  equal  or  inverse  image  imjjedances  and  of  a  one  to  one  corre¬ 
spondence  between  the  attenuation  peaks  of  the  reference  filter  and  all 
the  frequencies  of  infinite  loss  of  the  actual  filter.  Since  the  image 
impedances  of  the  reference  filter  are  only  required  to  be  properly 
related,  a  number  of  configurations  are  always  possible. 

By  way  of  illustration,  the  two  low-pass  configurations  used  previously 
as  illustrative  insertion  loss  filters  are  shown  in  Fig.  20  in  comparison 
with  the  simplest  corresponding  reference  filters.  It  is  seen  that  each 
reference  filter  is  obtained  by  adding  a  constant-A;  half-section  to  an 
image  parameter  filter  of  the  same  configuration  as  the  corresponding 
actual  filter.  The  added  half-sections  supply  the  infinite  loss  points  at 
infinity  due  to  the  corresponding  poles  of  the  series  branches  of  the 
actual  filters.  More  generally,  in  the  case  of  all  types  of  filters  com¬ 
monly  encountered  the  reference  filters  can  be  obtained  by  adding 

”  This  is  because  the  total  insertion  loss  of  the  actual  filter  is  determi  ned  by 
the  transfer  constant  of  the  image  parameter  filter,  including  infinite  loss  points 
corresponding  to  the  reflection  peaks  of  the  image  parameter  theory. 
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similar  constant-A;  half-sections  of  the  proper  types  to  reference  filters 
of  the  same  configurations  as  the  actual  filters/’ 

When  it  comes  to  the  choice  of  the  arbitrary  constants  of  a  reference 
filter  in  such  a  way  that  the  corresponding  actual  filter  will  meet  design 
specifications  of  the  type  ordinarily  encountered,  the  procedure  is  actu¬ 
ally  simpler  than  if  the  reference  filter  itself  constituted  the  final  net¬ 
work.  In  the  first  place,  the  theoretical  pass  band  of  the  reference 
filter  is  coincident  with  the  effective  pass  band  of  the  actual  filter,  it 
being  unnecessary  to  make  any  allowances  for  ranges  of  high  reflection 
losses  near  theoretical  cut-offs.  In  addition,  the  pass  band  distortion 
Up  can  be  chosen  directly,  rather  than  reflection  losses  due  to  variations 
in  the  image  impedances  which  must  be  corrected  for  interaction  effects. 
Finally,  at  attenuation,  band  frequencies  at  which  even  moderate  in- 


ACTUAL  riLTCR  RCrCRCNCC  riLTCR 


sertion  losses  are  obtained,  a  good  approximation  to  the  loss  can  be 
computed  more  easily  than  in  the  case  of  an  image  parameter  filter, 
which  requires  reflection  losses  to  be  added  to  the  image  attenuation. 
This  computation  is  carried  out  by  means  of  the  following  approximate 
formula  which  can  be  derived  from  equation  (48)  by  first  assuming  that 
1  ' 

-e**  and  are  both  large  compared  with  unity  and  then  expressing 


a/  in  terms  of  decibels  rather  than  napiers: 

a  —  am  —  («/  10  logic  —  1)  —  6.02]  db 


(49) 


where  am  is  the  minimum  pass  band  insertion  loss,  which  is  negative 
or  zero  since  it  amounts  to  10  logic  (A)  db,  while  at  is  identical  with 
the  image  attenuation  of  the  reference  filter. 


Exceptions  to  this  general  rule  are  pouible  but  are  not  apt  to  be  encountered 
in  ordinary  filter  design  problems. 
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After  the  arbitrary  constants  have  been  chosen,  the  function  cosh  (0/) 
appearing  in  (46)  can  readily  be  replaced  by  the  equivalent  odd  or  even 
rational  function  of  frequency.  In  the  case  of  low-pass  filters,  for  in¬ 
stance,  if  X  is  used  to  represent  ^  ~  ^  function  cosh  (6/)  turns 
out  to  be 

n  (wi,  +  x)  +  n  im,  —  x) 

cosh  (0/)  =  -  (50) 

2  11  VmJ  —  X* 

# 

In  this  equation,  Ue  represents  the  value  of  u  at  the  cutoff  while  the 
m,’s  represent  the  “m’s”  determining  the  attenuation  peaks  corre¬ 
sponding  to  the  various  half-sections  of  the  reference  image  parameter 
filter,  there  being  one  factor  in  each  product  corresponding  to  each 
half-section.  When  cosh  (0/)  is  a  rational  function  of  u,  m,’s  different 
from  unity  occur  in  identical  pairs,  corresponding  to  halves  of  m-derived 
full  sections  in  the  reference  filter.  Each  such  pair  is  related  to  one  of 
the  in  the  expression  of  the  form  (44)  or  (45)  for  the  power  ratio  of 
the  actual  filter  by  the  expression 

V,  =  (l/w,)\/l  -  ml  (51) 

Special  Formulae  Aiding  Root  Extraction 
After  cosh  (0/)  has  been  replaced  in  (46)  by  the  equivalent  rational 
function,  corresponding  networks  can  always  be  designed  by  means  of 
the  general  theory  of  symmetrical  and  inverse  impedance  networks 
described  previously.  The  use  of  Tchebycheff  pass  band  parameters, 
however,  permits  the  more  general  design  procedure  to  be  considerably 
simplified  by  the  introduction  of  additional  special  formulae.  In  par¬ 
ticular,  the  required  root  extraction  can  be  expedited  by  the  use  of 
special  formulae  giving  good  approximations  to  the  required  roots. 
How  this  is  accomplished  is  described  briefly  below. 

The  required  roots  are  those  of  equations  of  the  form 

1  ±  i  -  1  cosh  (0/)  =  0  (52) 

expressed  as  a  function  of  p  «  iuJ*  In  other  words,  the  problem  is  to 
calculate  the  values  of  p  corresponding  to  the  values  of  0/  determined  by 

These  are  obviously  factors  of  the  function  -  s**  determined  by  (46).  In 

A 

the  case  of  symmetrical  filters  only  one  choice  of  sign  need  be  considered,  the 
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6/  =  cosh  ‘ 


[^] 


(53) 


If  the  reference  image  parameter  filter  is  made  up  of  identical  m-de- 
rived  sections  or  half-sections,  ©/will  take  the  form  (n©o)  or  ^n0o  +  ^  , 


in  which  ©o  represents  the  transfer  constant  of  a  single  section  or  half¬ 
section.  When  the  reference  filter  is  not  actually  made  up  of  identical 
sections,  ©/  can  normally  be  approximated  over  a  portion  of  the  p  plane 
including  the  roots  of  (52)  by  means  of  the  ©/  function  representing  a 
reference  filter  of  this  special  type.  In  ordinary  design  problems  it  is 
only  necessary  to  replace  the  “m’s”  describing  the  various  sections  of 
the  reference  filter  with  a  single  new  “m”  representing  their  mean.” 
Since  p  can  normally  be  expressed  as  a  simple  function  of  ©o,  it  follows 
that  approximations  to  the  roots  of  (52)  in  terms  of  p  can  ordinarily 

be  computed  by  replacing  ©/  by  (n©o)  or  ^n©o  +  ^  in  (53),  When  ©o 

is  the  transfer  constant  of  an  m-derived  low-pass  half-section  of  “m” 
equal  to  mo ,  for  instance,  the  approximations  to  the  roots  of  (52)  can 
be  calculated  by  means  of  the  following  formula  in  terms  of  the  values 
of  ©0  determined  by  (53): 


_  ut  sinh  (©o) 

\/l  —  (1  —  mo)  cosh*  (©o) 


(54) 


in  which  the  sign  of  the  square  root  must  be  such  that  its  real  part  is 
positive.” 

It  can  readily  be  shown  that  the  approximations  to  the  roots  described 
above  can  be  expected  to  be  reasonably  good  in  ordinary  filter  design 


corresponding  roots  bfeing  those  of  (P  +  pB'),  which  are  required  in  forming 
(41).  In  the  case  of  inverse  impedance  filters  the  roots  corresponding  to  one 
choice  of  signs  are  the  conjugates  of  those  corresponding  to  the  other. 

**  The  approximating  0/  function  does  not  have  to  represent  a  symmetrical 
or  inverse  impedance  filter  as  does  the  actual  0/  function.  In  the  case  of  low- 
pass  or  high-pass  filters,  the  harmonic  mean  of  the  "m’s”  appears  to  have  par¬ 
ticular  advantages.  The  same  thing  is  true  of  band  pass  or  band  elimination 
filters  if  they  have  symmetrical  loss  characteristics  permitting  the  m’s  to  repre¬ 
sent  the  derivation  of  confluent  sections  from  constant-!;  sections. 

”  Pure  imaginary  values  of  the  square  root,  for  which  the  sign  is  not  defined, 
are  not  encountered  in  problems  in  which  (54)  gives  reasonable  approximations 
to  the  required  roots. 
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problems.  Experience  has  shown  that  they  are  normally  good  enough 
for  well-known  root  improvement  methods  to  be  applied  directly  to  the 
determination  of  the  actual  roots  to  any  desired  precision.  It  also 
turns  out  that  the  approximate  roots  are  of  such  a  form  that  special 
methods  can  be  used  to  obtain  second  approximations  before  the  appli¬ 
cation  of  general  root  improvement  methods.” 

Other  Special  Formulae 

Various  other  special  formulae  can  be  derived  to  facilitate  the  design 
of  filters  on  the  Tchebycheff  pass  band  parameter  basis  besides  those 
expediting  the  root  extraction.  The  reflection  coefficients,  for  instance, 
which  measure  the  departure  of  the  driving-p>oint  impedances  from  the 
corresponding  terminating  impedances  satisfy  the  following  limit  at 
pass  band  frequencies: 


^  Vl  -  (55) 

in  which  Z  is  either  driving-point  impedance  and  R  is  the  corresponding 
termination. 

A  rough  estimate  of  the  variation  oi  of  the  insertion  loss  over  the  pass 
band  which  will  be  produced  by  parasitic  dissipation  in  a  low-pass  or 
high-pass  filter  is  usually  furnished  by  the  highly  approximate  relation,” 

e-  =  1  +  _?!L  coth  r  -  coth"‘  (56) 

Qtnno  J 

In  this  expression  Q  is  the  harmonic  mean  of  the  magnitudes  of  the  react¬ 
ance-resistance  ratios  of  all  the  inductances  and  capacities,  evaluated 
at  the  cut-off  frequency;  mo  represents  the  harmonic  mean  of  the  '*m*s” 
of  all  the  half-sections  in  the  reference  image  parameter  filter,  and  n 
is  the  total  number  of  half  sections  in  the  reference  filter. 

This  is  accomplished  by  using  a  simple  transformation  of  variable  which 
transforms  the  approximate  roots  into  the  n-th  roots  of  a  constant.  One  method 
of  obtaining  second  approximations  amounts  to  the  use  of  Newton’s  method  in 
conjunction  with  Fry’s  isograph.  Although  this  machine  is  primarily  intended 
for  general  root  extraction  purposes  it  is  also  convenient  for  applying  Newton’s 
method  to  the  improvement  of  roots  approximated  by  quantities  which  are  all 
of  the  same  magnitude. 

This  equation  furnishes  even  rough  estimates  only  in  the  case  of  filters 
meeting  ordinary  specifications,  particularly  as  regards  sharpness  of  cutoffs  and 
non-dissipative  pass  band  loss. 


R  -  Z 
R  +  Z 
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The  actual  loss  ol,  produced  by  a  low-pass  or  high-pass  ladder  filter 
at  a  frequency  of  infinite  theoretical  loss  not  too  far  removed  from  the 
cutoff  frequency  can  be  estimated  by  means  of  the  following  formula: 


e 


«»  ^ 


2m;Q 
(1  -  mj) 


(57) 


In  this  equation,  m,  is  the  “m”  corresponding  to  the  particular  peak 
frequency  considered  and  a'  is  calculated  by  subtracting  the  attenuation 
of  the  corresponding  section  of  the  reference  filter  from  the  non-dissipa- 
tive  insertion  loss  of  the  actual  filter  and  evaluating  the  difference  at 
the  peak  frequency.  Q  is  now  best  chosen  as  the  mean  “Q”  of  the 
particular  elements  of  the  ladder  network  whose  resonance  produces 
the  peak,  the  ratios  being  evaluated  at  the  peak  frequency. 

Ordinarily,  equation  (56)  can  be  applied  to  band-pass  and  band-elim¬ 
ination  filters  with  narrow  pass  or  attenuation  bands  by  merely  multi¬ 
plying  Q  by  ,  where  and  /,!  are  the  cutoff  frequencies  and  Q 

2  V/«t/el 


is  now  evaluated  at  the  mean  frequency  of  the  pass  or  attenuation  band. 
This  assumes,  however,  that  the  loss  characteristics  are  at  last  approxi¬ 
mately  symmetrical  on  a  logarithmic  frequency  scale.  Equation  (57) 
can  also  be  applied  to  these  filters  provided  the  peak  frequencies  con¬ 
sidered  are  not  too  far  removed  from  cutoff  frequencies.  This  applica¬ 
tion  is  accomplished  by  multiplying  Q  by  ,  in  which/,  is  the 

2/«  Vfttfcx 


peak  frequency. 


Comparison  of  Actual  Performance  of  Tchebycheff  Pass  Band  Param¬ 
eter  Filters  with  That  of  Image  Parameter  Filters 

From  the  standpoint  of  actual  performance,  a  Tchebycheff  pass  band 
parameter  filter  can  best  be  compared  with  an  image  parameter  filter 
producing  the  same  order  of  magnitude  of  distortion  at  frequencies  in 
the  effective  pass  band.  When  the  constant  op  measuring  the  pass 
band  distortion  of  the  insertion  loss  filter  is  of  the  order  of  tenths  of  a 
decibel,  for  instance,  the  best  comparison  is  usually  obtained  by  assum¬ 
ing  the  image  parameter  filter  to  have  image  impedances  of  the  con¬ 
stant-1;  t}rpe.  When  a,  is  of  the  order  of  hundredths  of  a  decibel  or 
smaller,  on  the  other  hand,  it  is  usually  best  to  assume  that  the  reflection 
effects  produced  by  the  image  parameter  filter  at  pass  band  frequencie.s 
are  reduced  by  the  use  of  image  impedances  including  impedance  con¬ 
trolling  factors. 
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The  comparison  is  most  clear  cut  when  ap  is  of  the  order  of  the  dis¬ 
tortion  due  to  an  image  parameter  filter  with  constant-A;  image  im¬ 
pedances.  Recall  that  the  reference  filter  used  in  designing  an  insertion 
loss  filter  is  usually  obtained  by  adding  a  constant-Ac  half-section  to  an 
image  parameter  filter  of  the  same  configuration  as  the  insertion  loss 
filter.  In  other  words,  equation  (49)  approximating  the  insertion  loas 
of  an  actual  filter  at  frequencies  of  high  loss  can  usually  be  written  in 
the  form 

a  -  a*  =  aj  +  [ao  +  10  log,o  (e*“'  -  1)  -  6.02]  dh  (58) 

in  which  a/  is  the  attenuation  of  an  image  parameter  filter  of  the  same 
configuration  as  the  actual  filter  while  oo  is  the  attenuation  of  a  con- 
stant-A;  half-section.  The  bracketed  term  in  this  equation  is  analogous 
to  the  reflection  losses  that  would  be  added  to  the  attenuation  of  the 
image  parameter  filter  in  computing  its  insertion  loss  from  its  attenua¬ 
tion  a\ .  These  two  corrections  are  of  the  same  order  of  magnitude 
when  Up  is  of  the  order  of  the  distortion  that  would  be  produced  by  the 
image  parameter  filter  at  frequencies  in  its  effective  pass  band.  This 
is  illustrated  by  actual  curves  of  the  two  corrections  in  Fig.  21,  assuming 
low-pass  filters. 

Although  the  insertion  loss  filter  described  above  and  the  corre¬ 
sponding  image  parameter  filter  of  the  same  configuration  produce 
insertion  losses  of  the  same  order  of  magnitude  at  frequencies  of  high 
loss,  their  pass  band  loss  characteristics  differ  in  one  important  respect. 
The  effective  cutoff  of  the  insertion  loss  filter  coincides  with  the  theo¬ 
retical  cutoff  of  the  image  parameter  filter,  while  the  effective  cutoff  of 
the  image  parameter  filter  normally  occurs  at  a  frequency  at  least  10 
per  cent  lower.^*  This  means  that  if  the  image  parameter  filter  were 
to  be  redesigned  so  as  to  have  the  same  effective  cutoff  as  the  insertion 
loss  filter  the  theoretical  cutoff  would  have  to  be  moved  much  nearer  to 
the  attenuation  peaks.  If  the  theoretical  cutoff  were  originally  within 
20  i>er  cent  of  an  attenuation  peak,  for  instance,  it  would  normally  have 
to  be  moved  to  within  10  per  cent  of  the  peak.  This  change  would 
produce  a  marked  reduction  in  the  attenuation  band  loss,  as  is  indicated 
by  a  glance  at  a  set  of  attenuation  curves  for  filters  of  different  peak 
frequencies,  such  as  that  exhibited  by  Shea  (17). 

As  is  indicated  by  the  above  discussion,  insertion  loss  filters  of  the 

The  effective  cutoff  of  the  image  parameter  filter  can  of  course  be  moved 
closer  to  the  theoretical  cutoff  if  impedance  controlling  factors  are  used  but  this 
requires  an  increase  in  network  complexity. 
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Tchebycheff  pass  band  parameter  typ>e  normally  represent  a  substan¬ 
tially  more  efficient  use  of  the  elements  than  image  parameter  filters 
when  the  pass  band  distortion  is  to  be  of  the  order  of  tenths  of  a  decibel. 
The  same  general  situation  usually  exists  when  the  pass  band  distortion 
is  to  be  substantially  lower,  calling  for  an  image  parameter  filter  in- 
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Fig.  21.  A  comparison  of  the  corrections  involved  in  the  determination  of  the 
insertion  losses  of  low-pass  filters  of  the  Tchebycheff  pass  band 
parameter  and  image  parameter  types 


volving  impedance  controlling  factors,  but  not  necessarily  to  the  same 
extent. 

Dependence  Upon  a,  of  Positiveness  of  Ladder  Elements 
In  Part  II  certain  conditions  were  pointed  out  which  are  sufficient 
to  insure  that  a  mid-series  low-pass  ladder  will  not  include  negative 
inductances  requiring  the  use  of  coupled  coils.  The  first  of  these  re¬ 
quires  the  frequencies  of  infinite  loss  to  be  greater  than  all  the  finite 
poles  of  at  least  one  of  the  open-circuit  driving-point  impedances.  The 
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second  requires  the  particular  frequencies  of  infinite  loss  corresponding 
to  the  shunt  branches  nearest  the  terminals  to  be  also  equal  to  or  greater 
than  all  the  roots  of  the  corresponding  open-circuit  impedances.  As 
would  be  expected,  the  open-circuit  impedances  of  a  Tchebycheff  pass 
band  parameter  filter  vary  in  much  the  same  way  as  those  of  a  corre¬ 
sponding  image  parameter  filter  producing  a  somewhat  similar  loss 
characteristic.  Specifically,  a  good  comparison  is  usually  obtained  when 
the  two  filters  produce  the  same  order  of  magnitude  of  pass  band  dis¬ 
tortion  and  are  described  by  impedances  which  vary  in  the  same  manners 
at  zero  and  infinite  frequencies,  rather  than  in  inverse  manners.  Thus 
a  study  of  the  impedances  of  image  parameter  filters  gives  an  indication 
of  when  coupled  coils  may  be  required  in  insertion  loss  filters. 

The  open-circuit  imp)edances  of  an  image  parameter  filter  are  given  by 

Zo  =  Z/  coth  (0)  (59) 

where  Zo  is  either  open-circuit  impedance,  Z/  is  the  corresponding  image 
imijedance,  and  0  is  the  image  transfer  constant.  Since  coth  (0)  is 
finite  in  attenuation  bands,  the  only  roots  and  poles  of  the  open-circuit 
impedances  occurring  in  attenuation  bands  are  roots  and  poles  of  the 
image  impedances. 

A  mid-series  low-pass  image  impedance  of  the  constant-A;  tjrpe  has  no 
root  above  the  cutoff  frequency  and  has  no  pole  except  at  infinity.  It 
follows  that  low-pass  filters  of  the  insertion  loss  type  and  filters  related 
to  them  by  frequency  transformations  can  be  expected  to  be  realizable 
with  ladders  without  coupled  coils  whenever  the  pass  band  distortion 
is  of  the  order  of  that  produced  by  image  parameter  filters  with  con- 
stant-A:  impedances. 

When  a  single  impedance  controlling  factor  is  considered,  a  mid-series 
type  of  low-pass  insertion  loss  filter  must  be  compared  with  an  image 
parameter  filter  of  the  so-called  mid-shunt  m-terminated  type,  which 
produces  an  image  imiiedance  with  a  pole  at  infinity.”  In  this  case, 

'*  The  well  known  ladder  form  of  a  symmetrical  mid-shunt  m-terminated 
image  parameter  Slter  has  the  general  mid-series  low-pass  configuration  except 
that  the  terminal  series  inductances  do  not  appear.  The  insertion  power  ratio 
of  a  general  mid-series  low-pass  ladder,  when  expressed  in  the  form  (35),  has 
as  many  constants  as  there  are  elements  in  the  network.  It  turns  out  that 
removing  the  terminal  series  branches  leaves  the  form  and  degree  of  the  power 
ratio  unchanged,  the  only  result  being  changes  in  the  numerical  values  of  the 
constants,  which  are  greater  in  number  than  the  elements  of  the  "reduced”  net¬ 
work.  Thus  the  mid-shunt  m-terminated  image  parameter  low-pass  filter  can 
he  described  as  a  special  case  of  the  general  mid-series  low-pass  configuration 
in  which  the  terminal  series  inductances  have  the  value  sero. 


L. 
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the  open-circuit  impedances  of  the  image  parameter  filter  will  have  roots 
in  the  attenuation  band  but  no  poles  except  at  infinity.  Thus  when  an 
insertion  loss  filter  produces  a  pass  band  distortion  comparable  with 
that  obtained  with  image  impedances  each  including  a  single  imped¬ 
ance  controlling  factor,  it  is  to  be  expected  that  no  coupled  coils  will 
be  required  provided  the  frequencies  of  infinite  loss  produced  by  the 
terminal  shunt  branches  are  sufficiently  high. 

When  two  or  more  impedance  controlling  factors  are  included  in  each 
image  impedance,  there  will  be  poles  in  attenuation  bands  and  the 
sufficient  conditions  for  elimination  of  coupling  will  be  violated  unless 
all  infinite  loss  frequencies  are  sufficiently  high.  This  does  not  mean, 
however,  that  coupling  will  necessarily  be  required  whenever  there  are 
infinite  loss  frequencies  near  the  cutoff,  since  the  above  conditions  are 
sufficient  but  not  necessary  for  its  elimination.  It  merely  means  that 
the  possibility  of  required  coupling  must  be  considered. 

The  general  rule  is  obviously  that  reducing  the  pass  band  distortion 
ttp  always  makes  the  necessity  of  coupled  coils  more  probable.  For  the 
range  of  values  of  a,  normally  of  interest  it  can  usually  be  assumed  that 
no  coupling  will  be  necessary,  but  unusually  small  values  of  Up  may 
lead  to  its  necessity.*’ 

Simultaneous  Attenuation  Band  and  Pass  Band  Tchebycheff  Param¬ 
eters 

In  many  filter  design  problems,  the  minimum  permissible  suppression 
of  unwanted  frequencies  is  constant  over  prescribed  effective  attenua¬ 
tion  bands  at  the  same  time  that  the  maximum  permissible  distortion 
is  constant  over  prescribed  effective  pass  bands.  In  many  such  prob¬ 
lems,  the  most  efficient  use  of  the  arbitrary  constants  is  obtained  by 
requiring  Tchebycheff  attenuation  band  parameters  as  well  as  Tche¬ 
bycheff  pass  band  parameters.  In  other  words,  the  frequencies  of  in¬ 
finite  loss  of  the  previous  theory  are  required  to  be  so  chosen  that  the 
insertion  loss  characteristics  exhibit  equal  minima  between  the  fre¬ 
quencies  of  infinite  loss  as  well  as  equal  maxima  and  equal  minima  in 
the  pass  bands.  The  simplest  illustration  is  the  design  of  a  low-pass 
filter  with  an  effective  pass  band  extending  from  zero  frequency  to  some 
prescribed  frequency  fi  and  an  effective  attenuation  band  extending 

The  values  of  a,  leading  to  the  requirement  of  coupling  are  normally  ex¬ 
tremely  small,  but  very  small  values  are  sometimes  required  in  order  to  meet 
restrictions  on  permissible  impedance  variations.  As  is  indicated  by  (65),  the 
impedance  variations  occurring  at  pass  band  frequencies  approach  sero  only 
as  y/a,  . 
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from  a  second  prescribed  frequency  ft  to  infinity. .  In  this  special  case, 
the  simultaneous  use  of  attenuation  band  and  pass  band  Tchebycheff 
parameters  described  above  leads  to  a  loss  characteristic  of  the  t}rpe 
illustrated  in  Fig.  22  for  a  three-section  symmetrical  filter. 

Mathematically,  the  theory  of  simultaneous  attenuation  band  and 
pass  band  Tchebycheff  parameters  is  very  similar  to  the  Tchebycheff 
version  of  the  image  parameter  theory  introduced  by  Cauer  (16).  De¬ 
sign  formulae  for  the  essential  constants  such  as  the  frequencies  of 
infinite  loss  can  actually  be  derived  by  combining  Cauer’s  theory  with 
the  theory  of  general  Tchebycheff  pass  band  parameters  described  above. 
Cauer’s  theory  leads  to  image  parameter  filters  characterized  by  equal 
minima  of  attenuation  between  attenuation  peaks.  If  one  of  these  is 
used  as  the  reference  image  parameter  filter  in  the  design  of  an  insertion 


Fig.  22.  An  illustration  of  the  form  of  filter  characteristics  obtained  by  the  use 
of  both  attenuation  band  and  pass-band  Tchebycheff  parameters 

loss  filter  with  Tchebycheff  pass  band  parameters,  equal  minima  of 
insertion  loss  between  the  infinite  loss  points  are  obtained.  The  re¬ 
quirement  that  cosh  (0/)  must  be  an  even  or  odd  rational  function  of 
frequency  and  must  be  infinite  at  a  zero  or  infinite  attenuation  band 
frequency,  however,  requires  Cauer’s  basic  theory  to  be  modified  some¬ 
what  in  designing  the  image  parameter  filter.” 

The  similarity  of  the  insertion  loss  filters  to  Cauer’s  image  parameter 
filters  does  not  extend  beyond  the  theory  involved  in  the  choice  of  the 
design  parameters.  The  insertion  loss  characteristics  produced  by  the 
two  types  of  filters  are  quite  different.  Cauer’s  theory  would  lead  to 
insertion  loss  characteristics  with  *‘equal  ripples”  in  pass  bands  and  with 
equal  minima  between  infinite  loss  points  in  attenuation  bands  only  if 

**  The  required  modification  can  be  determined  by  examining  Cauer’s  various 
methods  of  modifying  his  theory  to  apply  it  to  various  image  parameter  problems. 
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interaction  effects  could  be  neglected  at  pass  band  frequencies  and 
reflection  effects  at  attenuation  band  frequencies.  In  actual  filters,  the 
effects  of  interaction  and  reflections  are  sufficient  to  produce  marked 
changes  in  the  loss  characteristics."  The  insertion  loss  filters,  on  the 
other  hand,  produce  the  ideal  characteristics  exactly,  there  being  no 
corrections  for  such  effects  as  reflections  and  interaction." 

Direct  Derivation  of  the  Theory 

In  spite  of  the  fact  that  Cauer’s  Tchebycheff  version  of  the  image 
parameter  theory  can  be  used  to  derive  the  essential  formulae,  it  is 
more  convenient  to  develop  the  corresponding  insertion  loss  theory  by 
means  of  the  more  direct  analysis  described  below.  This  analysis  yields 
the  same  formulae  as  Cauer’s  theory  and  also '  additional  useful  rela¬ 
tionships.  It  was  used  in  the  original  derivation  of  the  theory,  which 
was  carried  out  before  the  development  of  the  simple  theory  of  general 
Tchebycheff  pass  band  parameters  made  Cauer’s  image  parameters 
available  for  the  purpose.  Since  other  filters  call  for  a  very  similar 
method  of  analysis  although  somewhat  different  formulae,  only  sym¬ 
metrical  low-pass  filters  will  be  described  in  detail. 

Statement  of  Algebraic  Form  of  the  Power  Ratio 

It  will  be  simplest  to  begin  with  the  algebraic  statement  of  the  inser¬ 
tion  power  ratio  required  for  simultaneous  attenuation  band  and  pass 
band  Tchebycheff  parameters,  leaving  its  justification  until  later.  An 
expression  for  the  power  ratio  exhibiting  a  simple  type  of  symmetry  is 
obtained  by  replacing  u  by  a  new  variable  0  even  though  it  is  a  low-pass 
filter  which  is  under  consideration.  In  the  design  of  a  low-pass  filter, 
il  is  defined  by 

0  =  (60) 
,  Vwi«* 

**  At  a  pass  band  frequency  at  which  the  phase  is  an  integral  multiple  of  r 
radians,  for  instance,  interaction  effects  in  a  symmetrical  image  parameter  filter 
are  such  as  to  produce  zero  insertion  loss  whatever  the  refiection  losses.  At 
attenuation  band  frequencies  the  reflection  effects  vary  from  fidb  reflection  gain 
to  infinite  reflection  loss. 

**  Even  when  dissipation  in  the  elements  is  considered,  it  is  frequently  possible 
to  modify  the  insertion  loss  filters  in  such  a  way  that  the  insertion  loss  character¬ 
istics  differ  from  those  of  non-dissipative  filters  only  by  constant  losses.  How 
this  can  be  done  will  be  explained  in  Part  IV. 
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where  wi  and  (Oi  are  the  values  of  u  at  the  cutoff  frequency  fi  and  the 
limit  of  the  effective  attenuation  band  ft .  The  values  of  0  at  fi  and  ft 

are  then  \/k  and  where 

V* 

A;  =  (61) 


The  corresponding  power  ratio  required  for  a  symmetrical  filter  turns 
out  to  be  of  the  form 


e 


Sa 


1  +  [q  -  0?)  •  •  •  (0*  -  n,*)  T 

L  (1  -  0*0*)  •••(!-  0*0*). 


(62) 


Consider  the  bracketed  expression  in  (62).  If  the  constant  So  is 
omitted,  replacing  Q  by  its  reciprocal  will  replace  this  expression  by  its 
reciprocal.  It  follows  that  the  requirement  of  Tchebycheff  attenuation 
band  parameters  will  be  satisfied  provided  the  Q,’s  are  chosen  in  such  a 
way  that  Tchebycheff  pass  band  parameters  are  obtained.  As  would 
be  expected  from  Cauer’s  image  parameter  theory,  the  required  values 
of  the  n,’s  are  most  simply  expressed  in  terms  of  Jacobean  elliptic  func¬ 
tions.  Specifically 

fi,  =  y/k  sn  ^2^*^  2 =  1,  *  •  •  .  (63) 


in  which  the  constant  k  representing  the  modulus  still  has  the  value 
/i//t ,  while  K  is  the  corresponding  complete  integral. 


Proof  of  Correctness  of  the  Algebraic  Expression  for  the  Power  Ratio 

Suppose  the  power  ratio  (62)  is  transformed  by  replacing  fi  by 
\/k  sn  (u,  k).  The  function  of  u  obtained  in  this  way  can  be  simplified 
by  replacing  the  fi,’s  by  their  equivalents  of  (63)  and  then  making  use 
of  the  summation  law  for  elliptic  sines.  This  procedure  permits  the 
bracketed  expression  in  (62)  to  be  replaced  by  a  product  of  elliptic  sines 
showing  the  power  ratio  to  be  determined  by  the  following  pair  of 
equations 


fi  =  \fk  sn  (u,  k). 


(64) 
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If  u  is  replaced  by 


in  the  product  in  the  above  power 


ratio  the  net  effect  is  to  replace  the  factor  in  a  *  —  ij  by  one  in 
<T  =  i;  +  1,  the  other  factors  being  merely  interchanged.  The  arguments 
of  the  factors  in  or  =  —  n  and  <r  =  t;  -|-  1  differ  by  exactly  2K  and  must 
therefore  be  identical  since  this  is  the  period  of  sn*  (u,  k).  In  other 

/  2K 

words,  the  power  ratio  is  unchanged  by  replacing  u  by  ' 


2u  + 

2iC 

which  amounts  to  saying  it  is  periodic  in  u  with  the  period  . 

“T  1 

The  frequency  variable  0  is  also  periodic  in  u  but  has  the  longer 
period  4/C. 

For  real  values  of  u  the  function  sn  (u,  k)  covers  the  range  —  1  to  +1. 
In  other  words,  the  corresponding  values  of  0  coincide  with  the  pass 
band  and  its  image  at  negative  frequencies.  Thus  as  u  increases  Q 
will  vary  cyclically  over  the  pass  band  and  its  negative  image,  while 
in  each  cycle  of  0  the  ix)wcr  ratio  will  pass  through  several  complete 
cycles,  i.e.,  through  a  series  of  equal  maxima  and  equal  minima.  A 
more  detailed  analysis  of  this  situation  shows  that  it  requires  the  |X)wer 
ratio  under  consideration  to  represent  at  least  a  special  case  of  Tche- 
bycheff  pass  band  parameters.**  As  indicated  above,  it  then  follows 
from  the  reciprocal  nature  of  the  bracketed  expression  in  (62)  that 
Tchebycheff  attenuation  band  parameters  are  also  obtained.** 


Determination  of  the  Roots  of  the  Power  Ratio  and  of  Related  Functions 

The  periodicity  of  the  power  ratio  and  of  Q  considered  as  functions 
of  u  simplifies  the  calculation  of  the  roots  of  the  power  ratio  involved 
in  the  determination  of  corresponding  networks.  Since  the  period  of 
the  power  ratio  is  a  fraction  of  that  of  Q,  as  soon  as  any  one  root  of  the 

**  The  general  principle  of  using  periodic  transformations  in  Tchebycheff 
parameter  problems  waa  introduced  by  Schelkunoff.  Schelkunoff’s  application 
of  the  principle  to  Cauer’s  Tchebycheff  theory  is  described  by  Guillemin  (18). 

**  The  above  analysis  merely  proves  the  correctness  of  a  particular  solution 
for  the  choice  of  the  (L’s  yielding  attenuation  band  and  pass  band  Tchebycheff 
parameters.  The  uniqueness  of  this  solution  can  be  demonstrated,  however, 
by  making  use  of  the  following  relation,  which  can  be  shown  to  be  necessarily 
satisfied : 


_ ^  _ -  (2,  +  1)  - _ _ _ 

-  1/*)(1  -  *.y*)  A  ^(fc  _  Qi)(l  _  ifcfli) 

in  which  y  represents  the  bracketed  expression  in  (62)  with  the  constant  St 
omitted. 
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power  ratio  in  terms  of  ifl  has  been  determined  a  number  of  others  can 
be  computed  by  merely  adding  multiples  of  the  period  of  the  p>ower 
ratio  to  the  corresponding  value  of  u.  Actually,  it  turns  out  that  all 
the  roots  can  be  found  in  this  way  as  soon  as  any  one  has  been  deter¬ 
mined.  If  ±0©  is  used  to  represent  the  only  real  roots,  for  instance,  the 
complex  roots  take  the  form 


.  _  ioocd,  ± 

t\k0  - .  ^  - 

1  +  alill 


ff  =  1, 


(65) 


where  is  again  y/k  sn  I  ■  - ,  k  I  while  W  and  cd,  are  defined  by 

L2>?  +  1  J 

W  =  i/  (1  -I-  fcoj)  / 1  -I-  ? 


Assuming  a©  to  be  the  •positive  real  root  of  the  power  ratio,  the  roots 
of  the  related  polynomial  (A  -|-  pB)  appearing  in  the  general  theory 
of  Part  I  are  found  by  using  —a©  as  the  real  root  and  replacing  ±a© 
by  —0©  in  the  above  formulae  for  the  complex  roots.”  It  also  turns 
out  that  the  roots  of  (P  -|-  pB’),  which  are  required  in  the  formation 
of  equation  (41)  in  the  determination  of  corresponding  lattices,  are 
obtained  by  using  4-a©  as  the  real  root  and  replacing  ±a©  by  (  — )'a© 
in  the  above  formulae. 


Introduction  of  a  Modular  Transformation  on  the  Elliptic  Functions 
Formulae  for  computing  the  real  zeros  ±a©  and  other  extremely 
useful  design  relations  can  be  obtained  by  the  introduction  of  a  modular 
transformation  on  the  elliptic  functions.”  By  means  of  this  trans- 


These  formulae  of  course  give  the  roots  in  terms  of  in,  defined  as 


rather  than  in  terms  of  iw.  The  transformation  from  one  variable  to  the  other 
is  carried  out  at  any  convenient  point  in  the  design  procedure,  commonly  after 
the  impedances  of  the  final  network  branches  have  been  determined  as  functions 
of  in,  as  in  the  case  of  more  complicated  frequency  transformations. 

**  The  general  theory  of  modular  transformations  (other  than  Landen’s  trans¬ 
formation  and  Jacobi’s  imaginary  transformation)  is  described  in  very  few 
treatises  on  elliptic  functions.  It  is  described  in  detail  by  Cayley  (19),  however, 
and  also  by  Jacobi  (20),  who  was  the  first  to  introduce  it.  The  use  of  modular 
transformations  in  connection  with  the  insertion  loss  theory  was  introduced  by 
Norton,  who  also  showed  that  their  use  simplifies  Cauer’s  Tchebycheff  version 
of  the  image  parameter  theory. 
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formation,  the  product  of  elliptic  functions  appearing  in  the  p>ower 
ratio  expression  (64)  can  be  replaced  by  a  single  elliptic  function  of  a 
different  modulus.  This  transformation  yields  an  expression  of  the 
form 


=  1  +  (e*-' 


1)  sn* 


i2ri  +  l)u 


Kx 

K 


(67) 


fi  =  y/k  sn  (u,  k) 


where  A'l  represents  the  complete  integral  of  the  new  modulus  ki  while 
Op  is  again  the  magnitude  of  the  equal  pass  band  ripples  of  the  insertion 
loss  characteristic.  The  moduli  ki  and  k  arc  uniquely  related  in  the 
manner  described  below. 

Suppose  K*  and  K{  represent  the  complete  elliptic  integrals  of  moduli 
y/l  —  k*  and  y/l  —  k* ,  respectively,  just  as  K  and  Ki  designate  the 
complete  integrals  of  moduli  k  and  ki .  Then  the  so-called  modular 

constants  q  and  qi  are  defined  as  exp  (-,^).ndcxp(-,|)  ,  respec¬ 
tively.  They  are  uniquely  related  to  k  and  ki  and  are  required  to 
satisfy  the  equation 

Qi  =  (68) 


The  above  relation  depends  upon  the  fact  that  the  equivalent  power 

2K 

ratios  (64)  and  (67)  must  l)oth  have  the  periods  - — -j— r  and  2iK'  in 

2*j  +  1 

terms  of  u.  The  equivalence  of  the  power  ratios  can  be  established  by 
showing  that  when  the  periods  are  the  same  the  roots,  singularities, 
and  behavior  at  infinity  of  the  functions  (e*"  —  1)  are  identical,  which 
requires  them  to  be  proportional  in  accordance  with  Liouville’s  theorem. 
The  constant  or  proportionality,  w’hich  relates  So  of  (64)  to  Op  of  (67), 
can  be  found  by  ordinary  elliptic  function  analysis. 


Relation  between  Arbitrary  Design  Parameters 

One  useful  formula  that  can  be  derived  from  (67)  is  a  very  simple 
relation  between  the  arbitrary  design  parameters.  In  the  first  place, 
well-known  elliptic  function  relations  combined  with  the  identity  of 
and  q'^'  show  (67)  to  be  equivalent  to 


k\m'^C2r,  +  l)uH^,kx 

y/k  sn  (u*,  k) 

Uk  =‘  u  +  iK'. 


(69) 


SYNTHESIS  OF  REACTANCE  4-POLES 


331 


For  real  values  of  Ua  ,  the  elliptic  sines  in  these  equations  will  vary 
between  +1  and  —1.  This  requires  the  corresponding  values  of  0  to 
coincide  with  the  effective  attenuation  band  and  its  image  at  negative 


0  10  ?0  30  40  so  00  70  so  00 

SIN^K  in  occrees 


a.  -  (10  log,,  (e>-p  -  1)  -  10(2,  -1-  1)  log„fl  -  12.04)  db 
9  ~  a  function  of  k 
,  —  number  of  ladder  sections 


Fig.  23.  Tchebycheff  attenuation  band  and  pass  band  parameters — approximate 
relation  lietween  the  design  parameters 


frequencies.  It  then  follows  that  the  loss  a,  at  the  equal  minima  of 
the  effective  attenuation  band  will  be  such  that 

=  1  +  (70) 

It  is  obvious  from  this  equation  that  k\  will  be  quite  small  in  the 
case  of  ordinary  filters,  for  which  ap  is  small  and  a.  large.  When  k\ 
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is  small,  moreover,  the  corresponding  modular  constant  gi  approximates 

very  closely.  Introducing  this  approximation  and  the  identity 
of  qi  and  9*’^*  in  (70),  assuming  «**•  large  compared  with  unity,  and 
solving  for  a.  gives 

a.  =  (10  logio  (e*“'  -  1)  -  10(2,  +  1)  log,o  (q)  -  12.04]  db  (71) 

This  equation  is  extremely  useful  in  choosing  the  primary  design 
parameters.  The  modular  constant  9  is  a  measure  of  k,  which  is  merely 
the  ratio  of  the  cutoff  frequency  /i  to  the  attenuation  band  limit  ft . 
Thus  the  equation  relates  the  sharpness  of  cutdf,  the  maximum  pass 
band  distortion  Op ,  the  minimum  attenuation  band  loss  a.  and  the 
number  of  ladder  sections  ,.  Aside  from  this  necessary  relationship 
these  parameters  are  all  arbitrary.  The  function  logio  iq)  is  tabulated 
against  sin~‘  k  in  most  elliptic  function  tables  and  in  addition  there  are 
rapidly  convergent  series  for  computing  q  from  k  or  vice  versa."  Values 
of  a,  determined  by  (71)  are  plotted  in  Fig.  23  against  sin”*  k  for  various 
values  of  ,,  assuming  Op  to  be  0.1  db,  together  with  a  curve  of  the 
changes  in  a«  corresponding  to  changes  in  Up . 


Determination  of  the  Real  Roots  of  the  Power  Ratio 

When  ki  is  as  small  as  (70)  requires  in  ordinary  design  problems, 


Ki 


(2,  +  approximates  sin 


in  (2, -|-l)u^ 


for  real  values 


of  u  and  neighboring  complex  values.  In  other  words  for  values  of  G 
not  too  remote  from  the  pass  band,  (67)  can  be  replaced  by 


e*“  =  1  +  (c*-"  -  1)  sin*  1^(2,  +  l)u 
fl  =  s/k  sn  (u,  k). 


(72) 


The  function  sn  (u,  k)  cannot  normally  be 


replaced  by  sin 


[“2Jc] 


the  modulus  k  represents  the  ratio  of  the  cutoff  frequency  to  the  attenua¬ 
tion  band  limit  and  is  rarely  small. 

The  above  equations  can  be  used  to  compute  the  real  roots  ±ao  of 
the  power  ratio,  which  must  be  determined  before  the  formulae  (65) 


*'  For  a  tabulation  of  logio  (9)  see,  for  instance,  Silberstein’a  “Synopsis  of 
Applicable  Mathematics”  (21). 
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for  the  complex  zeros  can  be  used.  If  u  is  replaced  by  iu',  the  above 
power  ratio  will  be  zero  at  the  real  value  of  u'  determined  by 


1 

-  1 


(73) 


The  real  zero  Oo  can  be  calculated  from  u'  by  the  following  formula 
derived  by  replacing  sn  (iu',  k)  in  iy/k  sn  (iu',  k)  by  Jacobi’s  well  known 
equivalent: 


y/k  sn  (u'l  y/\  —  k*) 
cn  (w',  y/l  —  k*) 


(74) 


While  this  procedure  uses  the  approximate  formula  (72)  for  the  power 
ratio  at  an  imaginary  value  of  u,  this  value  turns  out  to  be  such  that 
the  approximation  is  reasonably  close  in  ordinary  design  problems. 
Any  small  error  in  Oo ,  moreover,  represents  merely  a  small  change  in 
the  primary  design  constant  Op  or  Oa.  A  rigorous  formula  for  u'  can 
readily  be  derived  from  (67)  but  is  relatively  complicated  in  numerical 
applications. 


Other  Special  Design  Formulae 

A  large  variety  of  additional  rigorous  and  approximate  special  design 
formulae  can  be  derived  by  similar  methods.  These  include  not  only 
formulae  for  such  quantities'as  insertion  phase,  impedances,  etc.,  but 
also  equations  for  determining  the  constants  ,  Oo ,  etc.,  in  terms  of 
well-known  0  function  expansions  rather  than  from  elliptic  function 
tables.  For  the  particular  elliptic  function  computations  required  the 
0  function  expansions  are  usually  easier  to  use  than  the  tables.*" 

Inverse  Impedance  Filters  with  Attenuation  Band  and  Pass  Band 

Tchebycheff  Parameters 

Inverse  impedance  filters  with  attenuation  band  and  pass  band 
Tchebycheff  parameters  call  for  exactly  the  same  sort  of  analysis  as 
symmetrical  filters.  The  only  real  difference  is  in  the  specific  periodic 
substitution  and  elliptic  function  transformation  involved.  The  sim¬ 
plest  formulae  are  obtained  by  requiring  zero  loss  at  zero  frequency  and 
at  the  pass  band  minima  rather  than  at  zero  frequency,  at  the  cutoff. 


'*  These  O  function  expansions  are  the  Fourier  series  representations  of  the 
functions.  They  are  particularly  convenient  in  that  the  arguments  of  the  trigo¬ 
nometric  functions  involved  depend  only  on  s.  The  expansions  are  listed  in 
various  tables  of  formulae  such  as  Silberstein’s  “Synopsis  of  Applicable  Mathe¬ 
matics”  (21). 
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and  at  the  pass  band  maxima.  While  this  leads  to  a  somewhat  less 
efficient  use  of  the  elements  it  at  least  permits  the  terminations  to  be 
equal.  The  corresponding  power  ratio  turns  out  to  be  determined  by 
the  following  set  of  equations 

-  1)  sn*  [^(2i,)m  h 

Q*  =  A:  sn  (u,  A:]  sn  ,  A:  J 

9i  =  9*’ 

/i//,  =  A:sn*[?^X,A:] 

In  these  equations,  Q  and  fi ,  /*  are  defined  as  in  the  case  of  symmetrical 
filters  but  k  no  longer  represents  /i//* ,  being  now  defined  by  the  last  of 
these  equations. 

The  more  efficient  requirement  of  zero  loss  at  zero  frequency  and  at 
the  pass  band  maxima  can  be  satisfied  by  making  linear  transformations 
on  and  12*  in  these  equations.  The  increased  efficiency  is  indicated 
by  the  corresponding  change  in  the  formula  for  fi/ft ,  which  becomes 

.  /i//*  =  fc  sn  K,  A:]  (76) 

Other  Types  of  Filters 

Other  types  of  filters  with  attenuation  band  and  pass  band  Tcheby- 
cheff  parameters  besides  the  low-pass  types  described  above  can  be 
obtained  by  means  of  ordinary  frequency  transformations.  These  .in¬ 
clude  high-pass  filters  and  also  band-pass  and  band-elimination  filters 
with  synunetrical  loss  characteristics  on  a  logarithmic  frequency  scale. 
More  general  types  of  characteristics  can  be  obtained  by  making  ra¬ 
tional  transformations  on  the  power  ratio  and  on  the  square  of  the 
frequency,  but  this  usually  leads  to  power  ratios  not  realizable  with 
networks  of  the  symmetrical  or  inverse  impedence  tsrpes.  Still  more 
general  characteristics  can  be  obtained  by  combining  similar  trans¬ 
formations  with  the  use  of  Tchebycheff  pass  band  parameters  but  gen¬ 
eral  attenuation  band  parameters. 

Instead  of  transforming  the  power  ratios  described  previously,  the 
analysis  used  in  driving  them  can  itself  be  modified  in  such  a  way  as  to 


SYNTHESIS  OF  REACTANCE  4-POLES 


335 


lead  to  new  types  of  loss  characteristics.  Differences  between  the 
transfer  constants  of  reference  image  parameter  filters  with  matched 
impedances  can  be  used,  for  instance,  in  the  design  of  filters  on  the 
Tchebycheff  pass  band  parameter  basis.*’  Similarly,  new  types  of  loss 
characteristics  can  be  obtained  by  using  different  elliptic  functions  in 
(67).  Tchebycheff  attenuation  band  parameters  can  be  obtained  with 
general  pass  band  parameters  by  merely  replacing  cosh  (0/)  by  sech  (0/) 
in  (46). 

Even  when  the  power  ratio  is  appropriate  for  symmetrical  or  inverse 
impedance  filters,  the  terminations  can  both  be  chosen  arbitrarily  if  the 
requirement  of  networks  of  these  particular  types  is  abandoned.**  It  is 
always  possible,  for  instance,  to  make  one  termination  zero  or  infinite. 

Part  IV.  Dissipative  Reactance  Networks 

The  parasitic  dissipation  which  must  be  present  in  actual  reactance 
networks  is  referred  to  in  Parts  I,  II  and  III  only  in  connection  with 
methods  of  estimating  the  effects  of  the  dissipation  in  networks  designed 
on  a  non-dissipative  basis.  These  effects,  however,  frequently  repre¬ 
sent  substantial  differences  between  the  characteristics  actually  realized 
and  those  which  the  non-dissipative  design  procedure  assumes  to  be 
obtained.  This  makes  it  desirable  to  include  in  the  insertion  loss  theory 
a  modification  applying  directly  to  the  design  of  dissipative  reactance 
networks. 

The  logical  procedure  is  to  parallel  the  theory  of  non-dissipative  net¬ 
works  with  a  83mthe8is  theory  applying  to  the  design  of  networks  which 
are  made  up  of  dissipative  reactance  elements  and  which  produce  pre¬ 
scribed  insertion  loss  characteristics  when  terminated  in  prescribed  re¬ 
sistances.  The  filter  theory  of  Part  III  can  then  be  applied  to  the 
choice  of  loss  characteristics  provided  this  can  be  done  without  violating 
the  conditions  necessary  for  the  realizability  of  dissipative  networks  of 
the  tyjje  required.  Even  when  the  configurations  are  required  to  be 
those  which  would  be  used  in  the  absence  of  dissipation  there  frequently 
turn  out  to  be  realizable  loss  functions  at  least  very  closely  approxi- 

This  amounts  to  saying  that  sections  described  by  negative  “m’s”  can  be 
included  in  the  reference  filters. 

••  Provided,  of  course,  is  equal  to  or  less  than  the  smallest  value 

(Jti  +  rti)* 

assumed  by  at  real  frequencies. 
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mating  the  desired  special  functions  of  Part  III  except  for  added  con¬ 
stant  losses." 

The  best  method  to  use  in  designing  a  dissipative  reactance  network 
depends  upon  what  distribution  of  the  dissipation  is  required — i.e., 
upon  the  relative  dissipativeness  of  the  various  elements  to  be  used. 
In  the  networks  encountered  m  ordinary  design  problems  the  dissipation 
approximates  closely  certain  very  simple  distributions  for  which  special 
design  procedures  can  be  developed.  This  situation  makes  it  unneces¬ 
sary  to  develop  a  perfectly  general  theory  permitting  the  dissipation 
constants  of  all  the  elements  to  be  prescribed  independently.  Any  such 
general  theory  must  obviously  be  undesirably  complicated  since  it  must 
permit  the  introduction  of  a  large  number  of  additional  arbitrary  con¬ 
stants  besides  those  determining  the  insertion  loss  function. 

Equally  Dissipative  Inductances  and  Capacities 

The  simplest  theory  is  obtained  by  assuming  a  dissipative  reactance 
network  meeting  the  following  very  special  requirements.  Each  actual 
inductance  is  required  to  be  equivalent  to  an  ideal  inductance  combined 
with  a  constant  scries  resistance.  Similarly,  each  actual  capacity  must 
be  equivalent  to  an  ideal  capacity  combined  with  a  constant  shunt 
resistance.  Finally,  all  the  inductance-resistance  and  capacity-con¬ 
ductance  ratios  are  required  to  be  equal,  which  amounts  to  requiring 
the  phase  angles  of  the  impedances  of  all  the  reactance  elements  to  be 
of  equal  magnitude. 

Fundamental  Transformation  Principle 

To  understand  the  design  of  networks  involving  the  uniform  type  of 
dissipation  described  above  it  is  simplest  to  begin  by  examining  the 
effect  of  adding  such  dissipation  to  all  the  reactance  elements  in  any 
known  network.  The  determination  of  the  function  of  p  representing 
any  voltage  ratio,  impedance,  or  similar  complex  quantity  describing 
the  known  network  is  accomplished  by  properly  combining  the  im- 

'*  Bode  (22)  discovered  ways  of  adding  resistances  to  image  parameter  filters 
in  such  a  manner  as  to  reduce  the  distortion  due  to  dissipation.  This  procedure 
increases  the  number  of  reactance  elements,  however,  by  requiring  certain  ele¬ 
ments  to  be  split  in  two,  and  in  addition  it  only  partially  compensates  for  the 
effects  of  dissipation.  Bode  also  discovered  certain  general  types  of  equalizers 
which  can  actually  duplicate  the  discrimination  characteristics  of  filters  and  in 
which  all  inductances  can  be  in  series  with  resistances  and  all  capacities  in 
parallel  with  resistances  and  can  therefore  be  permitted  to  be  dissipative.  These 
equalizers  are  of  the  constant  resistance  type,  however,  and  require  approxi¬ 
mately  twice  the  number  of  elements  appearing  in  non-dissipative  filters. 
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pedances  of  the  various  elements.  On  a  non-dissipative  basis,  the 

reactance  elements  produce  impedances  typified  by  Lp  and  Upon 

the  addition  of  the  uniform  dissipation  these  impedances  become 

L(p  -|-  d)  and  ,  where  d  is  a  constant  representing  the  value 

C(p  -h  a) 

assumed  by  the  equal  resistance-reactance  ratios  at  unit  w.  It  follows 
that  the  modification  of  the  complex  function  corresponding  to  the 
addition  of  the  dissipation  amounts  to  the  transformation  represented 
by  the  substitution  of  (p  -f-  d)  for  p.** 

It  follows  from  the  above  principle  that  the  removal  of  uniform  dissi¬ 
pation  from  all  the  reactance  elements  of  a  network  will  change  each 
corresponding  complex  function  by  the  transformation  represented  by 
the  substitution  of  (p  —  d)  for  p.  Thus  if  a  network  in  which  the 
elements  are  equally  dissipative  is  to  be  designed  to  produce  a  pre¬ 
scribed  complex  function  it  is  only  necessary  to  design  any  network 
producing  the  “predistorted”  function  obtained  by  replacing  p  by 
(p  —  d)  in  the  prescribed  function.  The  prescribed  function  will  then 
be  obtained  upon  the  addition  of  the  required  dissipation. 

When  the  insertion  loss  function  of  a  dissipative  reactance  network 
is  prescribed,  the  first  step  is  to  find  the  corresponding  insertion  voltage 
ratio  exactly  as  in  the  design  of  non-dissipative  networks.  The  pre¬ 
distortion  of  this  voltage  ratio  and  the  computation  of  the  corresponding 
predistorted  insertion  power  ratio  is  then  followed  by  the  design  of  a 
pure  reactance  network,  to  which  the  required  dissipation  is  finally 
added.  W’hen  the  prescribed  insertion  loss  is  to  be  realized  exactly. 


the  corresponding  voltage  ratio  of  the  form 


A  pB 


yielded  by  the 


method  of  Part  I  must  normally  be  modified  by  the  reversal  of  the 
signs  of  the  poles  with  negative  real  parts  before  predistortion,  in  order 
to  obtain  a  predistorted  voltage  ratio  realizable  with  a  pure  reactance 
network.*®  In  most  actual  design  problems,  however,  a  more  efficient 


use  of  elements  is  obtained  by  retaining 


A  +  pB 


and  only  approxi¬ 


mating  the  rigorous  procedure  in  a  manner  to  be  described  later,  which 


**  This  transformation,  which  was  originally  discovered  by  Bode,  is  described 
in  Guillemin’s  “Communication  Networks”  (18) — Chap.  VI,  footnote  on  pp. 
245,  246. 

"  It  can  be  shown  that  this  change  in  the  original  voltage  ratio  does  not  change 
the  corresponding  insertion  loss  but  only  the  insertion  phase. 


338 


8.  DARLINGTON 


usually  leads  to  a  very  good  approximation  to  the  prescribed  inser¬ 
tion  loss. 


Arrangement  of  Design  Procedure  to  Meet  Physical  Conditions 

In  accordance  with  Part  I,  the  realization  of  a  predistorted  voltage 
ratio  with  a  pure  reactance  network  calls  for  the  following  conditions. 
First,  the  predistorted  voltage  ratio  must  be  expressible  in  the  form 
/I  pfi 

-  -  p-  -  ,  in  which  A,  B,  and  P  are  even  polynomials  with  real  coeffi¬ 
cients  such  that  {A  -f  pB)  has  no  roots  with  positive  real  parts.  Sec¬ 
ond,  the  corresponding  predistorted  power  ratio  must  be  positive  and 


4R  R 

*  no  less  than  75 — frequencies.  Third,  in  order  to 
(Ki  •+■  litr 

avoid  inefficiency  in  the  use  of  elements  it  is  also  best  to  require  that 
{A  -|-  pB)  and  P  shall  have  no  common  factors  except  possibly  p.** 
The  u.sual  design  procedure  is  to  choose  an  insertion  loss  function  with¬ 
out  regard  to  dissipation  and  then  to  require  the  dissipation  to  be  small 
enough  to  yield  a  predistorted  voltage  ratio  with  roots  with  negative 
real  parts.  Replacing  p  by  (p  —  d)  in  the  original  voltage  ratio  amounts 
to  adding  d  to  each  of  the  roots  and  poles.  Thus  the  restriction  on  the 
dissipation  requires  the  di.ssipation  constant  d  to  be  smaller  than  the 
magnitude  of  the  smallest  real  part  of  any  root  of  the  original  voltage 
ratio,  so  that  the  addition  of  d  can  not  change  a  negative  real  part  into 
a  positive  real  part. 

In  order  to  metd  the  limitation  on  the  magnitude  of  the  predistorted 
power  ratio  an  initially  unknown  constant  factor  can  be  included  in  the 
original  power  ratio.  It  turns  out  that  this  constant  also  appears  in  the 
predistorted  power  ratio  as  nothing  more  than  a  simple  multiplier  and 
can  thus  easily  be  chosen  in  such  a  way  that  the  predistorted  power 


ratio  is  no  less  than 


(/?,  +  «,)*• 

If  a  preserilwd  insertion  loss  function  is  such  that  the  corresponding 

A  -}-  pB 

actual  voltage  ratio  takes  the  form  ^  —  without  u.se  of  common 


•*  This  is  necessary  for  the  exeiusion  of  common  factors  from  the  expression 

^  for  the  corresponding  power  ratio.  Recall  that  inefficient  networks  are  usually 

encountered  when  common  factors  other  than  constants  or  p*  must  be  combined 
with  numerator  and  denominator  of  the  simplest  rational  fraction  expression  for 
N 

c*®  in  order  to  obtain  the  form  — . 
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factors  other  than  p,  the  predistorted  voltage  ratio  will  not  take  that 
form.”  Since  this  condition  requires  the  finite  poles  of  a  voltage  ratio 
to  occur  in  pairs  differing  only  in  sign,  it  cannot  be  satisfied  both  before 
and  after  the  addition  of  d  to  each  of  the  poles.  Modified  insertion 
loss  functions  can  readily  be  found  such  that  the  predistorted  voltage 
ratios  meet  this  condition  rather  than  the  actual  voltage  ratios.  It  is 
normally  more  satisfactory,  however,  to  start  with  a  prescribed  insertion 
loss  function  of  the  previous  type  and  then  to  realize  it  only  to  a  good 
approximation  by  means  of  the  procedure  outlined  below. 


N 

A  power  ratio  is  first  chosen  which  takes  the  form  ^  without  use  of 

identical  roots  of  N  and  P*  except  possibly  p*.  The  theory  of  Part  1 
is  then  used  to  determine  the  corresponding  voltage  ratio  of  the  form 

- .  The  predistorted  voltage  ratio  is  next  obtained  by  replacing 


p  by  (p  —  d)  in  the  numerator  of  this  function  only,  the  denominator  P 
being  left  unchanged.  A  corresponding  pure  reactance  network  is  then 
designed,  after  which  the  required  dissipation  is  added  as  before.  The 

voltage  ratio  actually  obtained  is  a  third  function  derived  from  ^ 


by  replacing  p  by  (p  +  d)  in  the  denominator  P. 

It  follows  from  the  fact,  that  P  is  real  at  real  frequencies  that  the 
actual  power  ratio  obtained  by  the  above  procedure  will  approximate 
.  N 

the  original  power  ratio  -p^  very  closely  except  near  the  poles.  This  is 


liecause  the  first  order  effect  of  the  substitution  of  (p  +  d)  for  p  upon 
the  magnitude  of  a  function  of  w  is  proportional  to  the  derivative  of 
the  phase,  while  the  phase  of  P  is  zero  at  real  frequencies.** 


Special  Case  of  Filters 

The  effectiveness  of  the  design  procedure  described  above  is  illus¬ 
trated  by  the  special  case  in  which  the  original  loss  function  is  formed 
by  adding  a  constant  loss  to  one  of  the  functions  described  in  Part  III 
as  appropriate  for  filter  purposes.  In  this  special  case,  the  maximum 


*'  Except  in  the  very  special  case  in  which  P  is  a  constant,  i.e.,  in  which  all 
frequencies  of  infinite  loss  occur  at  infinity. 

**  The  relation  between  the  derivative  of  the  phase  and  the  effect  of  the  substi¬ 
tution  of  (p  -h  d)  for  p  upon  the  magnitude  of  a  function  was  discovered  by  Bode, 
who  used  it  in  the  derivation  of  his  formulae  for  the  estimation  of  the  effect  of 
adding  dissipation  to  a  prescribed  network.  It  is  used  in  exactly  the  same  way 
by  Ouillhmin  (18)  in  deriving  Mayer’s  solution  (10)  of  the  same  Problem. 
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value  of  the  dissipation  constant  d  for  which  predistortion  is  physically 
possible  unusually  corresponds  to  an  amount  of  dissipation  which  would 
produce  a  pass  band  distortion  of  about  6  decibels  if  the  desired  voltage 
ratio  were  not  predistorted.  To  avoid  practical  difficulties  it  is  usually 
necessary  to  keep  d  well  below  this  physical  limit,  a  margin  of  perhap.s 
30  to  50  per  cent  being  usually  needed.** 

When  d  is  small  enough  to  satisfy  the  physical  restriction,  the  pre¬ 
distortion  of  only  the  numerator  of  the  voltage  ratio  frequently  leads 
to  a  final  loss  characteristic  which  differs  appreciably  from  that  origi¬ 
nally  prescribed  only  by  the  substitution  of  rounded  finite  peaks  for 
the  infinite  peaks  in  the  attenuation  band.  It  is  possible,  however,  for 
the  loss  to  be  reduced  substantially  below  the  original  minima  between 
the  peaks  over  a  portion  of  the  attenuation  band. 

Serious  reductions  in  attenuation  band  losses  can  be  partly  com¬ 
pensated  for  by  starting  with  complex  frequencies  of  infinite  loss  so 
chosen  that  one  of  each  conjugate  pair  becomes  real  in  the  final  char¬ 
acteristic.  If  Tchebycheff  pass  band  parameters  are  used,  for  instance, 
complex  m’s  can  be  assigned  to  the  reference  image  parameter  filter. 
It  turns  out  that  these  m’s  must  be  so  chasen  that  the  addition  of  the 
required  dissipation  to  the  reference  filter  would  produce  infinite  at¬ 
tenuation  peaks.  This  permits  known  methods  to  be  used  in  their 
determination.'**  It  is  also  pos.sible  to  obtain  better  approximations 
to  non-dissipative  filter  characteristics  by  including  so-called  compen- 
.sating  resistances  in  addition  to  dissipative  reactances  in  the  networks 
producing  prescribed  insertion  lo.s.ses,  but  this  requires  substantial 
changes  in  design  procedure. 

Uneqtudly  Dissipative  Inductances  and  Capacities 

Suppose  now  that  the  previous  requirement  of  uniform  dissipation  is 
relaxed  to  the  extent  of  permitting  the  capacities  to  include  a  different 
amount  of  dissipation^  than  the  inductances.  Except  in  the  design  of 
such  circuits  as  narrow-band  filters,  the  situation  immediately  becomes 
much  more  complicated. '*'  The  predistorted  voltage  ratio  correspond- 

*'  As  d  approaches  the  physical  limit  the  constant  loss  which  must  be  added 
to  the  loss  function  chosen  on  a  non-dissipative  basis  approaches  infinity. 

‘**  The  possibility  of  using  complex  m’s  to  obtain  infinite  attenuation  peaks  in 
dissipative  image  parameter  filters  was  introduced  by  Bode  (4)  and  is  described 
by  Guillemin  (18). 

A  frequency  transformation  can  be  used  to  transform  a  low-pass  filter  of 
equally  dissipative  inductances  and  capacities  into  a  band-pass  filter  of  series 
and  parallel  resonant  circuits  resonating  at  mid-band  and  with  associated  series 
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ing  to  the  removal'of  all  dissipation  from  the  final  network  can  no  longer 
1)0  found  directly  from  the  actual  voltage  ratio.  In  addition,  it  now 
depends  upon  the  assumption  of  a  4-pole  including  no  resistances  other 
than  those  produced  by  the  equally  dissipative  inductances  and  equally 
dissipative  capacities.  It  turns  out,  however,  that  a  design  procedure 
can  be  obtained  by  combining  the  predistortion  principle  appropriate 
for  equally  dissipative  inductances  and  capacities  with  an  additional 
modification  of  the  theory  of  Part  I. 

The  simplest  procedure  is  to  replace  the  dissipation  constants  of  the 
inductances  and  capacities  by  constants  do  and  5  representing  their 
average  and  one  half  their  difference.  The  typical  inductive  and  ca¬ 
pacitive  impedances  then  become  L{p  +  do  +  S)  and 

C(p  +  do  —  o) 

The  predistortion  method  described  above  can  be  used  to  determine 
the  voltage  ratio  that  would  be  obtained  upon  the  removal  of  the 
dissipation  represented  by  do  .  The  design  problem  is  therefore  solved 
if  a  method  can  be  found  for  designing  a  network  of  impedances  of  the 

types  L(p  -f  3)  and  — zr  producing  a  prescribed  voltage  ratio. 

C(p  -  5) 

Such  a  design  method  has  been  found  and  turns  out  to  be  very  similar 
to  that  described  in  Part  I  for  the  non-dissipative  case,  in  which  3 
is  zero. 

Design  of  Networks  of  Oppositely  Dissipative  Inductances  and  Ca¬ 
pacities 

The  fact  that  the  above  design  problem  can  be  solved  depends  upon 
the  following  properties  of  networks  of  impedances  of  the  type  L(p  3) 

and  - — rr .  In  the  first  place,  the  elements  of  the  determinant  of 

C(p  —  3) 

any  network  of  this  type. can  be  expressed  in  the  form. 

—  **)  +  7^ 

Zy* - (77) 

p  -  3 

It  follows  that  the  determinant  must  be  equivalent  to  the  product  of 
(p  —  3)”"  and  an  even  polynomial  in  p,  where  n  is  the  degree  of  the 
determinant.  The  same  statement  is  also  true  of  any  cofactor  of  the 


and  shunt  constant  resistances.  If  the  band  is  narrow,  the  resistances  approxi¬ 
mate  the  total  effect  of  dissipation  no  matter  how  it  is  divided  between  the  in¬ 
ductances  and  capacities. 


342 


8.  DARLINGTON 


determinant  provided  n  is  modified  to  take  account  of  the  change  in 
degree.  Thus  each  open-  and  short-circuit  impedance  of  a  network  of 
this  particular  typje  is  equivalent  to  the  product  of  (p  —  4)”‘  and  an 
even  rational  function  of  p.‘“  In  other  words,  the  impedances  differ 
in  form  from  those  of  non-dissipative  networks  only  by  the  substitution 
of  the  factor  (p  —  5)  for  p. 

The  important  design  formulae  are  those  for  determining  the  open- 
and  short-circuit  impedances  as  functions  of  frequency.  After  these 
have  been  determined  the  impedances  obtained  upon  the  removal  of  all 
dissipation  can  easily  be  computed.  In  accordance  with  (77),  all  that 
is  necessary  is  to  replace  the  factor  (p  —  5)~‘  by  p~‘  in  each  impedance 
and  to  replace  p*  by  (p*  +  4*)  in  the  even  rational  function  multiplying 
this  factor.  Formulae  for  computing  the  impedances  of  the  dissipative 
network  are  listed  below.  The  derivation  will  be  omitted  as  in  the  case 
of  the  non-dissipative  networks  of  Part  I  since  the  formulae  can  be 
checked  by  simple  mesh  computations. 

Particularly  simple  formulae  are  obtained  by  expressing  the  insertion 
voltage  ratio  in  the  form 

Vio  _  p  A  +  pB  . 

Vt  p-4  P 

in  which  A,  B  and  P  are  even  polynomials  as  before.  The  additional 
polynomials  A'  and  B'  are  then  found  exactly  as  in  the  determination 


of  non-dissipative  networks  producing  the  voltage  ratio 


A  +  pB 


other  words.  A'  and  B'  are  determined  from  the  following  pair  of  equa¬ 
tions  formed  by  combining  (12)  and  (13)  of  Part  I: 

-  (S).  ^  -  pV  • .  (p:*  -  P-) 

A'  +  pB'  =  J'{p[  -  p)  ...  (pi  -  p) 

>**  This  theorem  can  also  be  derived  from  the  following  theorem  included  in 
Guillemin’s  “Communication  Networks”  (18) — Vol.  II,  Chap.  X,  p.  445.  Sup¬ 
pose  each  element  in  a  network  produces  an  impedance  proportional  to  (p  -|-  2a) 

or ; — ^ — r .  Then  any  impedance  of  the  network  takes  the  form  of  the  product 
(p  +  2g)  i~ 

of  J  / ^  and  an  odd  rational  function  of  \/ (p  -|-  2a)(p  -f-  2d).  This  theo- 
Y  p  20 

rem  was  preceded  by  a  still  more  general  theorem  due  to  Bode  which  states 
that  if  each  element  of  a  network  produces  an  individual  impedance  proportional 
to  Zi  or  Zi  any  impedance  of  the  complete  network  will  be  the  product  of  Zt  and 

a  rational  function  of  ^ . 

Zt 


i 
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In  terms  of  these  polynomials,  the  impedances  of  the  dissipative  net¬ 
work  are  given  by 


^ot 


P  (4  -  A')  -h  SiB  +  B') 
(p-S)iB  +  B') 


„  (4  -|-  40  -j-  6{B  -b  BO 

(p-a)(B-l-B0 


_  P 

(B,  +  B.)  (p  -  a)(B  +  BO 

7  _  p  -  BO  +  a*(B  -1-  BO  +  2a4 

‘  (p  -  a)((4  -I-  40  +  «(B  -t-  BOl 

7  _  P  P*(B  -  BO  +  i\B  -h  BO  +  2SA 

®  ’  (p  -  a)[(4  -  40  +  «(B  -I-  BO] 

,,  _  B,  +  B,  /p*(B  -  BO  +  a*(B  -I-  BO  +  2a4^ 

2„,  -  — j—  - ) 


A  very  similar  alternative  set  of  formulae  expressing  the  short-circuit 
impedances  more  simply  rather  than  the  open-circuit  im()edances  can 
be  obtained  by  starting  with  a  voltage  ratio  derived  from  (78)  by 
reversing  the  sign  used  with  S. 

The  specific  tjrjje  of  voltage  ratio  function  required  depends  more 
upon  the  particular  configuration  than  in  the  case  of  non-dissipative 
networks.  A  mid-series  high  pass  ladder^  for  instance,  will  produce  an 
infinite  loss  point  at  p  =  -|-5  while  the  corresponding  mid-shunt  ladder 
will  produce  one  at  p  =  —6.  The  exact  type  of  voltage  ratio  function 
required  can  ordinarily  be  determined  by  means  of  conventional  circuit 
analysis.  Since  the  dissipation  associated  with  one  type  of  element  is 
negative,  it  may  be  possible  for  the  corresponding  power  ratio  to  be  less 


than 


4Bi  Bj 


at  certain  real  frequencies.  In  ordinary  design  prob- 


(Bi  +  RtY 

lems,  however,  it  is  to  be  expected  that  there  will  be  a  minimum  per¬ 


missible  value  somewhere  in  the  near  neighborhood  of  . 

(Bi  -J-  aty 

The  determination  of  (4'  -|-  pB')  by  (79)  is  also  more  restricted  than 
in  the  case  of  non-dissipative  networks.  This  is  because  it  is  the 
multiplicity  of  solutions  for  (4'  -|-  pB')  which  leads  to  the  various  non¬ 
equivalent  configurations  producing  a  given  voltage  ratio,  while  different 
configurations  which  can  produce  the  same  voltage  ratio  on  a  non- 
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dissipative  basis  may  no  longer  have  this  property  after  the  addition  of 
the  dissipation. 

Useful  information  bearing  on  the  choice  of  B'  is  obtained  by  examin¬ 
ing  the  driving-point  impedances  of  a  network  determined  by  (80). 
Simple  circuit  analysis  shows  the  corresponding  reflection  coefficients 
to  be 

Ri  —  ^  P  —  ^  "1"  pB'\  6 

+  Zi  “  p  \d  -|-p5  /  p 

Rt  —  ^  P  —  ^  / — d*  -f-  pB'\  6 

fit  +  Zi  “  p  \  A -\-pB  /  p 


These  formulae  indicate  that  at  least  one  of  the  driving-point  imped¬ 
ances  will  be  the  negative  of  the  corresponding  termination  at  zero 

A*  A  B' 

frequency  unless  — and  — =  approach  zero  at  that  point  and  unless 

ptS  pa  D 

A'  A 

approaches  —1.  It  can  be  shown  that  — and  —=  will  approach  zero 

pB  pB 

and  will  approach  ±1  provided  zero  frequency  represents  an  even 

D 


order  pole  of  the  voltage  ratio  (78),  or  else  a  point  at  which  it  is  finite. 
The  above  conditions  will  then  be  satisfied  by  the  proper  choice  of  the 
sign  of  B',  which  (79)  leaves  arbitrary. 


Other  Types  of  Uniformly  Dissipative  Networks 

Similar  methods  can  be  used  in  the  design  of  dissipative  reactance 
networks  in  which  each  element  is  equivalent  to  an  inductance  or  capac¬ 
ity  combined  with  both  series  and  shunt  constant  resistances,  all  ele¬ 
ments  of  each  kind  being  equally  dissipative  at  all  frequencies.  This 
permits  the  simulation  of  the  variation  of  dissipation  with  frequency 
encountered  in  actual  elements. 

The  effect  of  removing  both  series  and  shunt  types  of  dissipation 
from  both  kinds  of  elements  in  like  amounts  can  be  computed  by  means 
of  a  bilinear  predistortion  transformation.  The  removal  of  the  proper 
amount  of  dissipation  of  each  kind  leaves  a  network  in  which  the  capac¬ 
itive  dissipation  is  the  negative  of  the  inductive  dissipation.  The 
impedances  are  then  represented  by  products  of  (p  —  J  —  yp*)"*  and 
even  rational  functions  of  p,  where  h  and  y  depend  only  upon  the  dis¬ 
sipation  constants.  Methods  similar  to  those  described  previously  show 
that  the  corresponding  impedances  can  be  determined  by  replacing  6  by 
(«  +  TP*)  in  (78)  and  (80). 
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Theoretically,  networks  of  still  more  complicated  elements  can  be 
designed  in  exactly  the  same  way.  The  only  requirement  is  the  exist¬ 
ence  of  a  predistortion  transformation  producing  a  predistorted  voltage 
ratio  which  can  be  realized  with  a  network  of  two  kinds  of  elements  such 
that  the  ratio  of  their  impedances  is  proportional  to  an  even  rational 


-1 
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crimination  »  insertion  loea  minus  an  arbitrary  constant  loss.) 

B)  Form  of  discrimination  characteristic  meeting  the  design  specifications. 


function  of  frequency  and  such  that  the  inverse  of  the  predistortion 
transformation  leaves  them  physical  impedances.  The  open-  and 
short-circuit  impedances  are  computed  by  replacing  6  by  the  proper  even 
rational  function.  The  principal  difficulty  is  the  determination  of  the 
required  form  of  voltage  ratio  and  the  advantageous  choice  of  a  specific 
function  of  this  form. 
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Concentrated  Disaipation 

The  only  non-uniformly  diasipative  networks  which  are  commonly 
encountered  approximate  non-dissiptative  networks  to  which  constant 
resistances  have  been  added  at  only  a  few  points.  Methods  similar  to 
those  described  above  do  not  apply  to  these  networks.'  Successive 
approximation  methods  for  correcting  for  the  effect  of  adding  the 
resistances  have  been  used  successfully  but  are  too  complicated  to  lie 
included  here. 

Illustrative  Numerical  Design 

In  the  introduction,  the  specific  design  procedure  appropriate  for 
filters  of  a  special  illustrative  type  was  outlined  in  order  to  motivate  the 
development  of  the  general  theory.  By  way  of  conclusion,  an  illustra¬ 
tive  numerical  design  will  now  be  described  briefly  in  order  to  clarify 
further  the  way  in  which  the  theory  can  be  applied  to  actual  design 
problems.  The  filters  considered  in  the  introduction  were  low-pass 
filters  having  the  mid-series  low-pass  ladder  configuration  and  satisfying 
the  requirement  of  simultaneous  attenuation  band  and  pass  band 
Tchebycheff  parameters.  The  numerical  example  which  will  be  con¬ 
sidered  now  is  the  design  of  a  band-pass  filter  which  is  related  to  one  of 
these  low-pass  filters  by  the  frequency  transformation  principle  described 
in  Part  III. 

Suppose  that  a  band-pass  filter  Ls  to  be  de.signcd  to  meet  the  following 
specifications: 

A)  Frequencies  to  be  transmitted — 10.0  kc  to  12.5  kc 

B)  Frequencies  to  be  effectively  eliminated— 6  to  9.2  kc,  13.5  kc  to  * 

C)  Pass-band  distortion — <0.4  db 

D)  Discrimination  against  unwanted  frequencies — >50db  (82) 

E)  Dissipation  compensation  to  be  sufficient  to  lead  to  readily 

realizable  elements 

F)  Final  network  to  be  a  ladder  involving  no  transformers  or 

coupled  coils 

Requirements  A  through  D  are  indicated  graphically  in  Fig.  24A. 

Using  the  notation  indicated  in  Fig.  24A  the  critical  frequencies 
fui,  fat,  fbi,  fht  satisfy  approximately  the  equation 


fifi  *  ftfn 


(83) 
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while  the  discrimination  requirement  in  (82)  is  the  same  for  both 
attenuation  bands.  This  amounts  to  saying  that  the  above  loss  require¬ 
ments  are  symmetrical  on  a  logarithmic  frequency  scale  about  the  mid¬ 
band  frequency  •  This  sjrmmetry  makes  it  possible  to  simplify 

the  design  procedure  by  first  designing  a  low-pass  filter  and  then  con¬ 
verting  it  to  a  band-pass  filter  by  means  of  a  frequency  transformation. 
Due  to  the  uniformity  of  the  discrimination  requirement  at  all  attenua¬ 
tion  band  frequencies,  the  low-pass  filter  can  be  designed  by  the  straight¬ 
forward  method  of  simultaneous  attenuation  band  and  pass  band 
Tchebycheff  parameters.  The  final  loss  characteristic  then  takes  the 
form  illustrated  qualitatively  in  Fig.  24B  for  the  special  case  in  which  the 
low-pass  filter  includes  two  sections. 

The  first  operation  in  the  design  procedure  is  the  choice  of  the  arbi¬ 
trary  constants  of  the  low-pass  filter  theory  subject  to  the  .specificatons 
to  be  satisfied  by  the  final  band-pass  filter.  This  choice  is  guided  by  the 
following  considerations: 

The  maximum  pass  band  distortion  and  the  minimum  attenuation 
band  discrimination  Oa  are  the  same  for  both  the  low-pass  and  the 
band-pass  filters  since  their  loss  characteristics  differ  only  as  to  the 
frequency  scales.  The  number  of  sections  tj  is  also  the  same  for  the  two 
filters  provided  sections  of  the  6-element  type  of  configuration  are 
considered  in  the  band-pass  case.  Finally,  it  can  be  shown  that  the 
constant  k  measuring  the  sharpness  of  cut-off  obeys  the  relation 


I.  _  fbi  —  At 


(84) 


in  which /oi ,/«  ,  etc.,  are  defined  by  Fig.  24B  and  are  themselves  related 
by 

fblfal  =  /m/oJ  .  (85) 


In  accordance  with  Part  III,  the  constants  Up  ,  ,  k,  ti  of  the  low-pass 

theory  are  not  all  arbitrary  but  must  be  related  by  (71) — i.e.,  by 


a,  =  [10  log,o(c*"'  -  1)  -  10(2n  +  1)  log, 0(9)  -  12.04]  db  (86) 


in  which  logio(9)  is  a  quantity  which  is  tabulated  against  sin~‘fc  in  most 
elliptic  function  tables. 

A  choice  of  constants  which  is  consistent  with  (85)  and  (86)  and  with 
the  original  specifications  in  (82)  is  as  follows: 
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k  =  0.62 

r,  =2 

ttp  =»  0.30  db 

a.  =  52.4  db  (87) 

/,i  =  9.96  kc 
/«  =  12.54  kc 
U  =  9-2872  kc 
/«  =  13.4484  kc 

These  constants  fix  the  final  loss  characteristic  except  for  changes  due 
to  the  requirement  of  dissipative  elements. 

-After  the  constants  of  the  Tchebycheff  theory  have  been  chosen,  the 

corresponding  voltage  ratio  ^  is  evaluated.  This  is  easily 

accomplished  by  mean.s  of  the  special  formulae  for  the  roots  and  poles 
which  are  included  in  the  Tchebycheff  theory.  If  p  is  used  to  represent 
in  rather  than  iw,  the  voltage  ratio  corresponding  to  the  choice  of  con¬ 
stants  indicated  in  (87)  turns  out  to  bo 

Vk  _  -d  +  pB  _  (oo  -|-  p)(pi  +  2aip  -j-  p*)(pt  +  2ajp  -f-  p*) 

V,  P  aopJpJd  +  «?p*)(l  +fijp')  ^  ' 

in  which  the  constants  have  the  following  values: 

Oo  =  0.37766 
a,  =  0.25943 
,  at  =  0.077333 

I 

n?  -  0.24902  (89) 

nj  =  0.57282 
pj  =  0.37822 
Pi  =  0.66141 

(a) 

The  low-pass  type  of  voltage  ratio  is  obtained  by  defining  Q  as  “7=— 

"V  wi  wi 
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as  in  equation  (60)  of  Part  III.  The  corresponding  band-pass  type  of 
voltage  ratio  is  obtained  by  redefining  12  in  accordance  with  the  relation 


n 


U*  —  0)61  (Oal 
(<^1  —  —  ««) 


(90) 


in  which  w«i ,  ubi ,  etc.  are  the  values  assumed  by  w  at  the  frequencies 
/ai  ,/m  ,  etc.,  defined  by  Fig.  (24B). 

The  next  operation  is  the  predistortion  of  the  voltage  ratio  (88)  in 
order  to  compensate  for  the  dissipation  required  in  the  elements  of  the 
final  network.  The  predistortion  is  accomplished  by  replacing  p  by 
(p  —  d)  in  the  numerator  of  (88).  The  constant  d  appearing  in  this 
transformation  is  related  to  the  dissipativeness  of  the  final  band-pass 
filter  by 


d  = 


V(/m-/.i)(/6,-/..) 


(di  +  i/c) 


(91) 


in  which  dt  represents  the  mean  of  the  resistancorreactance  ratios  of  the 
coils,  evaluated  at  mid-band  frequency,  and  dc  represents  the  corre¬ 
sponding  mean  of  the  conductance-susceptance  ratios  of  the  condensers. 
In  order  to  obtain  a  physically  realizable  design,  dt  and  dc  must  be 
sufiBciently  small  to  render  d  substantially  smaller  than  os  of  (89). 
A  suitable  pair  of  values  is 


di,  =  0.0100 

dc  =  0.0025 


(92) 


which  yields 

d  =  0.04263  (93) 

In  addition  to  the  modification  of  the  voltage  ratio  (88)  by  the  pre- 
distortion  transformation  described  above,  , a temporarily  unknown 
constant  factor  is  added  to  represent  an  added  constant  loss.  The 
general  theories  of  Parts  I  and  II  are  then  applied  to  the  design  of  a 
corresponding  pure  reactance  network,  using  the  frequency  variable  12 
in  place  of  w.*”  By  choosing  the  added  constant  loss  and  the  ratio  of 
terminations  in  the  proper  way,  a  ladder  type  of  network  is  obtained 


If  n  is  defined  as 


as  for  a  low-pass  filter,  it  is  proportional  to  u 


and  can  obviously  be  used  in  place  of  it  in  the  formulae  of  Parts  I  and  II.  If 
it  is  defined  by  (90),  as  for  a  band-pass  filter,  the  resulting  network  is  related  to 
the  low-pass  network  by  the  frequency  transformation  principle. 


ft, 


0.084427  ftn 


Li  - 


Ct  - 

Lt  - 
Lt  - 

C.  - 

L.  - 

U  - 

Provided 


1.1834 

Vwi<»t 

ft. 

-  0.050448  ftn 

1.8840 

Rt\^ W|W« 

ftt 

-  12.445  ftn 

0.13211 

V«i«i 

'  ft.' 

-  0.0056318  ftn 

2.3227-^^ 

Vwi«i 

ft. 

-  0.090017  ftn 

1.7650 

ftnv^wiwi 

ft. 

-  13.290  ftn 

0.32454-^5^ 

V  «««• 

ft; 

-  0.013835  ftr, 

0.85255-^5= 

ft. 

-  0.036344  ftn 

ftn  ia  in  ohma  and  wi  ,  ctfi  are  in  radiana  per  aecond: 
f  Inductancea  are  in  henriea 
Capacitiea  are  in  farada 
Reaiatancea  are  in  ohma 


Fig.  25.  Preliminary  low-paaa  filter 


proper  resistances  to  this  network,  corresponding  to  the  substitution  of 
(p  +  d)  for  p  in  the  impedance  functions  representing  the  different 

***  Recall  that  transducer  loss  was  defined  in  the  introduction  as  the  difference 
in  level  between  the  received  power  and  the  maximum  power  obtainable  from  the 
generator  with  any  passive  network. 
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branches,  leads  to  a  good  approximation  to  the  loss  determined  by  (88) 
plus  an  added  constant  loss. 


Rn  -  0.084427  An 


Li  -  0.057481  Bn 

^  3.5282 

■«r 

Bi  -  0.050448  Bn 

Lt  -  0.0022151  Bn 

^  91.556 

Rt  -  12.445  Bn 

L,'  -  0.0064170  Rn  C[  -  R[  -  0.0056318  Rn 

Rn 

1.7976 

Lt  -  0.11282  Rn  C,  -  —  B,  -  0.099017  Bn 

•  Bn 

L4  -  0.0023656  Bn  C«  -  B.  -  13.290  Bn 

Bn 

L;  -  0.015764  Bn  C[  -  B«'  -  0.013835  Bn 

Bn 

4  8974 

L»  -  0.041411  Bn  C,  -  —  B,  -  0.036344  Bn 

Bn 

Provided  Bn  i>  in  ohms: 

Inductances  are  in  millihenries 
Capacities  are  in  microfarads 
Resistances  are  in  ohms 

Fig.  26.  Band-pass  filter  derived  from  the  preliminary  low-pass 
filter  by  a  frequency  transformation 

If  a  mid-series  type  of  ladder  configuration  is  assumed  and  if  Q  is 

(0 

defined  as  / — the  above  procedure  leads  to  the  low-pass  filter 
indicated  in  Fig.  25.  Transforming  this  network  by  redefining  Q  in 
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terms  of  (90),  with  /.i ,  fa ,  etc.,  fixed  by  (87),  yields  the  band-pass 
design  indicated  in  Fig.  26.  The  computed  loss  characteristic  of  this 
network  is  plotted  in  Fig.  27.  The  resistances  associated  with  the 
rc.sonant  circuits  can  be  approximated  with  dissipation  resistances. 
Better  approximations  can  be  obtained,  however,  by  replacing  the 
shunt  branches  by  configurations  of  the  type  indicated  in  Fig.  28,  which 
can  be  made  very  nearly  equivalent  to  them. 


Fig.  27.  Transducer  loss  of  the  network  of  Fig.  26  (i.e.,  insertion  loss 
plus  reflection  loss  corresponding  to  inequality  of  terminations) 


Fig.  28.  Alternative  shunt  branch  configuration 
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